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Lemma: If a’y 1s an unbiased estimator of a treatment contrast

ca. thenah —0,1e.ac¢c (,.ri g Span(ﬁ>
kﬁ C2=0 [—unb:aseo(
Proof: FE(a'y) = pa'l +a'Xra = c’a forall p and e
= aXr=¢ 5:‘* aXrl,=¢c1l;,=0=a'ly=0. O

Hence [5] /pmjelﬂafu matix. of, G
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Kl
a'y=ad(y— Gy)+a Gy =a'(y — Gy)
. . . . =0 .
All linear unbiased estimators of a treatment contrast are functions
ofy — Gy.

Projections of the data vector onto different
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6% Si,--,Ss
homoscedastlc within. _ error shructures
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Project the randomization mode] Dntm bt‘ 7 >( ,% - ()P
Y v (Pi€)=r wu(E)
E2) X FEy- X + P VPT=p(2
cou(9)=7 R(ZERE
42 ok Xt + E E(FPie) _0.?111(:11.0\7135}_SE i =Eo R PePT=E P
When restricted to the vectors in §;. the covariance matrix &; P 1s

the same as &, I: (§; P;)v = v forall v € §;. Theretore the
K}auss-Markmheorem applies, and the least squares estimators

are the best linear unbiased estimators. LS estimale of o
in ith stratum

orveladed—
hmasﬁo “enosen. 7= LO‘(f(’ymTPm)o( W
Normal equation (P X71) P, Xﬂ P, X7) Py

he (XTRXT)S‘I = X7 Py

Estimates computed in different strata are uncorrelated.

Estimate each treatment contrast in each of the strata in which it is
estimable, and combine the uncorrelated estimates from different
strata.

Simple analysis results when the treatment contrasts are estimable
in only one stratum.
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Lemma: A treatment function ¢’ 1s estimable in stratum S; (i.e.,
J an unbiased estimator of the form a’Py) < ¢ € R(X; P, X71)—

. . . - . ; 5 - i
If ¢’ is estimable in stratum S;, then its BLUE in S, is ¢’ . Recadé -

where &' is any solution of the normal equation QE ROXT)C St
i > /;3(jk?r>~l— :;:f
X, P.Xr&' = X, Py, e
i > RXy=o0
and var(c'a’) = & ¢ (X3P, Xr) e Xt
> camnot estimate
~ : generalized inverse X in j-l'k stratum

X7 P, X7 : information matrix for treatment effects in stratum §;

X5 P. X1 1s symmetric, nonnegative definite and has zero row
T g
sums.

¢’ o 1s estimable = it 1s a treatment contrast
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Let
C,= XrPXr, Q,=XrPy.
Then the normal equation in stratum §; becomes
Sa ,
is’ rank(C;) <t —1
Aol menk spac
[f rank(C;) =t — 1, then we say that the design is
connected in stratum S;. In this case,@he
treatment contrasts are estimable in S;. i any Cc'ot
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E@ — Xrac R(Xr) =T
L{g" 6'35 %ﬂf §}z>ac,Q

E(Py) = PE(y) € P(T)

P@-yebi "f JcS¢

Si=PF(T) @ (S 2 P(T))
(;decom]:ose. mto treafmert spacz & “resicuad Spoue,
Let Pp 7Py be the orthogonal projection of Py

onto F;(7). Then <5 due o tredtment

|Pyll” = [|Per Pyl + || Psero Pyl

. > SS due to Some
ANOVA 1s stratum &;  block varistion
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Follow Thinz.4 in &1\6\1 .
|Peor Pyl

— (&)Q, = (&'YC,&'

E( 1 ‘Pcﬂc—:ﬁtﬁﬁRyHg) =&

dim (S ) —dim[B:(T]]

E(—— || Pecr Byl)

dim[B:(T)]

1
- &fg _’_ afci;_a

dim[B;(T)]
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ANOVA within stratum &§;:

Sources Sums of Squares d.f. MS E(MS)
Treatments (c’ié)’Cé&é &+ ma’(?éaf
Rresidual By subtraction /\ e &

Total Py ||2 dim(S;)

rank(C';) = rank( X7 P; X ) &= dim[ P;(7)]

If the design 1s connecfed 1n &;, then the treatment
sum of squares has ¢t — 1 degrees of freedom in ;.
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ANOVA for a general randomized block design:
Q’Z@d‘m; blodk structune .
V— Sources of
©  variation SS d.f. MS E(MS)
Wéé'Interblock

_ Al al L . ,
Treatments (a )'Cia rank (C}) - &+ ok () & Ca
Residual By subtraction £

B A .9 b— 1 |
T ; (¥ —9.) K < treatmertt space does not
Intrablock bz/ang to any Sz‘ng/e stratum,

Treatments Ij:&?}"cz&g rank (C5)” --- S + Wc_a 'Cha
Rresidual By subtraction : 2
bk
S (yij—vi)? bk —1
2 2~ w) ) wsholly assume &> &
Total Yy — G’y”2 bk — 1 —
ol
\
Cou(m = 2
R >
S 528
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3 treatments, 3 blocks of size 3

1 | 1 All information for the
P 2 2 treatment contrasts is
3 3 3 contained in the intrablock
stratum
o SOML 1 7 3 All information for the
plot-sh I 3 3 treatment contrasts is
3/5 1 3 3 c?n’f[ained in the interblock
o stratum
At | trestmant factor
chuctung confounded. with, block fadoy
T=%0,2.3} | 2 2 Has tretament information
o 0if¥enark 1 3 3 In both inter- and intra-
design 2 1 3 block strata

. lan
Some P G4o compang the 1-3 differene within block , an onl\/ 2nd block

(b the st dzsrﬁh\
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> caxrnot do tedts

ANOVA tablo / ] 5 3 —but can 2skimate </>l\

df 1 5 3 ( ' take mnc{om—eﬁced'
A { - moded
1 2 3 ®R: X should not
Wg| 2 —treilweit 2 be eskimable becouse
W= residnal O /m treatmeid factor
We 7T B=T \2F confounded, with

ek paiz) bk fuc

EPy) e P(T)=P(TsG)=Psg(TcG) =T g covrect ?
 _Canot eelimals o
E(Py) e P(T)=P(T s G) = Ps(T 5 G) ={0} _ boit can oo Lot
(\"take fixed - efCet
The best linear unbiased estimator of a treatment moded),

¢ ) ¢ ~ . .
contrast » . c;a; 18 Y . ¢;a;, where @; is the ith

- : t
treatment mean, with variance equal to @:1%‘2-

Fixed effet approach vardom effeil approach
l4=M+XTo(+YB%+£ Q= M+ X O4+-Xe B+ €
EY)= Ut¥rol+¥g @ E(8) = Mt Kot
(@)= wuy)="V 5-30
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ANOTA : : :
2] 2] |2
Vo | 3 31 3

We

B 2
W 7] ——2 >trestimek N _
@ \-— G >msiduwal Iy lBasg

E(Py) € Ps=g(T ©G) ={0}

E(Py)e P (T=qG)=T<=¢

The best linear unbiased estimator of a treatment contrast
t e t s t (s .
Y Gy 18 Z-@:ﬁf@az = Y ._,Ci(1th treatment mean), with

e Diel 2
variance equal to 1 C

estimatron 9 shotum with, sad smaller
P 3@:\\«1\\/& S More accirote .
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In general, there may be information for treatment contrasts

in more than one stratum. ( Lreshimerit spacwe not includes|
in a single s+ra‘(:ocm7

Analysis is still simple if the space of treatment contrasts
7 = ¢ can be decomposed as <& 7; , where each 7; ,

~—

consisting of treatment contrasts of interest, is entirely in

one stratum.
design: Full Sockoriol. design 2™

T$1,23.- 2" Ortho '
gonal designs
&zﬁw\)zzn"\
mam €3£¥%16*;f> — i:]‘;
‘2_.%0\(;&0( ™ w j;; - T@Q
3= /| Ty

-—

" — 2\
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