NTHU STAT 5510, 2026 Lecture Notes

. . % response : free height
Leaf Spring Experiment 4 tregkment Factors \B.C.D.E. @

e Five factors at two levels, use a 16-run design with all 2 levels — -1,+1

three replicates for each run. It is a 221 design, #*Exptal unifs: a spring
I 1

1/2 fraction of the 22 design. 1 “homogeneous
$ull factorial 25: — n-K . gou h EU‘s (43)
% of all level | | 2" design: @M% oF fackors @2 wvunsize | T3, oy
combinations v @2: 2 levels ® 27%: fraction Why not <lo 252
T2axaan2 || 2V @ k: # of independent defining words Y
Table 1: Factors and Levels, Leaf Spring Experiment : p{:::s —
gualitative or guantitative ? ¥ conce mode.
hecbing) | [ e O @ | 252-Rorallfactyridlefects+
stage 25+
| o|| B- high heat temperature (°F) | 1840 1880 Z~Bo + some factorial effects +€
forming L heating time (seconds) 23 = [measurement errovs/errors in
D. transfer time (seconds predictors »LNp.9-
stage”| | p fer time ( ds) 10 12 dictors (LM, LNp.9-7)
E. hold down time (seconds 2 3 eIy
guenching| '~ ( ) — — RS> fackar
stage ..@ quench oil temperature (°F) [|130-150 150-170f— 2 2
e response y = free height of spring, target = 8.0 inches. — e factor

Goal : get y as close to 8.0 as possible-=build 2 models :
one for Ux=E(4x) «> Factors
(nominal-the-best problem). one for 6% ="Var(¥%x) “> Sactors »

p. 62

@ Leaf Spring Experiment: Design Matrix and Data

@: Which 16 level Table 2: 4 Design Matrix]and Free Height Data,
combuc;,mﬁons 5"0“‘0; Leaf Spring Experiment _unreplicated
Wwe Choose
out Fagior o ,.f.,— i
the 32 OnQS? B C D BCDE Q)| Free Heigh-t—&) rj-| lns
Only contains (6 | [[- + + - - —| 778 778 7.81 {77900 00003 —8.1117
-+ o+ + o+ —|l815 818 7.88| 80700 00273 —3.6009
ou\‘:ofg_l[_a_z" — — 4+ + + 750 756 750|7.5200 00012 —67254
level combanations} |+ — + — - {750 7.56 77576333 00104 —4.5627
> — 4+ — 4 + | 794 800 7.88 79400 0.0036 —5.6268
> Itiscolleda + 4+ — = — —ll760 809 80679467 00496 —3.0031
Fractional — — — = — {756 7.62 7.44|75400 00084 —4.7795
ackori + - — 4+ + —|756 781 7.60 | 76867 00156 -—4.1583
E——,-m-'- — 4+ 4+ = — +f 750 725 712|720 00373 —32888 | |@: What
De&g,g + + 4+ 4+ + +|[ 788 7.88 7.44|7.7333 0.0645 —2.7406 | | IS the
(EFD) — — 4 + + +| 750 756 7.50 75200 00012 —67254 | | mode
Ltad e s e B e P L B E e
>canestimate | |- + - 4+ + +[732 744 744 | 74000 00048 —s53301 | | DRAEMIX
15 factorial Y4 - = — t]l756 769 7.62|7.6233 00042 54648 | | OF this
effects« ||l © 3 78 750 75| 7em ooss senr | LEFD2
Q.M&h—iﬂ"}ctsl" —>Under a conceptual mode| -£29985 . model matrix X <—|
: Sor replicabed response : §=Xg"+ €*
Sor unreplicate response : F'= XB,+ &,
Ins*=XB2+ €2 B
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Why Use Fractional Factorial Designs (FFDs)?
2°-|=
e If a 22 design is used for the experiment, its 31 degrees of freedom would be
allocated as follows:

Main Interactions
Effects | 2-Factor | 3-Factor 4-Factor 5-Factor

#1 5 | (@&)=10]| B)=10 (F)=5 (3)=1
'r'.‘.‘;’,iﬁrbanf 15 let-2f16] ’essrlme

e Using effect hierarchy principle, one would argue that 41i’s, 5fi and even

3fi’s are not likely to be important. There are 10+5+1 = 16 (16/32 = 1/2)
such effects, half of the total runs! Using a 25 design can be wasteful (unless

32 runs cost about the same as 16 runs.) 4 25-1 — 16 yuns > 15 effects

e Use of an FFED instead of full factorial design is usually done for economic
reasons. Since there is no free lunch , what price to pay? See next slide.

t.. one of the most important concepts in DOE

+ Reading: textbook, 5.1

Effect Aliasing and Defining Relation "
®)

® In the design matrix, col Bx col Cx col D = col E. That means,

TE eshimabe 2( )

5 (BetBorp =
2Be =ME(E)=5(E+) —J(E_) = 3(BCD+) — 5(BCD—) =INT(BCD)=2 Bgcop

Therefore the design is not capable of distinguishing £ from BCD. The main effect

E is aliased with the interaction BCD. Notationally, group of addi'l:ivié][‘
(defined on grodel matrix|-» £ — BCD or 1= BCDE m;zzsgg | exercise) I
Tnbercept] L 22-gcpet b B+C+D+E= O (mod 2Y, where B.C.D,E e{o,l}

:;";zf where I (= column of +’s) is the identity element group of m@llcahon {.'_1 _1
# of all effects(mcludm I):

matrix | in the group of multiplications.
m (Notice the mathematical similarity between aliasing Q=25= 32, ef&c

LNp5-36 MOnfounding. What is the difference?) i lagennl. 2771 16 ;" 2
(1 Fect
btwn treatment & block effects| |btwn ﬁgmeﬁecfs i ﬁ:ufdtassct

e I = BCDE is the defining relation for the 22~ demgn J,,gd‘: for efect estimation
It implies all the 15 effect aliasing relations : Lo 2%=1b runsd Toused on 15 alias sets

analiasse{: C'= BDE, D'= BCE, EY=BCD, Inthemodel matrix of 2"°*, each

o Tomed] BC=DE, BD—CE, BE—CD. column, corresponds +o an elmssel:
by factors | Q= BCDEQ, BQ'=CDEQ, CQ*= BDEQ, DQ'= BCEQ. i‘,%%smeﬂé frg‘ rent
B.C.D.Q | EQ=BCDQ, BCO=DEQ, BDQ=CEQ, BEQ =CDO. orthogonal. o>
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@ Three 2-level (fod ix of 23 ey
2 - 'o 3
Jest ™ [ Sactors with all $actorial effects o effect?=1 lg?,l, Wp6-2

of a full alB | b

factorial 23 = a2=b2=c2=(ab2—~(ac
-1|-1| [0 =(bc)2=(abc)2=1

Ut Lot UL —@®defining relation

e ab;c dd-‘ming

ool [|lon |fnf| B> [Jeofiinof| 1—
|
—_
—_
—_
|
—_

T ‘
TETE BYEYE =R k! I = “&_{word
IRE HEEREIEIEE effect aliasing
T 1] 1 L a=a2bcpa=bc
. 2 3 an
A|B|C|[a ¢ |[&B] ac | be [Yabe |[T b o] set
c=ab
|2 FT =1 WETFLr c o=t |-t (1
slall-a | o =oflfall) ol =2 [fa)l o] =1 1ffa  un-aliased effects
s o -a | -l aflf-all 2 lf-aff 2| 2 a]l2 are orthogonal
sflal 2l 1 1 1l 1] a El (#B): :‘:*gah*-&%vﬂck
. ~ A A A A + + 5¢&*B¢C:hi+eﬂhﬂxlﬁ:
esign matrix
:h:lg:?" I-a:f: T T u ~»(Bo+Babe) +(Ba+Bpc) Xa
e +(Bo+Bac) Yo+ ( Ber Bab) Xab
model mode| matrix formed by |-»the analyses Fo y )
| e yses For full fackorial d
matrix| dentfiable | 5| effects of A& B can be agplied on fractiona| factorial
- : Eour 2-level ix of 2% (abed)=(cd) =T . 6:6
c;s;gz ?“alblnx [ Sactors - gt X all Suckorial effects =abcid2=ab
Sactorial— A= |0 oD@ < | 2 )] =] = | x| = @] = abd | [ecT]) [Bed] | [abed }f T
1 —1 -1 | -1 -1{j§-1 | -1 | -1 ]| -1 1 1 1 1 1 -1 -1 -1 -1 1
I | S ] ﬁl N I I I | 1| 1| -1 1| 1| 1| =1 1 1 1 111
Howfo obtain e | e T e o e | o O 1{-1 1{ -1 1| -1 1 -1 1 1 .11
a 22-;_ alll-n ] | 2| afff-2| 2| 2| 12 4| 2| 1| 1 1| 1| 1
“ S -1 1] -1 -1})111 1 -1 -1 -1 1 1 -1 -1 1 1 1 -1 1 -1 1
‘* 2 5 -1 11 -1 11 1] -1 1 -1 1 -1 -1 1 1 -1 1 -1 1 1
2/k A -1 1 1| -1§§-1 1 1 -1 -1 ] -1 1 1 -1 -1 1 1 -1
FFD? s W 2| 2| tll-2| 2| 2| 2| 22| 1 1 1 1| -1 S 1 .11
9 1 -1|(-11]-1 1 -1 -11]-1 -1] -1 -1 1 1 1 1 1 1 -1 -1 1
l 10 1 -1 -1 1 1 -1 -1 1 -1 ] -1 1 1 -1 1 -1 -1 1 1
11 1 -1 11 11 -1 1| -1 -1 1 -1 -1 1 -1 1 -1 1 1
I=ade 12 1 -1 1 1 1 -1 1 1 -1 1 1 -1 -1 1 -1 -1 1 -1 -1 1
-&- I= Cd BN a|a|-afff1| 2|2]|2 S I N ! -1 1| 1| 1 1
14 1 1| -1 1 1 1| -1 1 1 (-1 1 -1 1 -1 -1 1 -1 -1 -1 1
~ i .y 15 1 1 1] -1 1 1 1 -1 1 1 -1 1 -1 -1 1 -1 -1 -1 -1 1
ﬁi’; m?;i; 16 1 1 1 1 1 1 1 1 1 1 1 1 1
e >
{L¢.13.16 comb"r:g I='abcj = cj - ab defining words
3 H i) | Goimsip L=9bed = cd Zab ~ 9
Zvuns | L32 Q@ = a%cd =acd = a2b <— It estinates the parameter
> ¢ df 1 bed 5 Pa+Bhed* Pacd+ By
= can etimate c=abd = d =abc |Inruns {1.4.13.16}, Sactors
3 (goint) effects ac= bd =ad=bc ?.&i—_fbmag_‘_&ﬂ
actorial
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How £o detect ? The a
M EffeCtS information (s in the lias . EDI':UE":’EOH . er_‘
e A main effect or two-factor interaction (2fi) is called clear if M effects,
it is not aliased with any other m.e.’s or 2fi’s and strongly clear It would be better
o . , NP : ) Sor them to be
if it is not aliased with any other m.e.’s, 2fi’s or 3fi’s. aliased with
Therefore a clear effect is estimable under the assumption hiaher-order
Basc=0 | of negligible 3-factor and higher-order interactions and interactions (Why? f
BAazco — | a strongly clear effect is estimable under the weaker assumption :ﬁec‘b
___ of negligible 4-factor and higher-order interactions. ‘einci ey
. L-’BABCD=OJ"'JBABCDE=OD"')"'

e In the 2271 design with I = BCDE, which effects are clear and strongly clear?

dLNpm;EII Lf_xlns: B,C, D, E are clear,l% BO.CQ, DO, E %are strongly clear.
e Consider the alternative plan 221 design with I = BCDEQ. J

=Bl ] T <E

(It 1s said to have resolution V because the length of of letters
~ . . . . . L ~£ « ( )
the defining word is 5 while the previous plan has involved in & wor

resolution IV.) It can be verified that all five main effects are Thtuition. T+ would
strongly clear and all 10 2fi’s are clear. (Do the derivations). | bo better to have

This is a very good plan because each of the 15 degrees of ’Oﬂﬁ" words in

freedom is either clear or strongly clear. DCSG.

“BS4Defining Contrast Subgroup"gn,be d*"iﬂ?,! ngbrix

p. 6-8

o A2k design has k factors, 2k=P runs, and it is a 2=Lth fraction of the %mm e
———L—"

;_k design. The fraction is defined by p independent defining words.-> Wi',.--,‘W'P

& forefiect|  for 252 Designs @study effec cliasing.
(o s st o 18 ® {edh ez for croosing

30UP | The group formed by these p words is called the defining contrast subgroup.

6factors 1.2,+,6] 2 generators > generate 2* = | words (including I)

in |1t has 22 — 1 words plus the identity element I. L I,W, - . Wp,WiWa, -, Wp Wp,

Al&ebm Why? geneml'ors—r'WTWaWa v WiWe-Wp ¥ E
e Resolution ='shortest wordlength among the 27 — 1 words. # of words in the group=2"

Le® Example: A 288ldesign with 5 = 12 and 6 = 134. The two independent defining
- =

2*%=16| words are I = 125 and I = 1346. Then I = 125 x 1346 = 23456. The defining

— |
uns | ontrast subgroup = {1,125 1346,23456 }. The design has resolution Ill.«+{)25 Vg‘L.
(acoluma: an ali %. odel matrix) .6‘ a group (Algebra) g‘l:gb g

Horuns '.:f ?;LB‘* 123 1+246=0 (mod 2.)
foaginl| -+ (+3+4+6=0 (mod 2)
fadortel | |I* T T + - 243+445+b=0 (mod 2)
-4+ 4+ - <+ whne 1,2,3,4.5.6
: oo €%£0.1
= -l + + 4 0.1}

"N
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p. 6-9

. Deriving Aliasing Relations for the 22 design

6 2 . . —.L’ = 2ﬁ
e For the same 22 = design, the defining contrast subgroup is <% seri
mosb serious word (defined on design makrix) retdepitay
aliasing? —_ — tasing :
=25 I1=125 =1346 = 23456. [25x/346=23456 13=46
2=15 ; _ —p (4 =36
F=12 [T = s [ = Tise | = 3d% e 6 =3¢
LT = s | = 346 | = 123456 sameas the defining
| = 5 = |12346| = 3456, contrast subgroup.
G=12in68] 13| = 1235 = {146 — 2456,
L. g | = |1245] = [136 — 2356, k—tl;ene are [6
s | o= P2 | = |1as6] = 2346 alios sets «—
Y6 — l1256) = — 2345,
an alies set —FE = 235 | — M6 — 12456 ] ()
x4 = (245 = %36 — 12356, d)
xig| = 256 | = (%34 _ 1235, | | Sactors 11.2.3.4}
23] = |135 | = [1246 | = 456, Sorms a full
24| = |145 | = |1236 | = 356, Factorial
26| = |156 = | 1234 = 345,
(appears in  ||45| = 124 | = [1356 | = 236, Sorm a Sull
model matrix) VS6L = |26 | = |aMs | = 234, Sactorial

All the 15 degrees of freedom (each is a coset in group theory) are identified.

e It has the clear effects: é,_ 4, gz 2, 24, 26, 35, 45, 5—6_. It has resolution III.

N

p. 6-10

- WordLength Pattern and Resolution
Lo WL P < defined on defining contrast subgroup

e Define A; = number of defining words of length i.

o W =(A3,A4,As,...) is called the wordlength pattern‘c—ﬁ-)WL,P of block
— Tn this design, W = (1, L. 1, 0). Scheme (LNp.5-40)

— Itis required that A} =0 and A; = 0. (Why? No main effect is
allowed to be aliased with the intercept or another main effect.)

e Resolution = smallest r such that A, > 1. —resolution is a function of WLP

Maximum resolution criterion: For fixed k and p, ':‘;olf_‘fz B]CID
choose a 2672 design with maximum resolution. AB=CD
AC=BD
e Rules for Resolution IV and V Designs: AD=RC

Itl H"sr (i) In any resolution IV design, the main effects are clear— |vesolution 'V

. . ) ) e4. I=ABCDE
to have|{ (ii) In any resolution V desi n, the main effects are P r—eere
highe - (i) y-resolution v, g main e1iects AB=CDE , BD=ACE

resolubion] Strongly clear and the two-factor interactions are clear.-bﬁAC:BDE »BE=ACD | (2)

apzece iconge |
(iii) Among the resolution IV designs with given k and p, |BC=ADBE » DE:A%?‘.

those with the largest number of clear two-factor interactions are the best.

jointly made by Jeff Wu (GT, USA) and S.-W. Cheng (NTHU, Taiwan)



NTHU STAT 5510, 2026 Lecture Notes

1_5*_2 A Prt?jective Rationalef'[g"’ “*‘“W?j df;;e"_j' viewpolnts : » s
Qm"tl or Resolution geometric viewpolnt '5“"'%,‘
(3-3-, =Q word) Pt Why

on @ submatrix must be o.onstraint on the whole design matrix.
e For a resolution R design, its projection onto any R — 1 factors is a full factorial in
the R — 1 factors. This would allow effects of all orders among the R — 1 factors to

be estimable. (Caveat: it makes the assumption that other factors are inert.)

By o8 “some effects are inert” (effect hierarchy or effect sparsity)
g 272 with vemove column A TR
I=1236=1457 in design matrix | / / & gﬁ%"@ ?
= 23457 Suppose that only
projected onto R-] or fewer
£1,2,3.41 %a&
= 2*4ull, 2 replicates ‘&5;3, all
g& ese
progected onto | important. Sactors
{l;2)304)506} | are locm in
> 2"‘ with $ackorial | é ,' _\l different alias
=1236 , LAYy 23-l Sets.
(exerctse) 1 = 123 4 rasolution I =(23
{ i 2 66} } 1+2+3=0 (mod 2)3‘:F 1+2+3 = 1 (mod 2)<<E: T{ML’VP""S f'_'_ig
{2 a Figure 1: & Designs Using I = 4123 and g;_ 12

Their Projections to 22 Designs.
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