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Lecture Notes

@ Regression Model Approach

add o. onstmint on T, - -, Tie,

p. 4-41

say, Ti=0
R, ¥:intercept &
PHLIICE) b Mx=E(Gx) =1+ +rx|| slopeof u,x
canna % U2, x=E(Y2,2) = T+ To+r X o Ta=l2,2- My, x
corn U3, x=E(43,x)=1 + T3*+T X | o Ta=MUa.x- U1 x
e Model :
_ _ baseline (reference)
_fo":naf"ygj = n%—z{—lx&%»z, j=1,---,19,i=2 (corn) 6)
| Y3 ; oﬂ&% Vjxsjt+es, j=1,-,17,i=3 (potato)
= Mitrix Y= X8 + E
where .
>treatment coc/:rys form . of
r Ty 1s set to zero (baseline constraint), - ’l_:mode( matrix (1\4 MHDM)
- Yu 10 0 Xu
1 = 1ntercept, : R S R
——{ Y = regression coefficient for thickness, é‘.."" 10 0xm n
Tp = canna vs. corn, and #:" = 1 1 O x” Ta +&
L T3 = canna vs. potato. %M %. %. %%—m" -:_3 ~
EL(Write the model matrix for @J 2! o 3'
(exercise) What if sum codings are used ? L#sna_ 101 xanij
e Run regression analysis in the usual way. »
@  Regression Analysis of Starch Experiment e
@: how €o pesform seguential ANOVA for this case? -
Table 21: Tests, Starch Experiment ﬁmﬂemggﬁ ch
Standard pdrop-one 'I:esi:d-' P’“ a mlgo :grn;'a:'-l:o ¢

Effect Estimate Error [—> t p-value ys . .

: = ——— || block factor in the analysis,
| intercept 158.261 179.775 0.88 0.38 but asm”y I'IO'L'O!'_‘M i°"“'
¥ | thickness 62.501 17.060  3.66  0.00 @H to treatment Factor.

T, canna vs. corn —83.666 86.095 —0.97 0.34 Q--E -model (6) in LNp.4l
Ty cannavs.potato 70360  67.781  1.04  0.30 |w|: model (6) in LNp.¢/
—————————————————————————— with Ta settingtobe 0
Ecorn vs. potato 154.026 107.762 1.43 0.16 ;od k . -
- both e combam
Ho: Ta2=T3 < W:Mmerge T2. T3 columns in X (MM) the term “rx”

e In the table, corn vs. potato =13 — 1, = 70.360 — (=83.666) = 154.026.

Uz x-Ma,x= (Uax~Uy,x)- Max=,x)=Ta-Ta
e No pair of film types has any significant difference after adjusting for thickness

effect. (So, how should the choice be made between the three film types?) Most of

the variation is explained by the covariate thickness.

@: What if we Fit the model: 4
Y~Bot+starch+ € ? =
Y= XIEI + X282 + é
HiXaBa (I-H)Xa6®@

—> X

—> X

| no signiftcant
difference” con
also be useful

information for
making decision.

0>
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@ Multiple Comparisons <[® obtain tij= Dy Acx

S.e (Zb‘x'ﬂcx)
(@ determine critical value (or p-value)
e Var(%3) and Var(%,) can be obtained from regression output Table 21 (LNp.4-42).
e From (1.33) of textbook (p.22), oo L (X’x) : L ti2
A 2 i T gy g o o EOom S F'@ + |
Var() =" (X" X)™ . XY 13
e Using this, for Hy: 7o =13 (i.e., T3 — T = 0),
the variance of 73 — 1, can be found as _ (T-Ta)-0
se(ts-Ta)

Var(3 —%2) = Var(13) +Var(i;) — 2 Cov(i3,%2).
® @ ®

The degrees of freedom for the 7-statistic is same as that of the residuals. The

p-values for the three tests are given in Table 21 (LNp.4-42).
Y Jor specific (I.P)
e For simultaneous testing, use adjusted p-values (LNp.4-24).

t For all .3)s

0>

p. 4-44

@ ANCOVA Table < Aply sequential ANOVA 4o the mode]

L Analysis of covariance  With covariate ~treatedas block Factor
and usually not orthogonal
anove (4~ Bo+ thickness, + starch) 41 to treatment Factor

(M1) Y~Bo Note. covariate must appear

(M2) & ~ Bo+ thickness, before treatment Sactor
(M3) 4 ~ Bo+thicknessg+ starch pg
e t-value

Table 22: ANCOVA Table, Starch Experiment in Table 21

Degrees of  Sum of Mean (LNp.42)
Source Freedom Squares  Squares F
N:(M2) L
Ww:(M1) thicknessey not 1 2553357 255335749+ 94.19
lo 0-
N:(M3) starch nal ° 2 56725 28362 H3)+1.05
W: M| | | dual 45 1219940 27110 T

+4 3) [net _
(exercise) @. What iF we use [gfg.gr?hfesg d:.m(lv’ ) significant

anova (4~ Bo+ starch+ thicknessy ) ?
Note. Tt is possible that we are not interested ir
“starch" (e» block), butare interested in the
% Reading: textbook, 3.10 C@ﬂ:l:Cfeni' Of‘ “'UM:CQEES" (“"ﬁ@ !‘ ” -t)
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p. 4-45

Example of Split-plot Design: Wood Experlment

to 8 wood panels, such as in Table 23. * concephm.l model| : Q- BO +
B A + B + AxB + &£

e Problem: inconvenient to apply the 1pammel:erj

£ 3 paramebers tBPWMhrs

e Experiment objective : to study the b g Exp'{:ul unit : a sma Il wood panel

*water&swtant property of wood. homogeneous _,l e o o
* response & etely
Two treatment factors: {_r;ndomzed »}[(a..bo) --+(22,be) "
— A — wood pretreatments: aj, az,\;(d)eck 2-way layout in [Np. ll- I5)
Lo qualitative, 2 levels — Design matrix Doe,
— B — types of stain: by, by, b3, b4. 4 & ent s?m. n%-u matrix
' 2 a.-.a
Lo qualitative, ¢ Jevels T a gyl s
Completely randomized design: randomly - bt .
Qa ’ee
apply the 8 level combinations of A and B Q2 21208

E represent ?

pretreatments to a small wood panel. 9 [Q What does
Q: How many times pretreatments (aior Ga) are applied? | &

e Alternative Design: split-plot design in Table 24.

Ans: 8 times Table 23: Completely Randomized Version of the Wood Experiment s$)cov (§)= c 2I
> 8ETS Run(EGs) | 2 3 4 5 6 7 [Eletk of distinct level
Pretreatment (A) é a ar é a a a4 @ combinations of
Stain (B) byl by by |bi) b3 by b3 by A ond B >
@ . . Design matrix and data | "
Split-plot Design maix look the

as those in 2-way Iaxoui-

Table 24: Split-Plot Version of the Wood Experiment

(5] | (Bo] | (Bal | [P} (P21 | (D)) | [Ba] | (B3

T

¥ Design mad:rtx

First panel Second panel .P,‘;[ siw,n # |
Pretreated with a; Pretreated with ap 4 ﬁj[

®: How many times pretreatments (aior @2) are applied ?

Ans. 2 times |

e Justification: Easier to apply pretreatment to large wood panels.

* Exp'tal units (@.: what are the exp'tal units): EUs ¢ pasel pael 4
large o, (@@}l , +EUsforAandBare |3hg |1 315
;Z',,“g,_ 1 @mil | ® @‘l * EUs Sor A: large ponels | & . 2 1.
s =1 ° EUs for B: small panels | 738 2 378
=T | baby|U T | baby|r . | it | 4‘-"’"‘"5'
| diSFerent ‘argepanes are S'Bl "SMG."PMel‘I.S nested
restricted vondomization  into small Panels in “large panel”
schemes for A% B. —
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@ Split-plot Design (Cont’d)
—Why is it called “plot”?

e Split-plot design (and the name) has its origin in agriculture.

p. 4-47

e Some factors need to be applied to large plots, called whole plots. In the example, the
two big wood panels to which pretreatement a; and ay are applied are whole plots.

e Split each whole plot into smaller plots, called subplots. In the example, the four

small wood panels within the large panels are subplots. Exp'tal unit <> £
: A: whole-plot factor | Ccheck LNp-4-45)
e Wood Experiment:
L —| B: subplot factor similar to +he
ééé«e 3 replications (treated as 3 blocks with random effects jyg——{ '1' way rande
block factor with 3 level fects model
g... gg.e 6 whole plots (two large Qan for ay and ap per replication), d?scus'je‘ n ! 38
p 3-3I~!
8&--,@4—6 24 subplots (four small panels for by, by, b3, and by per large panel)} Ti+Eif -
Rl CEmIT  Red SEWIG  Red (@t % Conceptual
el ~ Eav Eav -~
o DDDew-DD 00| erDD]| [0y | BtA
'wWoo||loofwiloo|loo|w~oof|o s@}éiALB
ef y 83'1 4 [ 27 3+ SR + EW‘
biba biba biba biba b b bal A s
7| Babe] ™ T\ baby] T T | Babu] T 7| babyfT T baby T T baby " cov(d)| +€
all 8 4’ in this block add same &R % in INp4-U5 >

@ Data from the Wood Experiment (3 prandters aioct) "
error variance in> :
..dw o3 P2l __od.ow, 65

hole Sub- c - Replication | Resistance QCQ C
g ploé 5y ‘) <R_¢_Pg> W) |dn= 3 & 2
ﬂ 18 ar-1 b0 1 0 1 535 cov( Y, #a)
= 4 288 oy . by-1-1- ! Al = ; ]
3 +€$ ay o br1 0 o:l ! cov(_L+_§£+se
4] a-1 b0 01 1 L §J.+.S_‘E"83)
L 17 5 a1 2 1 ‘Vur(sk+£4)
1 b| ay b 1 =
‘oives vei 1[+€l a } by 1| & =0+ 0w
<t o] e 1] 8| a1 ;9& 1] COV(#;R#a)
V2 - i = 57 az- 74 Y 2 446 =cov +&.,+
- GR 2 :.i: —ZRS 4_€n ‘72:1 eg‘ 2 52.2 §L+€w- 258)4
e|e [iSi 515 | | oyt M l"b3 2 459 o e
- - - AQ var<£l )
e : 5] ay- [Som |5 Lz 483 _
Va2 2|2 Py a1 |cod- 5% J 2 609 =OR
+S¢| 2 2 |1=3w2|e€®| | a1 [INS] 2y 2 Tar(¥)
ele 2 2 aj : b3 2 =°-a+6%+63
L 2B 2 a1 g]_ . 2. :L_."c —RTWT VS
o) 2} m-1 A ; — ov(4, 42)
v 2 e - az ° 4 =
+3Cs| o =256 "EE ap . by 3 34.4 cov(ei;ege.s,
L~ 64 - b3 3ed L322 _ 53*56"‘511)
- al ﬂ 51 3 o 3 52.8 -_.
Z (-IR"’ZW""ZS) <-€§ al b3 2 4 3 51T (R =,
~NXB ) 3 23884 ¢ 4=1-7-1 3 553 | AT =2
~ ﬁ c? 3 24 14 1)2 o010 3_J 59.2 %%:Ss

not S*I [l o2 assume all €5 are independ Wace =S3ln)
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