NTHU STAT 5510, 2024 Lecture Notes

. . % response : free height
Leaf Spring Experiment # treatment factors B.C.0.E. &,

e Five factors at two levels, use a 16-run design with all 2 levels — -1,+1

three replicates for each run. It is a 221 design, # Exptal units: a spring
1/2 fraction of the 22 design. 1 "°"‘°3""°“"| - - - [EU%8)
$ull fackorial 2° - =2 L ——— | Qe are |
# of all level || 2" desiga: @n: # of factors @2 :runsize “:“gs ot (gz)
combinations I @2: 2levels @ 27: fraction || why not df, 257
s 22'52:. 23‘22‘2 2%/ @ k: # of independent defiining words

Hint. 2 types of dJf.

Table 1: Factors and Levels, Leaf Spring Experiment

hold down time (seconds) = 3 m’fadﬂ
“.lb Q‘+"

. quench oil temperature (°F) {]130-150 150-170f~= Q Q
e response y = free height of spring, target = 8.0 inches. S factor

alitative or guantitative ? s¥ conceptual model :
heating [?-u—-—-Fact(?r 5 Level 2% 2~ Bot+all factorial effects + £
stage - E— = 25-1,
B. high heat temperature (°F) 1840 1880 2~ Bo + Some factorial effects +€
'Formirg C. heating time (seconds) 23 25 rerry—" errors/_e —
stage D. transfer time (seconds) 10 12 predictors (LM, LNp.9-7)
E
guenching _’li
[

Goal : get y as close to 8.0 as possible— build 2 models:
. one for Uyx=E(4x) «> Factors
(nominal-the-best problem). one for 6% =Tar(4s) “> Sackors »

p. 6-2

@ Leaf Spring Experiment: Design Matrix and Data

@: Which 16 level Table 2: 4 Design Matrix|and Free Height Data,
comb;'naﬁons Sh‘:‘;d Leaf Spring Experiment  unsreplicated
we choose out
Factor replicated B e T
the 32 ones ? B C D BCDE Q Free Heiglp(l) 3 52_ lns,-2
Only contains 16 | |- + + - — -] 778 778 78177900 00003 —8.1117
B+ + + 4+ + | 815 818 7.88 80700 00273 —3.6009
Olli'ofg_ll}&‘ — = 4+ + + =]750 756 75075200 00012 —6.7254
level combanations| |+ - + - - —{ 750 756 775|76333 00104 -4.5627
DTtiscalleda [ |- + — + + 794 800 7.88|79400 00036 56268
. L+ = — = 760 s00 s506|79467 0049 —3.0031
Fractional — - — = — —ll756 762 7.44|75400 00084 47795
: + — — + + —| 756 781 7.69|7.6867 00156 —4.1583
w — 4 4+ = — +]750 725 7a2{72000 00373 -32888 | | @: What
DeStgﬂ- + + + + + +| 788 788 7.44|7.7333 00645 —2.7406 | | (S the
(FFD) — — + + + +|750 756 75075200 00012 —67254 | | mode
== + =+ = — 4| 763 775 756 |7.6467 00092 —4.6849 akrix
= can estimate - + — 4+ + +| 732 744 74474000 0.0048 —53391 m—
I5 factorial + o+ — = — +] 756 769 76276233 00042 —54648 | | OF this
— — — =~ — 4] 718 718 72572033 00016 —6.4171 5
Qﬁé‘] 3 & if7st 750 7590|7633 ooesa _sen7 | LEED?
:Which i ; - Q__l
@ %ﬁ%s%: —»Under a conceptual model £2228% . model matrix X
: $or replicated response : Y=Xg'+ £*

for unreplicate response : ¥ = X8, + €,
Ins*=XB2+ €2 >
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Why Use Fractional Factorial Designs (FFDs)?
2°-1I=
e If a 22 design is used for the experiment, its 31 degrees of freedom would be
allocated as follows:

Main Interactions
Effects | 2-Factor | 3-Factor 4-Factor 5-Factor

#1 5 | (&)=10] (B)=10 (3)=5 (3)=1
m);grfan{- 15o{16] fﬁ.i%rbamb

e Using effect hierarchy principle, one would argue that 41i’s, 5fi and even
3fi’s are not likely to be important. There are 10+5+1 =16 (16/32 = 1/2)

such effects, half of the total runs! Using a 2 design can be wasteful (unless
32 runs cost about the same as 16 runs.) ‘fC 25'=16 runs - 15 effects

e Use of an FED instead of full factorial design is usually done for economic
reasons. Since there is no free lunch , what price to pay? See next slide.

*f:-—. one of the most important concepts in DOE

+ Reading: textbook, 5.1

cecs |Effect Aliasing and Defining Relation '
In the design matrix, col Bx col Cx col D = col E. That means,
—»| It estimate 2(Be+
i (Bg +Baco) —

2Be = ME(E)= y(E+) — 3(E—) = 5(BCD+) — 5(BCD—) = INT(BCD)=2 Baco
Therefore the design is not capable of distinguishing £ from BCD. The main effect

E is aliased with the interaction BCD. Notationally, group of additivity
{defined on model matrix|-#- ¥ — BCD or 1= BCDE < mgltﬂ'sgﬁmdl exercise)

Tntevcept L z2-gcpe - o B+C+D*E = O (mod 2’ where B.C.D,E €10.1}

:;z"e where I (= column of +’s) is the identity element l roup of mulhplncahonl : {:1 31

matrix | in the group of multiplications. W‘m'
m (Notice the mathematical similarity between aliasing 2= 25=232, ef:fec?s

LNp5-36171d c'onfoundlng What is the difference?) l M; 16 l;( 2 I gonral, 2*
tmtmst& block effects| (btwn treatment effects| X oo s ot

alias sets
e I = BCDE is the defining relation for the 221 deslgn

-rISdF for effect estimation
It implies all the 15 effect aliasing relations : Lo 2%= 16 runs? Te used on 15 alias sets

analias set E’: CDE) C'= BDE, D'= BCE, E*=BCD, Inthemodel matrix of 2°°", each

" BD — CE. BE—CD. column corresponds +o an alias set,

effects formed| 25 & co of difSerent

o ockore. | Q BCDEQ, BQY- CDEQ. CO'- BDEQ, DQ- BCEQ % columas of difserent
B.c.0.Q | EQ= BCDQ, BCQ =DEQ, BDQ =CEQ, BEQ =CDQ. orthogonal o>
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p. 6-5

& Three 2-level modfl makrix of 23
destgn matrix [ Sactors with all factorial effed:s o effect&:l

of a full NN
e 3 LblLla h 9 @ ac m ab;C 1 2—2—=n2— o 2
factorial 2 =t Tt -] 1] t| 1] 1|2 Bebere{aby faok
— 2= = - [ 1] o] 1| O =(bc)2=(abc)2=1
st LI-Uet ] Lot 1L UL —®defining relation
aff-r] o afflr | ] ] 1) s :
SW =i (-l 1i{-1[-fl-1]-1] 1| (@ T_'l:abc defimng
sl 1]t (lf c]-1] off=1] 11| =1 1' I —{word
aff il i [ [ [ ] ] e ©effect aliasing
——a—a full Sactorial 2% 1 =bc b=ac < gl?as
AlB|cl|E ¢ |[@®]| ac | be [labe |[T _Z_b set
2=t W e el =t -t 1[I £-ap
S [ | R | | A R T B  un-aliased effects
Em— Y | R = = are orthogonal
sflil 1l 1 1 1] 1] 1 E(4)= Bo*gah*Bﬂchxg
- - A A A A "‘Babxnh'l' bcxk*'edch“‘%
deStgnmaL'nxo,F T T t_j _.(Bo_'_eab‘)_._(ea_._e )xa
the. 23-| I=abc. 2%
2 _-==8 + (Bo+Bac) Yo+ ( BetBab) Xab

mode| == model matrix Sormed by |-»the analyses For full fackorial design
matrix .___.I'M'Fm"h all eSects of A& B can be fmned on fractional Factorial
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