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Optimality criteria

= A catalog of minimum aberration blocked
fractional factorial split-plot designs

The case study revisited
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Blocking may be induced at the WP level
using three distinct, yet related, approaches:
a Pure WP blocking

o Separation

o Mixed blocking

= A straightforward extension of the minimum
aberration (MA) criterion and other optimality
criteria to the BFFSP design setting.

= A catalog of optimal BFFSP designs ranked
according to the MA criterion and optimality
criteria.
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Motivating case stud ‘
S y There were four rectifiers in the tank,

and it was desirable to use only two
of these, with the other two used for

Chrome-plating experiment from the aerospace sector

A company was experiencing problems with one of its chrome-plating a separate experiment.

processes in that when a particular complex-shaped part was being

plated, excess.i\./e pitting and cracking, as well as poor adhesion and __» 232

uneven deposition of chrome across the part, were observed.

On the positive side, sufficient resources were available

A : chrome concentration —) | Hard to vary and to run the experiment for 16 days and to plate two parts
B : chrome to sulfate raﬁo} changes could be made per day. These 16 days consisted of four 4-day weeks,
C - bath temperature SHES ERCele e and it was desirable to block the experiment by week
p: etching current dens.ity Easy to vary in that they P y )
q : plating current density } could be changed at the
r: part geometry rectifier level. _

Three approaches to constructing blocking ‘ Pure WP blocking

variables

= The three methods all involve blocking at the = Pure WP blocking requires that blocking
WP level, which is the usual goal in blocking variables be generated exclusively by WP
a two-level FFSP design. factors.

= Although blocking at the SP level sometimes = Because factor generators and blocking
may be of interest, it is not considered here. generators are formed simultaneously, the

amount of fractionation at the SP level will
impact the selection of blocking generators.
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For pure WP blocking, the ith pure WP blocking
variable 1s denoted by B., i =1,...,b,.

In each block, 2" ™ distinct WP treatment
combinations are present, 1 <b, <n, -k -1.
Associated with each WP treatment combinations
are 27" SP treatment combinations.

For compactness of notation, the design is

denoted by 212" W= OF0 44 refer a two-level

BFFSP design having b, pure WP-blocking variables.

Example 1

Suppose that we wish to run a 20 FFSP
design in 2' =2 blocks.

Each block contains four distinct WP treatment
combinations and, corresponding to each of the
WP treatment combinations, four SP treatment
combinations.

Thus there are 16 runs per block.

One possible 207 (*V*+9 BEESP design is constructed
by using 3, = ABC as the pure WP blocking generator
and » = ABpq as the SP factor generator.

2/4/4

Ll

Separation

Separation requires that blocking variables
be generated exclusively using SP factors or
by using SP factors in tandem with WP
factors in blocking generators.

We call this method of including SP and
(possibly) WP factors in the blocking
generators “separation,” and call the blocking
variables formed in this manner “separators.”
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In this form of blocking, the jth separator is denoted

byé,, j=1..,b,

In each block 2" WP treatment combinations are

present, and associated with each WP treatment

combination are 22" SP treatment combinations,
1<b,<n, -k, -1.

When performing blocking via separation, we refer to
the BFFSP design with no WP blocking variables and

b, separators as a 2" (i+R)=0) BEESP design.

Example 2

We return to the 2°"~") FFSP design in Example 1.
Again, we wish to group the 32-run design into two blocks
by using one separator instead of one pure WP blocking
variable.

One possible 20~V BEESP design is formed by
using 6, = ABq as the separator and » = ABCp as the SP

factor generator.

5

& [ R el

i — T
9 (3+3)=(0+1)£(1+0) 9 (3+3)=(0+1)(0+1)
B, = ABC 0, = ABq
r = ABpg r=ABCp
2/4/4 2/8/2

Mixed Blocking

Mixed blocking is a natural extension of the previous two
blocking methods in that we now simultaneously use
pure WP blocking variables and separators.

Again, the ith pure WP blocking variable is denoted by f3,
and the jth separator is denoted by & .

Under mixed blocking, the formation of b, pure WP blocking
variables and b, separators causes the subsequent
2untm)-(hitio)x(h+h) BREESP design to be run in 2" blocks,

where 1<b <n -k -land 1<b, <n,-k,-1.
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Example 3 ok o h_T.::l—h_ -1

o 'EElL SR
Suppose that we wish to run a 2°7""" design in c e o = L:j .
four blocks by using both a pure WP-blocking variable, ~l'_(J ' I ) ”;l‘
ﬁl, and a separator,él. 2(3+3)—(0+1)i(1+0) 2(3+3)—(0+1)i(0+1) 2(3+3)—(0+1)i(1+1)
One possible 20 *V**D) BEESP design is formed by B, = ABC B, = ABC
using r=ABq as the SP factor generator and 3,=ABC 5, = ABgq 5, = ACqr
and 6,=ACpr as the pure WP-blocking generator and r= ABpq r=ABCp r = ABq
separator.

2/4/4 2/8/2 4/4/2

Optjmahty criteria Sitter et al. (1997) defined the length of a word in the

defining contrast subgroup(DCS) of a 2"* blocked
fractional factorial (BFF) design to be
#e +(1 .S)I[#Biﬂ]

where #c, and # 8, represent the number of factors

Minimum aberration blocked fractional
factorial split-plot designs

A limitation on the word length Definition

Additional optimality criteria and blocking variables in the word.

This definition of word length results in the word length

These criteria focus on the ability of these pattern of a BFF design of the form
BFFSP designs to estimate lower-order W= (A, Aygren A, 5),
effects. ' o

where 4. denotes the number of words of length i in the
DCS,3<i<n+1.5.
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By extension,we define the length of a word in the
DCS of a 22 i+k)=%+) BEESP design as

#e +(1 '5)1[#(/3,-+5,- 2112
where #c¢, and #(f3; +6,) represent the number of
factors and blocking variables in the word.
This definition causes theWLP of a BFFSP design
to be of the form

W= (AsaAa.sa---a A(n1+n2)+1.5)9

where 4. signifies the number of words of length i
in the DCS, 3<i<n, +n, +1.5.

Example 4

Consider the 2@+~ *V*(*) BEFSP design.

The DCS of the design is I = ABqr = ABCf, = ACpré, = Cqrp,
= BCpqd, = BprP,6, = Apqp,0,, which yields the WLP,
W=(0,0, 1, 4,0, 2).

Definition

Suppose that D1 and D2 are two 21+~ %) BEESP designs.
Let » be the smallest i such that 4.(D,) # 4,(D,), 3<i<n,+n, +1.5.
Then D, is said to have less aberration than D, if 4.(D,) < A.(D,).
If no such i exists, then D, and D, are said to have equal aberration.
A BFFSP design is said to be an MA BFFSP design if no other
BFFSP design has less aberration.

A limitation on the word length Definition
According to Chen and Cheng (1999), the word length

definition of Sitter et al. (1997) has some limitations.

Note that if A, # 0, then a number of three-factor
interactions are aliased with other three-factor interactions,
whereas if A, . # 0, then at least one (less important) four-
factor interaction is confounded with blocks.

Because our focus is on the estimation of main effects and
two-factor interactions, the definition remains a useful
measure for assessing the estimation capability of BFFSP

designs.

Additional optimality criteria

An MA BFFSP design may be further assessed

with respect to the following six criteria:

(a) The number of clear main effects.

(b) The number of clear two-factor interactions.

(c) The number of clear SP main effects.

(d) The number of clear SP two-factor interactions.

(e) The number of clear SP main effects tested against WP error.

(f) The number of clear SP two-factor interactions tested against
WP error.

0 0 0 0 0 D
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A catalog of minimum aberration blocked

fractional factorial split-plot designs

All designs have between 7 and 10 factors and blocking variables

ELOCKED FRAGTICONAL FACTORIAL SPLM=FPLOT DESIGHS

Tabis 1. foontimued.)

. . . . . n Struciure Cesrgn WLP and genanziors fal by i)l el 0
(combined) and consist of 32 runs in either 2 or 4 blocks. Ll s = Lot A I L
3.3 20404 3,509,110 coontiid B 15 3 12 a ]
ABCHy, ABpagr,
Mens Einaho Dasign WLE and gonemioes o rfal el ) a1 oo -a q.5:0 (V] oot 11 [ 15 q 12 i} K]
@ odrd A4 4110 TEElAEOEOT0 111 4 1m N ABCar, Alpoé.
ABCD, ABE, ABogr, ACpgE d:2:4 1,500,240 Dipo0aq B 12 5 12 a o
B3 440 TN anERd44nanand i 41 4 & oD Ay, NG, AICpO?
4WP ) ) ABD, ABCEq, ATDEr BOps T, 24:2 BHO N 001402 Eooa 3 7T a 2
S AR, ARG, ARDzr. ALDos } AOCEY . ADyr, ACpady
R TE I R R josEddononee 441 4 18 1 4:4:2 1,002 Te0acs i o1 3 1z g9 3
4 SPs ABCE, AR ADge, B, ABC, ABpqdy. Bprés
q-d 4. 450 0 SSEZ440H0D 02 L 13 4 1= i
ABCO, ABf,. S0 AEar. ATps 4,7 P44 A4#1,001,0 e fi a 2 3 a0
ABC A, ABDFS, ACCpg, BCOor, ABps 2:8:2 4,20, 11.40 coo111 G 15 2 9 Q 1
ABCOE ARCRG
A:2:4 4.2:1,0; 20 o0& 1 g 9 2 9 a ]
ajajo W =(0,1,3,10,4,8,0,0,0,3,0,2) N ABCD, ABE, . ACfz
442 4.0 L2 GlnElE 14 2 9 I
ABCH) . ARD S, AGDEG
9 (4+4)=(043)£(2+0)
' The case study revisited ' The case study revisited
4 weeks / 4 days / 2 rectifier
RCEERT G, MoLECD a0 JOHM R BREEWSTER
Scenario D Scenario E Scenario S

r=ABpq
B,=ABC

r=ACPq
B,=ABC
B,=ABP

r=ABq
B,=ABC
6,=ACpq

All of the designs use the same number of runs, and all
are blocked by week.
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Tapio . Precson of Effec! Estmaloes and
Afias Stuctures far the Three Designs Treatment Structure PlOt Structure
Efact DasiinD  DesignE Dasign 5 The presence Of at |eaSt one AXBXCXPXQ@ Experimental U /‘V / VI//_ ExperiTentaI
. . . i nits
A o + + asterisk (* or **) implies that the units unis
cHEE- D " or ) Imp . 2x2x2x2x2x2 "\ I\ | observational
gs . ) -ar €ffect of interest is tested against U, Uy, v, w units
e ' . . the WP error for that design.
8C 4 + + 4 / 4 / 2
:._ : Table 3. Variances of Estimated Effects
E,‘I‘ y . for Designs D, E, and S N(nl , N(n2 , n3 ))
o L] o
L Design WP effects SP effects
q =1+(n -1)+ -1
gq E.— D %O“E + %052 ]EO“SE (nl ) nl (N(nZ s n3 ) )
g -
69 . ES  qoi+3ed g8 =1+(n -)+n0+(n,-1)+n,(n,-1)-1)
r
& a7 =1+(n -)+n/(n,-1)+nn,(n, -1)
cr
or + SO Sl SZ S3
ar + + AZ
A\
Vv N
¥ ;
V, S, 1 Design key v, \SO 1
® @ A B C P q r ® @
V. S up,u,, uu, 3 VoV, UV, UV, W U, W Vi Sy u, u, uu, 3 ABC=BPqr, ABP =BCqr, CP = Aqr
® Inverse key ®
S, v, vy, MV, 12 u, w, v, v, w I S, v, v, M, 12 A=CPqr, B= ABCPqr, AB = BCPqr
Uy, UV,, Uy, ABC ABP A B q ACPgr uyv, uv,, v, BC = ABPqr, AC = Pqr, C= APqr
U,v,, UV, U,V,V, UV, UyVy, UV, BP=ABCqr, AP=Cqr, P=ACqr
WU,V WUV, WUV, ULV, WUV, , ULVY, ACP =qr, BCP = ABqr, ABCP = Bqr
@ ®
Sy w 15 S, w 15 g=ACPr
uw, u,w, uu,w UW, U,W, UUW ABCq = BPr, ABPg = BCr, CPq = Ar
N W W1, W W, v, W, y,w Aq=CPr, Bg=ABCPr, ABq=BCPr
YW, WV, Ws UV W UVW, UV, W, uv,v,w BCq= ABPr, ACq=pr, Cq= APr
UMWy Vo Ws UV W U,V W, UV, W, UV VY, W BPg = ABCr, APq =Cr, Pq= ACr
VWS VR VYR W wu, vw, uu,v,w, uu,vv,w ACPq=r, BCPq= ABr, ABCPq = Br
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Stratuta source  |df |55 ‘EMS VR
g Treatment Structure Plot Structure
O AN TEan 1|sura™Z 32 : - Ex erimental
large blocks 3|csigy Sstmenn 2 AXBXCXPXQ@ ExperlTentaI U/VIw punits
L A units g
N ey bl + &I 3 2x2x2x2x2x2 <"\ /. '\ | Observational
B 1|58(B)
4/4/2
small blacks c 1/s5(C)
p 1[55(P) N(nl,N(nz, n3))
residual | 8 _ 1
=1+(n -1)+n(Nmn,,n)-1
wral | 12|CSSISYSSIB) ( 1 ) 1( ( 2> 3) )
. ssiay =1+(n -)+n0+(n,-1)+n,(n,-1)-1)
plats ¥ 15501 3 - 1 + (nl = 1) + nl (n2 = 1) + nln2 (n3 = 1)
residual | 14
tatal 16 27 - CES) SO Sl SZ S3
Total 332
\%
A ¥
¥ 4 .
V, S, 1 Design key v, \SO 1
® @ A B C p q r ® &
Voo S, uy, un, 3 ViV, UV, WU, W W VW Voo Syuy, uy, uu, 3 ABC=Cqr, ACpq=BCpr, Bpq = Apr
® Inverse key ®
S, v, vy, MV, 12 u, w, vov, w I S, v, v, M, 12 A=Bqr, B=Aqgr, AB=qr
uy,, Uv,, vy, ABC ACpg A B q ABqr Uy, uV,, uny, BC=ACqr, AC=BCqr, C = ABCqr
UV, UyV,y, UV V, Uy V)5 UyVy, UV Y, Cpg = ABCpr, ABCpg = Cpr, BCpg = ACpr
U, Vi, ULV, UU,VY, Uu,vy, UU,Vv,, v\, ABpq = pr, pq= ABpr, Apq = Bpr
@ @
Sy w 15 S, w 15 g=ACPr

uwW, U,W, uu,w
VW, VW, VV,W
UWVW, UV,W, UVV,W

U,V W, UV, W, UV, V, W

UV W, ULV, W, WUV VW

uw, u,w, uu,w
W, VW, nV,Ww

UVW, UV, W, UVV,W
U, VW, UV, W, UV VW

WU VW, WUV, W, UL,V V, W

ABCq =Cr, ACp = BCpqr, Bp = Apqr
Aq=Br, Bq=Ar, ABq=r

BCq=ACr, ACq = BCr, Cq= ABCr

Cp = ABCpqr, ABCp = Cpqr, BCp = ACpqr
ABp = pqr, p = ABpqr, Ap = Bpqr
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Stratum source  |df |58 YR
T A T AT 1 [sur™? /37 |,¢—"‘
large hlocks 2 CSSLB)—SS[mean)
Iralf + & e |F+s%/
A 1[ss5iAs &
el + & |Ieslf + f/
1[S5(B} &
sraall blocks ”rp "2 +E ||f|: "2 " ‘fs/
c 1[ss(C &
residual | 9
total 17|C55(51-55(B)
Je. [+ 2] k. f + /
p 1{S5(p ) 1 g
el + ¢ I+ y
1{55(a} ¢
plaots ||fr ||j + V
' 1/55(r 3 ¢
residual | 13
2
tatal 16 27 - C55(5)
1
Total 39|27
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