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Latin Square Design : Wear Experiment
e Wear Experiment : Testing the abrasion % Exp'tal units: a position ot an

‘ . application (16 EUs : hetrogeneous)
resistance of rubber-covered fabric, column,
'do not work -*?esponse y: loss in weight over a period of time L P2 pos3
for block appl o lole ]
Sactors with_%ne treatment factor : r_naterial type A, B, C, D, m::::a 5 :
*}ﬁi ?N;?flg LP%aalifafive, _l_l-_leve,ls_T OPPII- o fo]e

i ing): rrow-column
-e‘fwo blocking factors crossmg)J rack Assome block factors have onlw ME
(1) four positions (1, 2, 3, 4) on the tester, ‘

bloc¢ b
eﬂ“ectsll Br=4
E:'gualituﬁve, 4 Ievels'j, block size=4 kg Br=2
(2) four applications (1, 2, 3, 4; four different block 3:&:: a3
times for setting up the tester) .
| —o Qualitative, ¥ levels—, blocksize=Yf |dS >1;4ﬁskz)§ar‘rv:'a
cf. 6 Latin square (LS) design of order k : Each of the k£ accomdd’-g one more k-level Y
Latin letters (i.e., treatments) appears once in each of —

k rows and once in each of k columns. [more resérickion, on
block $acbor 3 randomization than RBD
e It is an extension of RBD to accommodate rwo blocking factors.

*—— 1 block factor . 1 treatment Sactor

® Randomization applied to assignments to rows, columns, treatments. __
(Collection of Latin Square Tables given in Appendix 3A of WH).

Wear Experiment : Design and Data

Table 13: Latin Square Design d IA vs. 'IL'B (within block compartson.)
(columns correspond to positions, -—“-;#8 .
— <olumny Llock effects are vemoved in resi
rows correspond to applications and
T d to materials) Tt's achieved because each treatment levels
atin letters correspond to materials), | goneqr SMV—M in rows and columns
Wear Experiment % (block | Design Matrix treatment || rondomization <)
(’columw Fackor] ?E:Ef factor ||level permutotion
Position '3”"1 1 ¢ - -
YOW —+» Application 1 2 3 4 : g (AT ﬁﬂfad:orial dai(.ﬂl‘—“
T Tl o i ia] oz iz cf.
Fu 7Y e el = B E 8,k,_’gr:szﬂgnz«l’.&z«:lmim\].i
3 o} ¢ oqa e X"l 13 3CE [ |design
4 izl 1A ¢ b 3 13|l [any 2 columns in design
. .33 c§ makrix are said+o be
Table 14: Weight Loss Data, | Howto s 1.4 || | erthogonal. if all level
Wear Experiment construct? 42 Cg combinations of the 2
Position L - L3 el J co,umns W”M;.F&J-
Applieion 12 3 4 |sorthogonal array (0A)Of strength 2 (textbook, p323)

35 236 218 268

251 241 227 229 E Ofdﬁ"erent level combinahons O§ 'u‘:he.

226 three Sactors = §x4Y x4 =64 But, Only

195 270 230 225 ,_6- of +hem appear in .H,e desyn mafrlx.
say, (1.1.A) ? «—(Q :Can we performall 64 level combinations?),,
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Model for Latin Square Design
,-concepl:ual model : Y~ Bo+ row+ column,+fmatmen{: +& T

p. 429

(k-1) parameters
main-effect-only model

2 no interaction CWh Why ?)

| before exp't]
e Model: sum codings|> W-Y 'W'c
over-paramelerized | > 24l ~ 11 +ou+ B+t

B B &

where i, j,L=1,...,k, and

W-L- =>"Wo 'Wr L We L'WeL n*

§ why?

‘**ODMis an.QA of
(@ main-effect-only model

T; = [th treatment (i.e., Latin letter) effect

€;j; are independent N (0, c2).

Note. 1 = Latin letter in the (i, j) cell of the LS, 3 sum codi ngs

f,,::f:,, 0y = ith row effect, | Nobe.diiuckion of Note. If there exist interackions
of (i.3) B; = jth column effect. | dagga “btwnthe 2 block factors
=, (or inthe nesting case}-LNp.I5

> conceptual model : Y~ Bo
+row+column + yow : column

> : : . +treatment +€ (.
° T.here are only k Vfﬂues 1_n tIE triplet (i, ],31) = can treat the&block tors
dictated by the particular LS ‘—Nete. not k 3 as 1 block factor with k2 kvels
Sum | this set is dAenoted byAé : : > % grl-s-! no :’ri
codings Vi L 2_1 + &+ B] L+ it | = need to have pu Hiple
EU:s
4 F +GE-T. '>+('y, 7’)+(’m—f) bb:,;';ead*)‘-
fe®? Phe@ Thr@® TAp® | Then conuse
e ANOVA decomposition: 51m11ar formula (see (3.40) of WH) L

p. 4-30

ANOVA for Latin Square Design [In seguential ANOVA,
anova.( 4~ Bo+ row+column+ treatment) «— block factors should always
[-Table 15: ANOVA Table for Latin Square Design &MWMV
Degrees of Sum of MS EMS)
£20Wo| Source Freedom =2 _4_]
vk (5. 5.2 L 2 i
Wr fO_\lV k-1 L;zzl 0., —¥---) P (2 ?rffolﬁ;b
W column k=1 o o o ) L 2 Y~row+Column+treatment +€
"W treatment k=1 k 25‘:1 (¥ ;= )/...)2 We: g~ro«/+coh4mn+s
O)H residual k—1){k—2 2(111)69( = -V o= er+~2v..)2 Q
,RNQW:qte—tai i_i L(z 5HES 01]! Ve ) 82
L) -3(k-N=(k-(k 3
-1 - =)(k+(-3)
B = (k=1)*- (k-1) estimated from
— % df of residuals in RBD| an RSS not
Table 16: ANOVA Table, Wear Experiment conéammg
Degrees of Sum of Mean b‘oc!s vana:l:(on
Source Freedom Squares Squares r
application 3 986.5 328.8334+)
position 3} 1468.5 489.500 |
material 3. Iar&e - 4621.5 1540.500
residual 6 LSS 367.5 & = 61.250
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« F-Test and F-test & multiple comparison for LSD use

. the same principles as in RBD, except that
Multlple 2 block facbors in the former while 1 in
Comparlsons The latt o 3~m+mm
e Hy:Ty = =T, can be tested by using the F-statistic| (D¢ ZJ~row+
/i’S.Sm,:'RSS.m.——-—--SLS /(k— 1) dfu-dfne |Note. @ 93 g..; is not biased
EF= X/i D2 ® gy blocks (. orthogonality)
i — -« —Rss-ﬂt dfne d not
RSSae dfne contain blo{k?an;l:ecson

The F-test rejects Hy at level aif F > Fi_y x—1)(x—2), Y-XIBH' Xa z.,_‘_:_

e If Hy is rejected, multiple comparisons of the t; should M M

be performed. 7-statistics for making multiple comparisons :

He': Ti=T3 (T4-Ti=0) Ti- -c,,-bm__ o Var(F-3-5.0)
~— Jor specific (4,)»uset-dist. lij =~ ) = 0% +S7k
forall ¢i.gy's frmdl.  SVIEELK

where 7 is the mean square error in the ANOVA table.«{8= &%&_—5

At level a, the Tukey multiple comparison method identifies

“treatments 7 and j as different” if PHES 1 4 \
ijl = 7=k, (k—1) (k—2) 0
LA \/z 5 &

2 - D

@ Analysis Results a

—row —column
e The p-values for application and position are 0.039 (=Prob(F;3 6 > 5.37))

and 0.016 (=Prob(F3 6 > 7.99)), respectively. This indicates that blocking is

important.

e The treatment factor (material) has the most significance as indicated by a
p-value of 0.0008 (= Prob(F3 ¢ > 25.15)).

e With k=4 and (k —1)(k — 2)=6, the critical value for the Tukey multiple
comparison method is

1 490 34
ﬁqié()_ “\/‘5 ==
at the 0.05 level.
e By comparing the multiple comparisons z-statistics given in Table 17

(LNp.4-33) with 3.46, material A and B, A and C, A and D and B and C are
identified as different at 0.05 level.
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@ Multiple Comparisons Tables

g
Table 17: Multiple Comparison 7-statistics, Wear Experiment e —

P
\J

Avs.B Avs.C Avs.D Bvs.C Bvs.D Cvs.D| §, 7 %
827 —434 637 393 190 —2.03

anova (4 ~ Bo+treatment) <~ treated as one-way layout o
ETdble 18: ANOVA Table (Ignoring Blocking), Wear Experiment <—=>{ Table |6

i1

Degrees of  Sum of Mean (LNp.BO)
Source Freedom  Squares  Squares F o T:Fo
mabed m an
material same<i;[ 3 4621.5 1540.500] 6.55 RSS .
residual 12 2822.5 235214 3 block variation

6<§j E=m Let ,¢/.25
e Effectiveness of blocking: +/4685+3675

— With blocking, Pr(F3¢ > 25.15) = 0.0008. D become less sianificant

— Without blocking, Pr(Fs 1y > 6.55) = 0.007«/ When block $actors
EE— g Prifsp ) are sig ni;.,cani:‘ .
Therefore blocking can make a difference in
decision making if treatment effects are smaller. Q- What if some block factor
: is $ound ins‘gnifacaml:.
+ Reading: textbook, 3.6 —

p.4-34

. . level combinations of
Graeco-Latin Square Design Latin & Greek

e Two Latin squares are orthogonal if each pair of letters (Latin and Greek)
appears once in the two squares, when superimposed. The super-imposed
square is called a Graeco-Latin square.

orthogonal
or appears Forheye l
egually column col_l_l_mn COl_len
often | |ow| 1 2 3 row |[T] [2] 3] row |[T] 2] 3]
1 |ao BB oy | < | [JAHBHA + | T elB
2 | By Co AP R_sHctAl | lx{e{1B
3 |Cp Ay Ba B_Icl{A[1B]} [3 n ocii
OFBur'.?-le\fel*Fudvors .Inthe DM,';Dr 'S'ELS /St' LS Mr an LS
vow:1.3.5 | colunn L row * {Deslgn malrix| =, n, 0A of strngth
-Min:A;B,C CYOO:IT La'l:in«n Cd“ﬂlﬂ rbwl.ai'tn Gf?k EWI*"&&C&WS
—Greek:o.8.¥ | Inthe DM, $or 2nd LS ; ; g g
d5: of residuals column L. yow 2 1 8 &
in LSD (Up3)=||  Soumn L Greek 3 1 € L _anOAcsstnghh
(k=1)k-2)=k-I || * Then, we would like. to 3 3 B« 2 with 3 factors
i k=3=>may (| have [ otinl Greek ' \__LJU an OA of strength
add one more factor, 2 with 3 factors

D
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@ Graeco-Latin Square Design (cont.)

e Graeco-Latin square design is useful for studying four factors allowing one

more factor to be studied than in LS under main-effect-only models.

e The four factors can be

— 1 treatment and 3 blocking factors, or Q: What are the structure

— 2 treatment and 2 blocking factors, etc. in their EUs ? +—— 1=
= = - (chesk Loy =BT

total d§ =k2 = not enaugf df: for interactions }———p

* conceptual model <~[beﬁ:re expre]  (k~1) parometers

Y~Bo+ row + column + Lm‘:m + Ggek + & 'g“:{:, f,,,m”"‘*cz;‘,{ns"‘f" VSL;:’)*

Sum codings|—» Wr Wc 'WL We = WolWrlWlW lWeln"

r
TIn the DM, level combinabions of any 2 Juckors appear egually Often.
=> the DM is an OA of streaghh 2 (higher strenth, betier ity)
=> guarantee main-effect spaces (under sum codings) are
mutually orthogonal.

0>

p. 4-36

@ Model and ANOVA in Graeco-Latin Square Design

over-parameterize
o Model:al V" rized 2. m are
Vil =N+ 0+ B+ 7+ G+ Cijp, . Lm=1,... ke Functions
T PRPRP® = |of (i.3)

— Similar interpretation as in LSD, and {,,, is the mth effect of Greek letters).

— F'-test and Tukey’s multiple comparisons similar formulae.

. - [use (P4)
Table 19: ANOVA Table for Graeco-Latin Square Design|in LNp.2-36
Degrees of Sum of MS EMS)
ﬂew; Source Freedom Squares =? =2
_ k(5 —5. )2
Wr | row k=1 kZ;_l (Pi-ee y_)z “P.w;(g)“z
We | column k—1 kY (i)
WL | Latinletter k-1 KXk (g —5..)°
Wz‘i’ Greek letter  k—1 kYE | Fem —)7;)2
0Y- | residual (k—=3)(k—1) by subtraction Cle ez
&
RN oW, | total K- L (ijlm)cs ijim = 5-)’

1

L a0 = ke
= (kc-1)k-2) = (c-1)

% Reading: textbook, 3.7 L 45 of residuals éa LSD
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° * Yespbnse s Wear amoun'b ) - 4 block -Facbr p. 4-37
Incomplete BlocKing ¢ treatment factor tire (gualitative)
e Example: Tire wear experiment. SZZL:E"T_:‘: (z""é&ghse) %Ilef:i;el.zé&u
eve = A.Dr\-, (] '-"—_
[ﬂ ~ Compare four components ¥ Exp'tal units: a seckion(Y3) of atire, |2 EUs
A, B, C, D in terms of wear. (oo —tirel block 1 24 (block

%:m;- @ e @

— Because of manufacturing

 —— 1 F—— 1
o . v v ¥ ¥
limitations, each of 4 tires can be T — '
b —— ¥ _ = Within-block comparison is not enough |
divided into only three sections N =
fef——— —+———— ¥ Design (block| |Tirel[Component! 4. - [Erestment]
with each section being made makrix W i. é 239
of one compound. not an OA z f{ o
) . = lose . 2 B Data
The 3 sections of a tire are orthogonality 2 2 | ¢ Mmatrix
) .. NDp XNt 3 c
subjected to same road conditions. ————— 3 D °
baf%e % conceptual model (same as RBD): py c _l
2P Y~Bo+block +treatment +E or 4 O th2

Ly

(b-1) parameters—  L—(&-1) parameters | Y7 =1+t + T+ Eig under sum codi

e Blocking is incomplete if the number of treatments ¢ is greater than [:L'ZFSPM{XI;}
the block size k (i.e., # > k). This happens if the nature of blocking (£2&=5par{Xe} ‘j
makes it difficult to form blocks of large size. ote :

k=t ork=txQ| | Fe%0¢
e On the other hand, RBD (LLNp.4-8) has complete blocking.q——-T (check »

E(Z1-F.)= 5 (31t u+oaraz+3T)" "

|
Table 20: Wear Data, Tire Experiment I
1 =Y2(27+30+302+ 303+ 30 +3Ti+3 T2
|
1

e
t
b
k

= Compound =BT T T LH20*30)
=3f | el 2 2 = B g [ LletS.g=2ET; and Qz=S4-TnigF.
L [[Z284 2381 27 iI- | B(Q)=E(S:1 -%.-Fa-T3.)
blocks: 2 |[1961 2131 o 30&]<2 | =(37+3Ti+a+02+03) - J3(31+30+ T+ Ta+ T3)
o 3 |]2541 o 3341 3673133- : -13( 3’Z+3u>;+1:|+1:z+'c4)- J5 (314303 + T+ Ta+T)
4 3124 421y 41577 5 1 R (T-TIE @b (T-T)
2y o=t T T TR 1 S E[(540) Q4= Ti-T = T= (54083

cor(B)=(xx6) 1B =(x'xTY

“2..&%1 %z g-.a g-.q. 4.. | (exercise
T T2 T (Ge=Thb (g IL

v undey (%)
one-way «— Y~ Bo+treatment + & -+ (4) | A“—[@]ﬁ" where U=, U= K850 | |
4~Bo+ block + treatment+ £ --- () 1 \tw U a
— — ——¥— [1 1 | =>var(Te-Ti)=(RU-2W0e%=(2kAt) S~ | LM,
HiX Be " X-d Xe &—: \estimated from residusls of 6¢) with d§: bk-b-t+1|-}_ %P-?;
1~-&2<+2WB(C,1BBC=biased by block 1™ =—— =
(sum codings)
e within block comparison (WBC): effec ! %ﬁ'ﬂ- : :
block effect: can be eliminated (1T ¥ Sy
* between block comparison (BBC): = -
block effect yemains 4
A balancedi "~~~ T~ W=l
iﬁ'rgWBC.l BBC for Avs.C, | incomplebe !lf2t(sumcodings)] \
Avs.D, Bvs.C,Bvs.D,Cvs.D[™ block design, 2o XN et
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