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Blocked Fractional Factorial Split-Plot

Experiments for Robust Parameter Design
ROBERT G. McLEOD & JOHN F. BREWSTER
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%“F Robust parameter design(RPD)

We provide an example(A Chrome-Plating Experiment )
and discuss methods of blocking FFSP designs.( the
MA design & the RPD scenario )

We then discuss optimality criteria for ranking BFFSP
designs for RPD and present catalogs of optimal
BFFSP RPDs for the two situations of interest, with
control factors as SP factors & with control factors as
WP factors.

We conclude the article with a brief discussion.
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Fractional factorial experiments is commonly used for
robust parameter design and for ease of use,such

experiments are often run as split-plot design.

If the control factors are at the subplot level and the
noise factors are at the whole-plot level, this also results
in gains in efficiency.

If all runs of fractional factorial split-plot design cannot be
run under homogeneous conditions, such designs are
frequently blocked.
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Crossed array

It consists of an inner array(for control factors)
and an outer array(for the noise factors) and ,
during the conduct of the experiment, all
combinations of the inner array and outer array
setting are run.

H[lcontrol factors FF 5 — FE5; %l;\” £ S
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Single array

Single arrary : it involve both control and noise
factors as a run-saving alternative.

In running a fractional factorial experiment—
based on either a crossed array or a single
array—randomization restrictions often result in
a split-plot.

Whole-plot error term and split-plot error term

In a split-plot design, there are two error terms—the
whole-plot(WP)-error term and the split-plot(SP)-erroe
term.

Effects involoving only WP factors, and aliases of these
effects, are tested against the WP-error term, other
effects are tested against the SP-error term.

Effects tested against the WP-error term are estimated
with less precision than effects tested against the SP-
error term.

In an RPD experiment, we have little interest in noise
effects; rather, we are primarily interested in control
effects and control-by-noise interactions.

Thus, if we have a choice, it is natural to run an RPD
experiment as a split-plot, with the control factors at the
SP level and the noise factors at the WP level.

Because experimental conditions may not remain
homogeneous over all runs of an FFSP experiment, it is
often desirable to run an FFSP experiment in blocks.
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A Chrome-Plating Experiment
the experiment could be run for 16 days.With only 32

parts being plated in all, rather than 26 = 64, this resulted

In this case study, a company wanted to identify the in a fractional factorial design.

factors affecting the quality of one of its chrome-plating

processes. Six factors, each at two levels, were
examined in the experiment. Finally, it was desirable to divide the 16 days into four 4-

day weeks, with each week being regarded as a block.

A= chrome(e?ﬁ) concentration

B = chrome-to-sulfate ratio(eﬁ—'ﬁﬂj’ﬁiﬁzg@gﬂ S Lamidl))
C = bath temperature(bathfijEl 4 )

p = etching current density(@ﬁ;ﬂ?ﬁﬁaﬁfjﬁa,‘@)

This situation called for a BFFSP design having 3 WP
factors, 3 SP factors, and a 4/4/2 structure, where
structure is a characteristic of any BFFSP design.

q = plating current density(igi F5if-plating i’ % ) In the chrome-plating experiment, the design required 4
r = part geometry blocks, 4 WPs per block, and 2 SPs per WP.
A Chrome-Plating Experiment The Screening Scenario Revisited

In McLeod and Brewster (2004), a BFFSP designis

week1 week?2 week3 week4
represented by 2 (m+ny )=(ky+ky )£ (b +Dy)

day1
n1= the number of WP factors
n2= the number of SP factors
k1= the level of fractionation at the WP levels
day3 k2= the level of fractionation at the SP levels

b1= the number of pure WP blocking generators( involve
only WP factors )
b2= the number of separators( involve both WP and SP

factors, or SP factors alone, and are not aliased with
effects involving only WP factors.)

day2

day4
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the MA design

A, B ,C are three noise factors, p, q, r are three control
factors, 3, is a pure WP blocking generator, ¢, is a
separator

r=ABq, 5,=ABC, and 6 = ACpq,
.n1:n2:k1: k2: b1: b2=3:3:0: 1: 1: 1

It can be shown that a minimum aberration (MA) design
for screening purposes has generators r = ABq, 54 =
ABC, and ¢ ;= ACpq, using the optimality criteria and
tables of optimal designs in McLeod and Brewster (2004)

the MA design

— The MA design for the chrome-plating experiment is a
23+3)=0+1)*(1+1) BFFSP design.

The defining relation is given by
| =ABqr=ABCS5,=ACpgd,=CqarB,=BCpro =
Bpas 1641 =Aprs,o;.

If we focus only on main effects and 2-factor
interactions,then we see that all of the main effects are
clear, in that they are not aliased with other main effects
or 2-factor interactions, or confounded with blocks. Many
of the 2-factor interactions are also clear, but some are
not, namely: AB, Aq, Ar, Bq, Br, and qr.

the MA design

Note that, in using this definition of a clear effect, we are
implicitly making the usual assumption that treatment-by-
block interactions are negligible. For this reason, AC is
clear despite being confounded with B 5 ;. However, AB
is not clear because it is aliased with gr.

the RPD scenario

The question now is whether the MA screening design is
also optimal for RPD purposes.In RPD, we are primarily
interested in control effects and control-by-noise
interactions.With the screening design above, however,
some of these effects are not clear, namely: Aq, Ar, Bq,
Br, and qr. We can resolve this problem if we are
prepared to sacrifice some of the noise effects.

A, B ,C are three noise factors, p, q, r are three control
factors, 6~ O ,are separators. C=AB, 6 ,=Apq, 6, =
Bpr

C.n1:n2:k1: k2: b1: b2=3:3:1:0:0: 2
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the RPD scenario

— The RPD scenario for the chrome-plating experiment
is a 2(3+3)-(1+0)X(0+2) BFFSP design.

The defining relation is given by
| =ABC =Apq o6 ,=Bprd,=BCpqd,=ACpro, =
ABQré ,6,=Caroé 40 ,.

With this design, none of the noise main effects or 2-
factor noise interactions are clear—but all control main

comparison

effects and z_factor Control Interactlons are Clea r, as are FII..'.I.IF!F 1 A Cornpaisan .-.'-f I.'}prlrnal RFFs= Fm_'-'fgns. f-.'.fr.‘!r :nzlrE:l'm;l_.a_lrd Rl at Fararicres .Dr.-'.l;_',n In the Ch r;m.-:-F atlng
. . . . . E_'&_‘prlrnuu'. T|'r_-.- (Y '5'."'-.|:1n|u. L gn. o Lhe Laft, s o 287 <11% - - E'-.ﬁun. Lhe |)r.-'.|||4 RPD. an the E|.||.. l=a
all 2-factor control-by-noise interactions. This is a better AW =T iy
design for RPD purposes.
comparison comparison

Circles of the same form signify treatment
combinations belonging to the same block.

the RPD design is a crossed design—a 23-' design at
the WP (noise) level crossed with a 23 design at the SP
(control) level.

the RPD design is somewhat sparse at the WP level, in
that it utilizes only 4 of the 8 WP treatment
combinations, represented by the corners of the large
cube. This is because the focus here is on control and
control-by-noise effects, and the control factors are at
the SP level, represented by the corners of the smaller
cubes.

This is in contrast with the MA screening design, which
utilizes all 8 WP treatment combinations, but is sparser
at the SP level, using only 4 of the 8 possible SP
treatment combinations, for a given WP treatment

combination.
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A Ranking Scheme for BFFSP RPDs

For each situation, the first step is to provide a definition
of word length. MA designs are then found by
sequentially minimizing the number of words of each
length in a design’s defining contrast subgroup (DCS) in
ascending order. The intent is to insure that low-order
effects are free of aliasing.

Bingham and Sitter (2003) redefine the notions of design
resolution and word length for use in RPD situations and,
using their new wordlength definition, employ the MA
criterion to form catalogs of MA FF RPDs and MA FFSP
RPDs.

TARLEL 2. Sequentizl Optimization Frocedure for
Fanking 204 tol Tal Bl +G 1 &) OFFSP RPDs.
Cptimal Designs Are Chasen by Maximizing Criteria a—r,

in Chrder, and then Binimising Criteris o= in Order
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A Ranking Scheme for BFFSP RPDs

In RPD, the control main effects and control-by-noise 2-
factor interactions are both of high interest. Although
control-by-control interactions may also be used to
adjust the mean of the process. We therefore rank them
below the control-by-noise effects.

el 2SN d, e, f s BEE [l control main
effects ~ control-by-noise 2-factor interactionsﬁ?control-
by-control interactions#[| WP effect aliase 71— & -

Control factors at the SP level & control
factors at the WP level.

If control factors at the WP level > then d and f become
not important > because control main effects and

control-by-control interactions are automatically tested
against WP error.
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Why use a Ranking Scheme for BFFSP RPDs »?

There is some ambiguity about the appropriate definition
of word length to use in RPD settings, there is some
ambiguity about the manner in which wordlength
definitions should be altered to take account of blocking.

the MA criterion is not able to distinguish between effects
of varying precision, which is an important issue in SP
designs

Comparison
“ABLE 3 A Further Comparisen of the Optimal BFFSP Designe for Screening (Labssd MAT and
Rihu et Parsrunster Tasign [| sbielad RET o0 bhe Cherme Plating Frpmriment
LA Hrruetie Lrezign Lrezign Geperavars 4 i [ a'
I3, 3 12 4000 AnCE  Alge, Al g 3 i a 0 ] 2
REL: A S 12 341,02 AL Apgdy . Dpeda 3 4 3 i i 3
Note :

The given RPD design is better than the MA screening
design under our sequential optimization scheme
because it has a larger number of clear 2-factor control-
by-noise interactions (criterion b), and this is the first
criterion for which the designs differ.

Alternative Ranking Schemes

Because control main effects and control-by-noise 2-
factor interactions should be given equal weight in RPD
settings, but more weight than control-by-control 2-factor
interactions.

The first step would be to maximize the total number of
clear control main effects and control-by-noise 2-factor
interactions, and the sequential ranking scheme would
involve only four criteria, namely: (a + b), ¢, (d + e), f. In
our tables of optimal designs, we also consider this
alternative scheme, which we call the control~control-by-
noise ranking scheme.

Table 47]! Table 5

Table 4 displays those designs having control factors
at the SP level, while Table 5 displays those designs
having control factors at the WP level.

All designs have between 7 and 10 treatment and
blocking variables combined and consist of 32 runs in
either 2 or 4 blocks.

We have presented two designs—a design that is
optimal with respect to our primary scheme and a
design that is optimal with respect to our alternative
scheme. The latter design is denoted by a “*” in the
table and follows immediately after the former design.
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We see Table 5
Structure 2:4:4 Design4,4:1,2:; 1,0

Our primary ranking scheme
(1)D=ABC, r=BCp, s=BCpq, 5,=BC
a b c e
4 8 0 O

Discussion

We have focused exclusively on BFFSP RPDs in which
the block sizes and the numbers of blocks are powers
of 2. For one thing,if block sizes or numbers of blocks
are not powers of 2, then the lack of balance and
orthogonality complicates the analysis, something that

most experimenters would prefer to avoid.

L

Ex : treatment factor + o+ [ ]

The alternative control~control-by-noise ranking scheme 2x2 (two level,+-) + [ ]

(2)D=ABC, r=Ap, s=Aq, 5 ,=BC block factor - H{[]

a b c e 2/3 - -]

3120 0 .
Discussion

Finally, in the chrome-plating experiment, a
natural week (or block) consisted of 4 days,
because of the timing of the plating process;
yet, in other situations,a 5-day week may have
been more appropriate.Dealing with block
sizes that are not a power of 2 is another
challenging, but important problem.

Thanks for your attention!!
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