NTHU STAT 5510, 2024 Lecture Notes

&

ANOVA Decomposmollul ggont’d) ‘ rﬁ;ﬂ‘
Table 26: Wood Experiment : Summarized data 1| I | B

_§ gkij’ (LNp.5 3] Sa for whole plot analysis Sa=R , 0, 5
w&mﬂm«'g‘iﬁl Repl Rep2 Rep3 | Total Fj?zg.-. =ll:
e M [ ]
o5 4 ontothe | a; 181.1 2247 219.0}/[624.8 ' %%J
1 GRS
?P'QJC'Z"EWE "o flusso 1910 1288 & >
[m?,g" -2 kw,-jflfrotal 349.1 4157 347.8||[1112.6 lt-a'W}, J L".
[,E (4ke tkw) ]/kw — from data in LNp.48['-only 6 obs. > total df = 6
TI®@Wo=S:

= hke a 2-way layout - heck

(l)'W‘ ——— 5S4 = (624.87 +487.8%)/12 — 1112.6%/24 = 782.04,

RaoWo
(6) (1)

Np 58

2 2 3 % 1:.5:7211—
SS 349.1° +415.7-+347.8%) /8 — 1112.6“ /24 = 376.99,
() T; —— SSiep )/ L12.6%/24 = 376,99
SS SSR = 398.37
5(22) T2 —I"99whole = YPRepx4 "LoMs wlwle-fn'("',f'§ estimate . . < 2,652

n C‘"RR 412~ 12-6%y - 782.04- 37699

SSsyub = 927.88 — SSyhole ~ SSRep = 152.52.

iR
— ®
can use G - ‘-|_l 5 L T® Tz 275 V.
£ caleulate these ESs check Table25 in LNp 57| Ryt 4] 2

e

i By (64#)(L5)
Expected Mean Squares in ANOVA |2y 440>
W;@T' Source Effect df E(Mean Squares)
S, o7, — Replicate ’Ekq-le,ﬂgl'lm | GS+JGW+IJG - "'kkG'g
dim(s) l (or block) s -nn'dum(wa) l 2 X8|
{ 2 n 2 ‘ W'a_/
E [HP v_v,_g I A;m@l)] n -65 "'_EGW‘ I J
W.—_..A oL Ticed | I—1 G +JG + nJZl 1 z BV (LY) in
] —L cts| = S W LNP 55&
Sg t= dim(W;) L=0
(RepxA) t__ hat
T,-Whole plot & JUESSIUES o2 +Jop —What of ,
dim(s@ss) - =% _____ _=(0w-Ne)-dim(W) — " _ H=-=01=0
= nI 7 2 "_‘ .
FW;__’Q wBl — 1 O'S + _IZ B ‘__'méié‘mﬁd
- l L.
S; [%\ = dimi{Ws) FJHZ, 1 21 (0B)F; Bi==By=0?
3TrW’—9A><B (aB)y; (=D 1) S+ = )(J 3 J —
(ReprB)o(RpeAsB) = dim (W) ik, 1R XBI i)
L T —>Subplot ef, IJ-D(n-1) 2 what if
eror T Xo(N-ng)-dintws)- diml¥) ¥Bijs=07?
e Proofs are similar to but more tedious than in one-way random effects model
(LNp.3-33~36). >
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p. 4-63

@ Hypothesis Testing

BV (L3) in LNp.54
MS,oTicS2 ;
QZM—A‘J_ = H(%:(XIZ"':(X], (LS.) in LNp.s-f
2,= m —-whole TacSa Lo under HZ, Pw-XQ 0

[Wz2<S3 Under H3 > S~ €sroncenbral 12 +—

MSpg =
i:MS == H(% B _B.h under Hd'U 1.
A A2 i = )
€3=0s glg_ T3cS3 t apply similar SSwhole ~ €2 dim(ry) ¢
— = = a .
Q:How to c as for HE apply similar
et 5002 i
6s* Fap = Hp : (0f);; = constant,e- @s For Ho
ow? |l — MSyp 1 7 i1 7
or*? tECSB t=15....L J=1,...,J.

What happens if Tk's are
T.cS, O | treated as fixed effects?
L~ R {-mew,ow.,e QWL O,

A A
e = Gs + kGt +kpOR “Ly MS

c
ST TE— Y

5237; L MS est ] (check LNp.53)
under MSt, n—> J
The ANOVA for of Faim(T, dim(72) NPT -M—s-r: Y jwﬁen Gp

es

one-way REM Ms. [MSt,— ez
tn LNP3 -33-34 F;nrn( Ta),dim(T3) €—— ur:zr "-4?12‘ '[ ¢ ] Wheﬂ. 6%‘ =0
- T: MS-,-a =5 €3

p. 4-64

Correct ANOVA Analysis
7361325'([_,\4,,57)3'9 Table 27: Correct ANOVA Table, Wood Experiment

Degrees of ~ Sum of Mean
Source Freedom  Squares Squares F p-value
> T,—sRe licate 3-1=2 —376.99 566;*,,6.,»05;@@ 9-50.95  0.513
W——A 2-1=1 [782.04] 8 [%5648%5) [782.04H4E)*3.93 0.186 X
Ta+Whole plot 3-1=2  |~398.37 ig6a +02+J199.19
$ eisad 92188-@ 4 \e{Note usualy_ s> 0]
W,——epB ¢-1=3 266.00 88.67TH2—6.98 0.006 v
Wy—e A X B (a-1X¢-1)=3 62.79 20.93H{D)+1.65 0.230 X
s, Ta—sSubplot 18-3-3=12 15252 @5 «—J12.71

1~ emor Egimesy

H30W, - Total 23 2038.72
®: Why does A become insignificant ?
®: Why does B become significant ?
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3 (na) blocks, size2 LB, dimonl Check Table2s (Wip61)
6 (Rw) whole plots, | size 4 2 (dim=Ttw) It is like treaking
— 7 R, (dim=N +oi+ EF (LNp 58)
24(N) sub-plots 3 (dim=N ) ds @ Fixed block effect
Source df. MS F Source d.f. SS MS F
Replicate 11cat 2] [376.99] 188.50 0.95 RO,
1] |782.04] 782.04 3.93 Gblocks 5 15574 311.48 €
Whole lot error |2 398 37) 199.19 -f@
3 26600 88.67 698 B 3 26600 8867 698
Ax B 3 6279 2093 165 AxB 3 6279 2093 165
Subplot error 12 152.52 12.71 Subplot error 12 152.52 1271
Total 23 2038.72 Total 23 203872
dim(Sz)= Ny -Ne l?andot:.th:ecL Block Design | dim(S3)= N -
(chee —
Whole plots : EU structure graphs |Sub-plots : EU structure ,

(3 blocks, size 2) in LNp5%) (6 blocks, size q') g" k
block I blockI blockL | block 16, block I8, blockLg, blockL g, block llg; | block
H[eH Lji" A L{y.:-' N EE N EE N EE N EEN EE g EE

bib bib. bib bib bib. bib
& G2} r r roiafr r{bibal? rlbibafy vbibal? rlbibafy vibibal?
& total d§. =6
*:iﬁv:sp %Us Nwr #* total d§ = 24 % # of blocks=6
ocES = =¥ of SP =# Us
= & of replicates Mg of EOs N of WP EUs Ny
R p. 4-66
Analysis Results only A is significant
e Only B is significant. «+—> ANOVA results from 2- way layout (INp.57 5’;]

Lo cov(4)=0621

e Explanation for discrepancy:
MSWhOle 199.19 19 > MSRGSldual = 57. 99 > MSSUb = 12 71.

'Tm (Tz)<—> A ts 82 in 2-way Iayou'l: t (73)(-[: A,:]

e To testi : 0. =0, use LVk =Ti®LO®T3 check Table 25 (LNp.57)
Table 27 (LNp.b4)

MSRep 5 188.5 ~2
nll dist. F, , — MS—E 0.5 =0.95. < 1= Se'=o0
==wholg e heck LNp.3-37

= no significant difference between three replications.
treat block effects as
o A ?
e When does testing Hy make sense?<4) random effects and
are (nterested in the

copulation of all blocks,
“T"he Ng replicates should be a

representative sample of the
population .

+ Reading: textbook, 3.9
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A Brief Note on Strip-Plot Design
 Major distinction between strip-plot design and split-plot design

check w,lqb—o split-plot design strip-plot design

O plot structure | nesting (SP nested in WP crossing random
L

e An example. laundry experiment: Recall: row- column structure (LNp.27)
A: 2 washing machines ay,ay; B: 3 dryers by, by, b3; EUs: cloth samples

— Completely randomized design
% do washing k € times
% do drying k@ times

— Split-plot deisgn
* A: WP factor, B: SP factor

% do washigg K times Q2 : 0 different 1
# do drying k { times "LEvkd) .- - EUK.)-wek

— Strip-plot design 7121 52,03V 7

, , row plot 1| < Further Reading:
* A: row plot factor o |Eo@ D) - - - |(EOELR] 7| Cheng 2019)
B column plot Factor a1 3 ggzmme L | Theorvof
: e e . :
4 do washi K times Factorial Design,
g r Ej’_’i cee|(EUK.2 row plot k Chapter 1,

% do drying 2 times

(.

19~21) p. 4-68

column plot 1

Transformation of Response </~ (LM. LNp.8-

L)
e Transform y before fitting a regression model. * IA/L&
Theory: Suppose in the model t 'é‘m;:sﬂwm’:& ] .
Yx =px t+8&, Ox= [Var(yg)]2, o< LS. <E» constant variance

= [Var(EL)]Y> _f assumption in LM,
This can be detected by ;?lottmg residuals (%) g

T =Y Vi against y;. (for replicated experiment) or
= y; — J; against J; (for unrepllcated experlment)

| (What pattern to look for‘7)-L
restdual ]< K}a Es‘

S xes Uix Note.The plof: shows the relationship btwn
e Error transmission formula: | S and 44 (not 62and M)
transformation ij'i(}’x) %f(lv‘X> ‘|‘f/(.UX)()’X_.UX)- by (%)

a consiml: e =Var(zx) = ,u,Q 2Var(y_x)
over X
= -s'-(u) o U

fw)= S?'(u)du o< § Uy =

_i [f (‘ux)]zluioc

l | >}
,ifasl d=l-a _fUY ,Ax0
{Qn(u) ifa=1 {Qn(a), A=0
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Power (Box-Cox) Transformation

A
model (v): w1 5, X :treated
SAD=XB+E, ie, le—2x=/fi0x) = A A0 asa  (8)

= paramet
> &(&)”N(XQ_ v 931) lim £ (4) = M#)J l_ny_x, A= 0, ametey

A90

A—1 %) ; i
can use MLE f_i(&) = &, bL{J:u)-zg 2#)& —o
t;egi'g%fe Var(z) ~ | f(i)los = 1h-loy & b=ty — o=t o

e Choosing A = 1 — o would make Var(zyx) nearly constant over x.

e Since a is unknown, A can be chosen by some statistical criterion

(¢.g., maximum likelihood). A simpler method is to try a few selected

values of A (see Table 28 in LNp.4-70). In each transform, analyze

use | he zx data and choose the transformation (i.e., A value) such that
mode]| I [

(™) [(a) it gives a parsimonious model, €— "few" very sisnificalr(: effects

(b) no unusual pattern in the residual plots,

(¢) good interpretation of the transformation.

Example of (¢): yx = survival time, yL_1 = rate of dying in the example of

Box-Cox(1964). T;imeéﬁa%z L"ngaﬁﬁ >

p. 4-70

@ Variance Stabilizing Transformations

— Their relationship may be identified from: ¢i)residual plot
of E: vs.§: = oL (=1-X) (ii) MLE (or confidence interval) oF A

Table 28: Variance Stabilizing Transformations

-—4 O o ,u_% o Al=1—-a) Transformation
Gy o £ 3 —2 reciprocal squared
Oy o & 2 =1 reciprocal
Ox o< ,u%Q 32 -1/2 reciprocal square root
Ox o Hx 1 0 log
1/2
Ox < Ux 172 172 square root
Ox o< constant 0 - original scale fe-NO trmnsformation
Oy < ,u;—lﬁ =172 3/2 3/2 power
Oy o LTt -1 2 square
E transformations with
good interpretation
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Analysis of Drill Experiment
e Data in Table 3.40 of textbook (p.135).

— four factors A, B, C and D, each at two levels d.§ left $or residuals
. = -l b=
~ use a 2% design +— full factorial design =2%-1-4-6=5
—fit a model with 4 main effects and 6 two-factor interactions (2fi’s)
£ (4
The 7-vs-¥ plot shows an increasing pattern. * 2
Show the . _—© 2
pattern btwn T Gy ¢ Mx
Oxe> lx S : T >0o=1
'[ ) . =D A= 1- ol = _0_
g l . = suggest
8 log-transformation
o 0f Yy
2 ©)

Figure 2: r; vs. §;, Drill Experiment
0

p. 4-72

Scaled lambda plot

e For each of the eight transformations A values in Table 28 (LNp.4-70), a model of

main effects and 2fi’s is fitted to the transformed zx = fj (yx). The z-statistic values
for the 10 effects are displayed in Figure 3 (LNp.4-73).

e Comments on the plot. Q Why not |cg|R: Why use
— For the log transformation (A = 0), the draw ’B\l ? t- statistic ?
largest ¢ statistics (C, B, and D) stand out. l
— The next best is A = —1/2, but not as good @D Eliminate unit
as log transformation (Why ? It has a 2fi BC, (Note. Zx has different
but the log transform removes the term BC.) .':‘L{S {or different )\'5)
— On the original scale (A = 1), the four @ For different X's, can
main effects do not separate apart. use same cri{:ical value
e Conclusion : Use log transformation. to declare s{gniftcance
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@ Scaled lambda plot : Drill Experiment :
(exercise) use the Bax-Cox transformation
method to obtain the MLE and Note 1. Observe how effect
confidence interval of X\ significance changes with X
. Note2. The plot
ﬂ does not show
% 1 how 3ood the
. - fitting is
| / (say, R*=7?)
o ] s
critical | % - =
value [ -7 . .. R et £ 0 —J
50025 U
=2.57] = @ | /.l"‘ (4 E g;n.s ga

45 O, o5 .5
ng Chy S V% . lambda
can use a simpler mode| to explain
Figure 3: Scaled A Plot (lambda denotes the power A in the response
the transformation (8), LNp.4-69)

+ Reading: textbook, 3.11
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