NTHU STAT 5510, 2026 Lecture Notes

k . : one block factor, 2% levels P 536
2* Designs in 27 Blocks _ [} ook size 2k-8 (s total 25 ETS)
Yk treatment: Suctors. each 2 levels r—

Sull Sackorial = 2 treatments (>need 2 EUs) [3)| block size 258
e Example: Arranging a 23 design in 2 blocks (of size 4) L% ::—_‘i—o:;ﬁm:fsf‘
T — (o]
Use the 123 column in Table 9 (LNp.5-37) to define the ! it
blocking scheme: % Co"gom"del {;s
i - 5 _ Z~ + eﬁ:ec
block Iif 123 = —, and block ITif 123 = +. '—:—2-5_-,——‘!

e The block effect estimate y(1I) — y(I) is identical to the +all treatment effeds+E

estimate of the 123 interaction y(123 = 4) — (123 = —) T2k parameters

e ) : ~ => no interaction btwn
The block effect b and the interaction 123 are called b—_———l ock & treatment: $actors

confgunded. Notationally, In dasign matrix, column b= (column1)x (column 2)x(column 3)

aliased In model matrix, block effect column
(Ch5) b = 123 = /23 interaction column

[sacTrrfymg Bb+Bi23 is Jointly estimated

e By'giving up'the ability to estimate 123, this blocking scheme increases the precision

in the estimates of main effects and 2fi’s by arranging 8 runs in two homogeneous l

blocks. " the block effect @ can reduce 82 (@ is orthogonal o other

a goﬂ chqtce ?7-1-.7 treatment efFects (+heir estimates not biased by block effect)
$ |y sacniicing 1251 123 is the least important effect amo

ans: Effect hierarchy principle.—-r. all the 8 factorial effects. <

p. 5-37

@ Arrangement of 23 Design in 2 Blocks
blockT _blockZ T conceptual model: (Note. not inberested in Bs)

Z=Bo+BoXp+Bi X1 +822a 82X 31812 X2 +B1a X3 +B23 Xaa + Bza fy2a + €
block effect

=Bo+(Bu+Bi23) Xo +8i X1 +8222t83X a3 +812 X2 8133 +B23 %23+ E

| Table 9: Arranging a 23 Design in Two Blocks of Size Four
(The 3 factors are denoted by 1, 2, and 3)

S —-—
 trectnat interce ";’3 = | Xo= Xi23
=71 Run|7"1 2 3 12 13 23 123| |Block SR
o+ — ign matrix
L b= 1+ + + -1 f—blo?kfactor
Inthemodelmatrix, | 2 |[+[— — +|+ — — + [+ 1 -
» #0& Lble
theBdfareused | 3 |+|- + —| - + — +[+ 10f4 choicPeossf
to estimate _ _ I I U 8)._8!.
Bo (intercest, 4 I+ +—+ + I +'+_a q,)—-m_,—
8.82,8s, | O[T 7|7~ T A Ehy might not
Bz, Biz, Bz3, 6 ++ -+ + = =)= 4= :s;;dwihuo,;cz"
Bbo+Bi23 I R T (B batter o have
K . 8 ||+ |+ + + +] 40 orthogonality.
a goint & __ T [ of possible
effect |model matrix [combine| | columns: 7

(all traatment | [ desian makrix of | ™73 = guarantee
Wiecks) | | treatment factors |[whole design matrix & rthogonality

jointly made by Jeff Wu (GT, USA) and S.-W. Cheng (NTHU, Taiwan)
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p. 5-38

A 23 Design in 4 Blocks T -———-2’,"‘;'3:"5‘;';5“;_&" ﬁl{ie:‘;';
L 8 treatments (each with 2 levels] Y

e Similarly we can use by =12 and b, =13

to define two independent blocking variables:
The 4 blocks I, II, IIT and IV are defined by

by =+ and b — £ Bs Bra Bbia
pseudo block | b1 ba | biba! —
block | I+f— — | * |[Thisisnotan | |A group structure
factors i B 'I*Mﬁmd&f in_Algebra., with
)| = &+ | Eefd+| +, Lprepressris 2. | |2 generators b ba
— | 1 IO £ . :
- 0oy a block fackor with & Jevels @.: Why no{:sacnfy 123 ?J
£ 1= > |Ineeds 3 df Sor its block iL ,‘;'3 : ‘f; ; 5522}
ects. T 1x 2
° A2_§ design in 4 blocks is given in Table 10 ;dml,&z 3x 12
(LNp.5-39). Confounding relationships: Ee‘emn g’ g:
by =12.by =13, biby =12x 13 =23 =1323 Inbercept 23 1x

Thus 12, 13 and 23 are confounded with L1 Note. In model matrix, for every

block effects and thus sacrificed. columns Xi's, we have X3=T »
@ Arranging a 23 Design in 4 Blocks (teercise) '
. C%Ph‘ e
Table 10: Arranging a 2° Design in Four Blocks of Size Two . C':od el al !m&d:;al
BoatBize—— BuueatB23 ‘:ﬁ" possible block & treatment
By +Bi2 (oce:.z’ effects="?
T\ hor byl bib 22 * 8 df. are usedto
(3 choices L2l =12 estimate what: 2
Run|7Z 1 2 3 12 13 23 123| block ¢ |Truemodel: Z=Xi@+ XaBa + €
I <+ — —1IF +1 + — IV HiXaBa2 (I-H)X2Pa
2 + = = +F 111 ‘%" Fitbed model: Z=X:8:+ & )
i = — == 1I > (a) IS (thzlo*eﬂ:%d;
- -+ - ‘T| . 3123 CHXaBa=0
5 - =1 + + |2 Xn-[l [ |] gI:z:d-, ?:3 is lstger
_ _ by an it should be.
: = i (OFs e
7 + - - — III ‘]I" _1123l2l323'23
8 PR I il R (RN AR RN
model matrix tan matri (I-H.)’)Ezﬁz=o’\
(treatment effects) Whole design matrix > L 8ut. B Bro. Bus are biosed

o {/,12 13, 23} forms the block defining contrast subgroup for the 23 desi gnin 4

blocks. For a more complicated example (22 design in 8 blocks), see textbook, p.196.

3 pseudo block factors b, bz ,ba
= 17 block effects: b1, ba, bz, biba, bibz, babs, bibaba »
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Ao Minimum Aberration rOnly consider block schemes of the form *
2 Blocking Scheme B ={I.bi. ba, biba}+agrow

criterion e | n th
# of treatment fackors— osen $rom the columns in the
e For any blocking scheme B and 1 <i <k, let model matrix of treatment effects

also ~ (®: What is the best choice?)
caﬂj o; gi(B) = number ofli-factor effectslthat are confounded with block effects.
wo

! Vit of i-Sactor (treatment) effects that are sacrified.
IQEH" Ll- Must require g1 (B) = 9 (because no main effect should be confounded with
block effects).

. wordle
e For any two blocking schemes B and By, let pattern (WLP)
r = smallest i such that g;(B1) # gi(B2). of block scheme

- If g+(B1) < g-(B2), scheme By is said to have less aberration than scheme B,.

— A blocking scheme B has minimum aberration (MA) if no other blocking

schemes have less aberration than B. ( 9,(8), .(B), *+, % (8) )‘seguen{:ially
s 9d2 ’ b

MA criterion >minimize
e The minimum aberration criterion is justified by the effect hierarchy principle.

e Minimum aberration blocking schemes are given in Table 4A.1 (textbook, p.207).

e Theory is developed under the assumption of no block X treatment interactions.

+ Reading: textbook, 4.15
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