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the 2 deﬁ S
{1.4.13,16}] —— |contrt 1—'abcd‘=‘c§ ¥ a‘b [—deSining words
_i W‘lldl Su,
Zrans 3? a= a’bcd acd a‘b <«— It estimates the parameter
>0 df x bcd b Ba+B8pcd* Bacd + By
3 (joint) effects ac= bd = ad =bc [A&C forma 2> full
factorial
How o detect ? The "
Clear Effects |7 -/ on 7s in the alias sets {o— [ Trtuition Forl_
e A main effect or two-factor interaction (2fi) is called clear if im 0"‘-'0’1& effects,
it is not aliased with any other m.e.’s or 2fi’s and strongly clear ;:t W;"H b::zt&r
[
if 1t 1s not aliased with any other m.e.’s, 2fi’s or 3fi’s. ah'ra Sezm with =
Therefore a clear effect is estimable under the assumption higher - order
Basc=0 | of negligible 3-factor and higher-order interactions and interactions (th?)J
BAa-co= 5| a strongly clear effect is estimable under the weaker assumption le’ﬂ:ectch
—|of negligible 4-factor and higher-order interactions. Pﬁxﬂe
: L Baecp=0." -, Bascoe=0. """, —

e In the 221 design with I = BCDE, which effects are clear and strongly clear?
BCD], £ cf.

check L,é'ms: B,C, D, E are clear,é BO, CO, DQ, E Qlare strongly clear.

LNpb-4
e Consider the alternative plan 221 design with I = BCDEQ. ‘_/
(It 1s said to have resolution V because the length of 3 of Jetters ( )

the defining word is 5 while the previous plan has involved in a wor

resolution IV.) It can be verified that all five main effects are

: — Intuition. Tt would
strongly clear and all 10 2fi’s are clear. (Do the derivations). | be better to have

This is a very good plan because each of the 15 degrees of ’0239’ words in

freedom is either clear or strongly clear. DCSG.
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o d+t p. 6-8
bcsgkDefining Contrast Subgroup-~5on, o8 gg"gg,, matri
o %or effect|__for 252 Designs Qsbudy effect aliasing.
(alias set) estimationje—— | “ good ™ g;‘s?% - i
o A 2" —2 design has k factors, 2P runs, and it is a 2=2th fraction of the What; BC?Q{ e

2k design. The fraction is defined by D independent defining words.-» Wi, - Wp

§r%YP | The group formed by these p words is called the defining contrast subgroup.

deﬁned It has 22 — 1 words plus the identity element I. Lt{ I,W'-.-".W W, WoWp,
Algebm Why ? generators ! WiN.W;.- . WilWz- Wp }
e Resolution ="shortest Wordlength among the 27 — 1 words. # of m;d,sm{:ﬁegmp —j
6¥actors 1.2.. 6] 2 generators - generate 2* = 4 words (including I)
L@ Example A 26{]’(;351gn with § = 12 and 6 = 134. The two independent defining

2%:16| words are I = 125 and I = 1346. Then I = 125 x 1346 = 23456. The defining
runs . —= Twe
contrast subgroup = {I,125,1346,23456 }. The design has resolution IlL.«+{j25 '3

2 e e A T Cigh=). et o

]
ibruns 1234 1213 14 23-L34 123 |3"" -23% '23& I 1+2+5=0 (mod 2)
g,:‘-Fuu :::: Fﬂ '1", T 1": =1 | bl I 143 +4 +b=0 (mod 2)
fdorial] | —-T -+ - . - = 1| | 2+3+445+b=o(mod 2)
- - — + —
: H : Do €0.1
+ + [_'.E o i_—}

"N

p. 6-9

. Deriving Aliasing Relations for the 2°~2 design
) . Le=2%
e For the same 292 design, the defining contrast subgroup is

most serious ~ word ( deﬁned on design matrix) zo:ilsm?;‘s
aliasing? —_—— asing
1=26 I1=125= 1346‘ 23456. 125x1346=23¢56 I3 =46
i
5=12 L = 1125 = | 1346 — 23456, 1<.L
FLT = P25 = 346 | = 123456, same as the defining
2 | = 45 = |12346] = 3456, contrast subgroup.
E=12inleb8] [3 | = 12351 = |146 —= 2456,
g | = |12a5] = |[136 — 2356, ~— t’;""'e are 16
s o= P2 | = |134s6] = 2346 alias sets «—
6 | = |1256) = — 2345
an alias set —»{¥3| = 235 —_ |*46 = 12456 | | ()
x4 = [245 [ = [*36 = 12356,
6| = |256 | = I3 _  123s, | | Sactors 11.2.3.4} ||
23| = |135 | = |1246 | = 456, forms a full
24| = (145 | = |1236 | = 356, Factorial
v26| = |[156 | = |123a| = 345,
effect vis| = |123 | = | 1456 — 246, {1.3.4,6] not
(appears in  ||45| = |124 | = | 1356 = 236, Sorm a Sull
model marix)| |56 = |u26 | = [a35| = 234, | [ Factorial

All the 15 degrees of freedom (each is a coset in group theory) are identified.

e It has the clear effects: .i 4, ﬁ: é, 24, 26, 35, 45, 5_5 It has resolution III.

N
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“ WordLength Pattern and Resolution "

Lo WL P <« defined on defining contrast subgroup
e Define A; = number of defining words of length i.

o W =(A3,A4,As,...) is called the wordlength pattern‘c_f".) WLP of block
— In this design, W = (1, 1. 1, 0). Scheme (LNp 5-40)

— Itis required that A; =0 and Ay = 0. (Why? No main effect is
allowed to be aliased with the intercept or another main effect.)

o Resolution = smallest r such that A, > 1. <vesolution (s a function of WLP

Maximum resolution criterion: For fixed k and p, ?;d;tiozégo
choose a 2k~ 2 design with maximum resolution. 29 ____-go—
C=BD
e Rules for Resolution IV and V Designs: AD= BC
gbé:r (i) In any resolution IV design, the main effects are clear— [resolution V"
e.
to have (1) In any resolution V design, the main effects are Aas EDEABBCI:)DEC E
higher - ——
resolubion] Strongly clear and the two-factor interactions are clear.-oﬁAC =B8DE .BE=ACD (2)

AD=BCE .CD=ABE

ova s s . s AE= . CE=A
(ii1) Among the resolution IV designs with given k and p, {B¢ siCD% < DE =A%'Z

those with the largest number of clear two-factor interactions are the best.

N

I I 1 n (] nés p. 6-11
?_51 A Projective Rationale/ &%~ projection of design. 2 viewpoi

[gmtnx viewpoint —» of
(eg. m“’""tm,,d) for Resolution geometric Vcewpotnt'l esign

on @ submakrix must be a wonstraint on the whole design matrix. Why 2
e For a resolution R design, its projection onto any R — 1 factors is a full factorial in
the R — 1 factors. This would allow effects of all orders among the R — 1 factors to

be estimable. (Caveat: it makes the assumption that other factors are inert.)

By (#) “Some effects are inert" (effect hierarchy or effect sparsity)

e3 272 yith  |[remove column A QW s o
1=123b6= 1457 ||in design matrix | , by is this 2
= 23457 ‘ /1 /|| o Property useful
: / » Suppose that only
projected onto R-1 or fewer
{1.2.3.4] 4_,;._5%; are
= 2%full_ 2 replicates im od:s ?h all
effe %}- ese
progected onto - imporbant Sactors
{"2;3'#,5{;[-.6} | zre locabed in
3 26 wi , ) P ; ;
T=1236 factorial| €4 } 3-1 ‘ s;t_ﬁ:ﬂ alias
(ex{ercise) ) I = 123 4 rosolution I > 1 —[Qi23
|.2,3.6 £ IBC’C—LN 6' =‘23
(2u567) |23 mI2T 102:3- = 2 i yect] (K 563 'l;=-13
3=-12

Figure 1: 237! Designs Using I = +123 and
Their Projections to 22 Designs.
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p. 6-12

Minimum Aberration Criterion <= maximum resolution (LNp.6-10)

e Motivating example: consider the two 21-2 designs: causes (4) 6 29‘ S
di: 1 = 4567 = 12346 = 12357, aliased in 3 alias sets
d: I = 1236 = 1457 = 234567

— Both have resolution IV. I\. 6 2fi's al.qsed\. b 2%is aliased ( @. in how

?
_ ButW(dy) — (0,1,2,0,0) and W(dy) — (0,2,0,1,0). Many alios sets? yo—
— Which one is better? d3:1=1236=/257= 356'7
> [2=36=5"1=12356"
— ¥

Intuitively one would argue that d; is better because

Ag(d) =1 L Aa(dy) =2. |
(Why? Effect hierarchy principle.) WLP+ (A' (d) Aald), A3(d) A"(d))
seguentially minimize

e For any two 2k-p designs d and dp, let G_, MA criterionin
r = the smallest integer such that A,(d ) 7& Ax( blocked 3:“"

— dj is said to have less aberration than dj if A,(dy 1) <A (dy). Sactorial (LNp.5-40)

— If no design has less aberration than dy, then dy has minimum aberration.

e Throughout the book, this is the major criterion used for selecting fractional
Jactorial designs. Its theory is covered in the Mukherjee-Wu (2006) book.

+ Reading: textbook, 5.2

Recall build 2 model (LNp.6-1) »-c12
Analysis for Location Effects</ 2 T mdm 3

o Same strategy as in full factorial experiments except for | of a 2™% EFD i
the interpretation and handling of aliased effects. dn"' to that °§ a
. 2 | $actorial ,where

e For the location effects (based on y; values), 5::’;')?: czi):ed ﬁ;: K ra

— the estimated factorial effects are given in Table 3 (LNp.6-14), and lexceplz

— the corresponding half-normal plot in Figure 2 (LNp.6-15). | .. I=ABCD

e Visually one may judge that /3\9 -> m

- 0, B, C, CQ and possibly E, BQ are significant. Use Z=Y (re E ted data.
Fit z=xg+g L&)

' | al— Econstant var ¢2
(see textbook, sec. 4.14, not covered in class) to Under Ho 8i= - -ee o

confirm that O, B, C, CQ are significant at 0.05 level §.. ey gt iid * N(0. O« _’_)
(see textbook, p.219 and 221). mf"‘('&!)/_e_t

e The B x Qand C x Q plots (Figure 3, LNp.6-16) show that they are synergystic.

e For illustration, we use the model
€ {-1,+1}

Z(B+)- Z2(B-
2(8 )2 ) ¥= 17.6360+0.110655+ 0.0519xg + 0.0881xc — 0.1298xQ
+O.O423x£x2 — 0.0827xgxg

One can apply the studentized maximum modulus test

|~
N
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&

p. 6-14

Factorial Effects, Leal Spring Experiment

Table 3: Factorial Effects, Leaf Spring Experiment

I=BCDE

CDE
BDE

BCQ
BDO
BEQ

y Ins?
v 0.176 0.569
0.029 —0.247
v 0.104 0.216
¥—0.260 0.280
v 0.085 —0.589
v —0.165 0.598
0.054 Vv 1111
0.027 0.129
0.017 —0.002
0.020 0.425
—0.035 0.670
0.010  V-1.089
—0.040 —0.432
—0.047 0.854

Z(8+)-Z (B-)
= Z(CDE +) - Z (CDE =)

PN
=2 BB= CDE

o Half-normal Plot of Location Effects,

p. 6-15

Leaf Spring Experiment

['e]
o
(=1

absolute effects
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o
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Figure 2: Half-Normal Plot of Location Effects, Leaf Spring Experiment

(exercise) Apply Lenth’'s method

0>

jointly made by Jeff Wu (GT, USA) and S.-W. Cheng (NTHU, Taiwan)



NTHU STAT 5510, 2024

&

Lecture Notes

p. 6-16

Interaction Plots
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Figure 3: B x O and C x Q interaction plots, Leaf Spring Experiment

0>

p. 6-17

@ Analysis for Dispersion Effects [I=BCDE

: . Np 6~
e For the dispersion effects (based on z; = In 51-2 values), ,..ﬁ,‘.,é’,,ﬁ“?ea

— the estimated factorial effects are given in Table 3 (LNp.6-14)

— the half-normal plot is given in Figure 4 (LNp.6-18).

e Visually only effect B stands out. This is confirmed by applying the
studentized maximum modulus test (see textbook, sec. 4.14).

e For illustration, we will include B, DQ, BCQ in the following model,

In&* = —4.9313 4 0.9455x5 + 0.5556xpxg — 0.5445xpxcxg. @
Be+BooE 3 Boa+t EEQ:J Beca+t nggj
(effect hierarchy) <O =0 (effect hierarchy) =0 (effect heredity)

e The D x O and B X C x Q interaction plots are given in Figures 5 and 6 (LNp.6-19).

B CDa| ba BcCa
@'-W'/mfsel:l:if#s -+ 4+ +| + -
of (8,¢.D.Q) T+ ol =X
can minimize +——| + + <EssteplinlNpb-20
032 using (4)? =+ x =+
== =—%
—= =] F =

0>
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®  Half-normal Plot of Dispersion Effects, "
Leaf Spring Experiment

15
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absolute effects
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Figure 4: Half-Normal Plot of Dispersion Effects, Leaf Spring Experiment

(exercise) Apply Lenth’'s method

>
@ Interaction Plots for Dispersion Effects -
(WNp.6-17) BCa
BCcDa
1l
BCDQ -
- - -+
Q:Whythe2 |
Settings are |
different in
the interaction|
plots ? |
f B=—
C=+|""—
= q=- =
Figure 5 : D x Q Interaction Plot Figure 6 : B x C x Q Interaction Plot
Fitted model in LNp.6-17 Check the definition
does not_contuain of 3-factor interaction
ME D & ME Q. in LNp.5-9
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p. 620

@ Two-Step Procedure for Optimization

e Step 1: To minimize f (or Ins?), we can

— choose B = — based on eq. (4) in LNp.6-17,

— choose the combination with the lowest value, D = +, Q = — based on the
D x Q plot (Figure 5, LNp.6-19),
— with B= — and Q = —, choose C = + to attain the minimum in the B X C x Q

interaction plot (Figure 6, LNp.6-19).

Another confirmation: they lead to xp = —,xpxg = — and xpxcxp = + in the model

(4), which make each of the last three terms negative. <~ check LNp 6-17
e Step 2: With (B,C,D,Q) = (—,4+,+,—), from model (3) in LNp.6-13, we have

y = 7.6360+0.1106(—1)+0. 0519xg +0. 0881(+1) —0.1298(—1)
+0.0423(—1)(—1) —0.0827(+1)(—1) @ @ @
= 7.8683+0. 0519xE‘_,-ad3usl:men‘|: — ; -
By solving § = 8.0, x; = 2.54. Sactor - o 1 213
. L :
Warning: This is way outside the experimental range for loki
factor E. Such a value may not make physical sense and the excrapolation

predicted variance value for this setting may be too optimistic and not substantiated.
% Reading: textbook, 5.3 :Fbllow-up confirm experiment 4——3
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