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i Outline

Patterns of Confounding in « Examples
* Factorial DESig ns = The Design method (design keys)
|

= Identification of effects
= Confounding and aliasing

R. A. Bailey (1977)
Biometrika, 64, 597-603.
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AB UV
Treatment structure Block structure 0 0) fo0
AXB UxV S b
5 5 5 5 2 4] |0 2
- 31 03 z,(12) = k,\w, +k,w,
The DeS|gn methOd Design key 43004 =11+41-2
A B Lo =3 mod5
i uv uve 2 L) =k +hw,
. . 00 L2 I ) :ljl+2-2
Buppose theve are m vealment factors 05, T Facrore T haz & levels, represented Lo Lhe Stratum identification 4 2| |13 -
mtegaradl, 1, .. & — 1, for i = 1, .., o Foeh treatment ean be represemted by a colnmn vector Treatment Plot 0 4 |1 4 =0 mods
& with entries 2, ..., £,.; 2; mives the lavel of factor T, effect df. alias Stratum 22012908
Putterzon {1976) deacribed the pemam methad for gencerating the association of trestments 342 N
with plota, Thia naes o plot factors Ty, . F, and wn 5o key mateix § = {{&)) with non- g i 552 g;ﬁ 3 ; - ; j L 2} v
negative integer eutries, The plot fretors see determined by the blonk gtmeture; for cxample, AB 4 Ut vs Uy Lol 12 4 \
T eight represcob rows, 15 columoy, 2 subplota within plobs, sod =0 on. Pactor 1 has s, AB® 4 U3 7 3 3] 13 0
Tewals, represented by 0,1, . @ — L There iy one plob for each eombination of levelr of the I AB3 4 Ut 2 UVI 4 0l |31
plot [actors, - AB* 4 |14 vV 02| |32
The plol defined by level s of feloe ) lor 7 =2 1, .0 van be vepresented by an na=l 1 4| |33
viector g, The DK rule for geoerating the design b= chal plol w reeeives teestment sfa), Inverse key 2.1 |3 4
where 2,0n) = £,k mod £ than i, z(w) = K, AZUB‘! AI’B 3 ‘1* i ?
z(w)' =w'K Rules of construction ; (3) j §
q(4) = g(U)+q(¥) mod5 13 2| |4 4]

q(B) = q(U)+29(V) mod 5
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i Plot structure (5 x 5)

Construction of design
Column (level of V)

‘ Randomization ‘ \
0 1 2 3 4

\ Levels of A (first) and B (second)

Row 0 00 12 24 31 43
(level | 1 11 23 30 42 04
of U) | 2 22 34 41 03 10

3 33 40 02 14 21
4 44 01 13 20 32

A asyrunetric design

Treatment siruclure Black structure
AxBx Xx¥xZ
2 3 06 6 & 2
Desiey key
A - (.:'I]_ C:
i N X, ¥, Nz &, ¥E
a ] 2 3

Srealfumt corferls

SHeatimt . Trénfmemn efecty
x 5 B,
¥ 5 | BcE
z ] -
Xy 25 | A, B Co A8 Ay A B, A BCE
Xz 5 . . BC,
¥Z 5 | AC, AC, BCE
xXve 25 | 8.0 CLCa €. BCY, ACL B, A0,y AT, BC,

Rnlgs of construction

qld} = qlX+gl¥y) med2
g8 = @l Xad+el ¥y modd
A} = qlX ) +glZr  moed2
g(Cy) = gl¥)+29(¥) mod 3

i Identification of effects

= The bilinear form
[2, 2] = 2TA, 2 mod y,

whoere 4, iz Lhe loweat common raléiple of the & and 4, 15 vhe s dikgonal matrix with
eleeenil (4 4) given Ty 308 Theo Ted s the sel of all contrasts hetwesn treatments with
differant waluea of [0, 2], and the  veetors sssentially index the astz of treatment contraztz,
Leg, makn efleets and inferactions,

3 0 0}fx
[z,x]=(z,,2,,2z;,)|0 2 O x,
0 0 1|x

=3x,z, +2x,z, + X,z,

i Example: degrees of freedom

Table 1. Faluea of [z, {114)T] in @ 2 % 8 % 6 arrangemend of treatments

Lovols of T,
Lovalr Levelz P A .
of T, of T 1] 1 2 3 4 d
0 Q 0 2 4 0 2 4
0 i 4 0 2 4 0 2
0 2 2 4 0 2 4 0
1 o 0 2 4 0 2 4
1 i 4 0 2 4 0 2
i 2 2 4 0 2 4 0
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;‘ Example: homogeneous ;‘ Example: orthogonality
Table 1. Faluea of [z, {114)T] in @ 2 % 8 % 6 arrangemend of treatments
Lovdls of T, Table 1. Faluea of [z, {114)T] in @ 2 % 8 % 6 arrangemend of treatments
Levaln Lewalz v & . Lovols of T,
of T, of T 1] 1 2 3 4 g Leveln  Lewvels . A .
o 5 o B 3 5 8 z of T, of T, I} 1 2 3 4 3
0 1 2 0 4 b 0 4 0 a o o 41 22 03 4 4 25
] 2 4 2 1] i 2 L] 0 i 2 2 Q3 44 &5 0o 41
1 0 3 1 i & 1 b ] @ 4 4 25 o i1 ) 3
1 i ] 3 1 7] 3 1 1 1] 3 o 11 82 33 14 i
1 2 1 5 3 1 5 3 1 1 B o 3, i 55 3o 1,
_ T o _ T o 1 a 1 4 > 5 3 0 14 5 5 3 3
T(114): T(100)(1), T(022)(2), T«(114)(2 /
(114): T(100)(1), T(022)(2), T.(114)(2)
;‘ Finite Abelian Group ;‘ Example: cyclic group
The set of all vectcrs & forms o finite Abelisn group O, addition of cvwo & veelors consisling
of maldiviom of U ncdivicual i, follawiad by redaetion imed ¢, Bach weetor @ proertea a crelic / ‘ Cyclic subgroup <x > of G ‘
subgroun £ of (7 eoneiphing off 0,08, .., [#— L)z, where 2 ip the order of 2, that iz the amallest
poaitive interer auch that all elementa of 2 are ero, Simdlarly, the get of all wectors 2, which <(105) {(000),(105),(004),(103),(002),(101)},s = 6,¢(s) =2
imlea the treatroends, forms a linite Abelinn sroap 7% which i mesorplue ta 62
' o P ((104)) = {(000),(104),(002),(100),(004),(102)} 5 = 6,¢(s) =2
The st Tl ts deiined to be the get of ol eontrasts in 20 which are orthogonal Lo Lhose
i Tz 20, o Ty 2], where ay, ..., aee We pooper prime diviaees of & 1heee T4 (7] vepreseots <(1 05)> M <(1 04)> = {(000), (002),(004)}
ot degrees of freedarm, whera dis) ie tha mumber of integers hatwreen 1 and 3 which are coprime N
o g L0 Thfiw) e cunsleweted for ciwe seneTabor i ol each evolie subsroup ol &, we vliein o
complete ast of prblugronal dubsicle of the teeatoment degrees of frocdom which are hormg-
Feniiud i the pemsa that all eontrasta lnng in any one anbast belong to the 2ame main effaet <(1 OO)> = {(OOO), (1 OO)}, S = 2,¢(S) =1
or intersction. '
((002)) = {(000),(002),(004)},s = 3,¢(s) =2
The properties of (¢ ensoure that we san find & et of T,z that are orthoronal, homigmoeo s
aml axhanstive. <(002)> = <(004)> , <(022)> = <(014)>
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Table 2. Fdentifiention of arthogonal etz of dervees of freadom (o 2> 3= 0 arreagement

Ceavoaatora of
LEf Order & proper enborowps  Deovom of fvodos
% of @ ket of feoadom in T of (& in ¥hia)
10 z AfT) — A1)
(Vi 513 - £
1 AR — AN
i 2 B — B2}
s BoLE) — BO[2)
014 BOYZ) — BO[2)
ngg ’ N2y — £92)
110 é il Bi2); ABiH L4, 010 AB[2)
1t AD(L]; BO2); ABCUE) 1%, 1114 ABoya
112 4195 Briig); ABGID) 100, 012 ABCI)
114 AL BiE ARGE] 104, 010 A0
[1ig AAI11; TCE]; AT 100, 014 ADCi2y
113 AC{L; TR); ARC(E) TEAE AT 2
1 s A0 _ 10, 008 Adfie
102 Al1); 02 A 1404, 00k Adfzy
i €177 M) N, 1H& )
iiE] 1) BT RNE) ML, T 1Gh B
015 o1); BGi1) 0013, 012 B2 -
001 oE) 008, 002 o1

((114)) = {(000),(114),(022),(100),(014),(122)}

A asyrunetric design

Treatment siruclure Black structure
AxBx Xx¥xZ
2 3 06 6 & 2
Desiey key
A - (.:'I]_ C:
i N X, ¥, Nz &, ¥E
a ] 2 3

Srealfumt corferls

SHeatimt . Trénfmemn efecty
x 5 B,
¥ 5 | BcE
z ] -
Xy 25 | A, B Co A8 Ay A B, A BCE
Xz 5 . . BC,
¥Z 5 | AC, AC, BCE
xXve 25 | 8.0 CLCa €. BCY, ACL B, A0,y AT, BC,

Rnlgs of construction

qld} = qlX+gl¥y) med2
g8 = @l Xad+el ¥y modd
A} = qlX ) +glZr  moed2
g(Cy) = gl¥)+29(¥) mod 3

i Confounding and aliasing

Treatment sffpcet Tie) is alinsed with, sl esbimalead by, plol eflect Ply) i | 2{e), =] = [in g
fur cuch olot . YWe write T'x) = Fly). Tailey, Gilehriat & Parterson (19%7) have shown that
if the eneries uf & are cuch chad &, pof*; 58 on integer for each £, §. then we con define the inberer-
eally matriz K, = A7 WA, sod D) i estimuled by P b L casy to show that
[z(w), ] — Jiey £ 2] for each plot v Tlenceforth we vasame that A satisfier thia condition
thma we wrre cxcluding some of the desions desoribad hy Patterson (1975] in order that 2 simple
theory of confoundisg mey b cstablizhed for che rapainder

a(x)=Z"Ax mody,
B(»)=W'A,y mody,
Since y,a(x)=y,B(y) and Z' =W'K,
y=K.x,
where K, =A'KA,.

Asymmetric design (nesting)

= Treatment structure: A x B x C (6x6x6)
= Plot structure: X/Y (6/36)
= Some simplification:

Let A =A, =1, then K =K..

1 00 1 00
K=K.={0 1 2|, K.'=[2 3 4]|.
1 1 3 5 51
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i Confounded effects

((125)) = {(000),(125),(244),(303),(422),(541)},5 = 6,¢(s) =2
y=K.x, ((244)) = {(000),(244),(422)},5 = 3,¢(s) =2
x=K'y ((125)) = {(000),(303)},s =2,¢(s) =1

1 0 O][1 2 3 4 5
=12 3 40 0 0 0 O
5 5 1][0 0 0 0 0
1]2]3]4]5 T,T,T, interaction T.(125) with 2 d.f.
=[2]14(0]|2|4 T,T,T; interaction T.(244) with 2 d.f.
51413121 T,T; interaction T.(303) with 1 d.f.

i Asymmetric design (crossing)

= Treatment structure: A x B x C (6x6x6)
= Plot structure: (X xY) / Z ((6x6)/6)

= Stratum:
= Rows (plot effects: P(a,0,0))
= Columns (plot effects: P(0,b,0))
= Rows x columns (plot effects: P(a,b,0))
= Subplots (all other plot effects except the mean)

i Confounded effects

g=(2b0)" (a,b=0,1,..,5)

\!{ 0 1 2 i ¢ B
L3
0 | 035 004 033 002 031
1 125 104 123 152 121 E.lﬁli
2 244 21% 243 211 [ 240 e
3 508 332 @ 334
4 422 451 131 FE7| 453
5 541 = 514 543 512
Main effect T«(002) with 2 d.f. T,T,T; interaction T.(154) with 18 d.f.
T,T; interaction T.(031) with 2 d.f. T,T, interaction T.(301) with 5 d.f.
T,T; interaction T«(033) with 1 d.f. T,T; interaction T«(510) with 2 d.f.

i Half-replicate

= Treatment structure: A x B x C (2x4x6)
= Plot structure: X/Y (2/12)

1 23 6 0
K: ’A: ’At:
0 1 1 1o 1

L 111
K. =A'KA = .
P 03 2

x,=(123)", a(x,)=Z"Ax, modl2.

S O
S W O
N OO
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= T(123) (plot alias P(0)) is not estimable.
= XT=(100), y"=(1 0), Kix=y

= T(100), T(023) confounded with blocks.

* Thanks for your attention

With the authors’ compliments
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i Finite Abelian Group

Definition 111 —f] i =T, TS — R A5 TR S5 BB e e
[GF1]
=L £ e e

[GFZ|

=a5C0 FRNGTET = e
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