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e ANOVA decomposition. Subtracting y.., squaring both sides and summing
over iand jyields =~ T remove P ()
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Coew e, Wol Wol Wel (- —t Sources of vErialh'on
Note.Inthis case, Table 5\: ANOVA Table for Randomized Block Design
'+ orthogonality, usually is the Ist effects to enter the model
a-i’-'gn(k Y~Bo Degrees of Sum of MS Eq(MS)
TDOlocK Source Freedom Squares =7 =7
+treatment) ——— — |
& anova(4-p, | HBlock)  [b—1 T kG =) Cexercise) |~
'_:_Z:_“cémﬁw_ a treatment fk—1 Z_’;: 1o — )7..)2 FC::;I; 2‘_‘;’2
havesameoutput residual [L(b—1)(k—1) Zf’zl):’;:] (yij — ¥ _y_j+)7_,)2 & Wp.3-6 |
total Lﬁ—l LZ?:] Xioi Oij —3.)?

same as the df's for interactions <™ °“m " ‘{"g ﬁﬂg}’mﬁ RB-QM because mgl%

- . ANOVA & muttiple comparison, Sor RBD use the same” "
M and principles as in one-way /ayo:ct-, except ﬁmi' the
Multiple wariation, caused by block factor must be removed

Comparisons) from error variation. (how 2 adding Block effects :]
e Hy:T| =--- =T, can be tested by using the F-statistic: |_into_model
RSSw=RsSa—>r55y 1y Wt [01: Y~ Bo+ Ginder +Mebhod +€
E= 1 (4= 7+0i+T+E) Q)
RSS o ey /(0= Dk = 1) 46 WY~ Bo+Girder +€ (4=1+0li +E)

Recalll_The F test rejects Hy atlevel o if ¥ > Fi_ 1, 1y(k—1).a-
LNp3-9~I13 ’

If Hy is rejected, multiple comparisons of the T; should be performed.

— The z-statistics for making multiple comparisons : | ga»- g.0)
He': Te=T; (T4-Ti=0) G-tio— | (=rh
— Jor specific (L J)suset-dst. 1=~ —iLb ;ll > (C))]
forall ¢i.3y's for null. '3 f/jJr/:__J

block effects remved——T
2 is the mean square error in the ANOVA table < 32=E$—'S)22KT)
At level a, the Tukey multiple comparison method identifies

“treatments i and j as different” if ‘t' ‘ S | §Studentized range dist.
ij

1ijl ﬁ% b—1)(k—1),a°
Alternative: Bonferroni Method 3

where 6
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Simultaneous Confidence Intervals

Recall. duality between model: 4=1 + block +treatment+&
confidence interval
ond test.

J
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Sorall i.73)

1 r—#of‘fa.s
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for T; — 7;, the simultaneous confidence intervals for T; — T; are

G <— block effects
Jp, Temo ved
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e By solving

— Vi T Qi (b—1)(k=1) 0~
l

Y.

for all i and j pairs.
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Analysis of Girder Experiment : F'-test [~orfhogonality

S Same as
+ﬂ

- Y~ Bo+girder+method
Wp: Y~ Botmethed +£.

0,:Y~Botgirder+€

Table 6: ANOVA Table, Girder Experiment

Sum of
Squares

Degrees of Mean

|;— anova (Y~ Bo+girder + method )
Source

Squares

F

not of
inferest

girder

0.089+|Rm (H* 0.011+5)

1.62<4~

method

Freedom
of main_ 514<-|]Pw—(&,t)||z 0.505H=)»73.03

u)i,_:y~Bo+£

3058 -not significant

8=9-)(6-1)
“9‘4 (k-1)
24=(b-1)k-1) 1664-"Pn‘~(3')||z 0 007

s 35 36 obs L~|:|<-|_m(g)u
=||4|*-IRe.)|*
e The F-statistic in (3) (LNp.4-11) has the value
n ~Bo+quder
' +method + €
We: Y~Bo+girder+ £

interest

residual

total Chlll|

1.514/3

1 _73.03.
0.166/24  ——

=>homogeneous
btwn blocks

= (mayke) not
necessary +to

consider it as
a block Suctor
in future exp't.

Therefore, the p-value for testing the difference
between methods is Prob(F3 24 > 73.03)=0.00.
The small p-value suggests that the methods are different.

0p:Y~Bo+method + £

 » orthogonality

SSame &S

U)—E.:g“ao"'&
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@ Analysis of Girder Experiment :

Tukeyo o o ®
Multiple Comparisons Bonferroni H—1 ¢ @
\fh\‘:';v;%;!:y, Table 7: Multiple Comparison ¢ Statistics, é_:c L K
problem Girder Experiment ::-k-_—: o
Avs.K Avs.L Avs.C Kvs.L Kvs.C Lvs.C K—-—"k——ﬂ
ﬁ-l:J —b 13.91 6.92 282 =699 —11.09 —4.10

e The means for the four methods, A for Aarau, K for Karlsruhe, L for Lehigh
and C for Cardiff are 0.7949, 1.3401, 1.0662 and 0.9056.

3’s ' t f

e The multiple comparison z-statistics based on (4) (LNp.4-11) are displayed

in Table 7. For example, the A vs. K f-statistic is

# of tests

13401 -0.7949 . ..
\/0 007\/2/9 2(Vb)

1 =
With o = 0.03, 24 0.05/(6x2) = 2.875 for the Bonferronl method. Since k =4

_ — 390 _ :
and ( ) 0, fqi 24.0.05 = 1314 = 2.798 for the Tukey method. Again,
#05 .4

Tukey method is more powerful. ( Why ? )

+ Reading: textbook, 3.2

£inag L9 — ~1,2.3 415
Two-way layout . fﬁ'ﬁ'{elant- <A pogemtor-1,2.3

B —» Oper f—-l’, 2.3
E€reatment Fackors ( Crossing)

, ' sresponse : torgue
Bol : Th | f
e Bolt experiment : The goals was to test 1 % treatment Fackors :

there is any difference between two test @ media (gualitative) @ plating (gualitztive)

media (bolt, mandrel) and among three 2 levels-8,M 3 levels -C,H,P
plating methods (C&W, HT, P&O). - 4 Exp'w‘:a/ units: a /ackm.d: 60 EUs
Response y is the torque of the locknut. homogeneous |-»|[ETL] * - - -,
(media, plating)
Table 8: Torque Data, Bolt Experiment completely |, 'Wd inations -
C&W : HT ’ P&O m"d""“zg;‘ "lze 5 treatments)
Bolt 20, 16, 17, 18, 15, | 26, 40,28, 38. 38, | 25,40, 30, 17. 16, | % Eachtreatment re 10 times
16,19, 14, 15,24 | 30,26,38,45,38 | 45,49,33,30,20 | 3|0 replicates (Why need replicate?)
Mandrel | 24, 18,17, 17, 15, | 32,22,30,35,32, | 10,13,17,16,15, | 3¢ Design matrix  |Data matrix
23,14,18,12, 11 | 28,27,28,30,30 | 14,11, 14,15, 16 o pl 4
8 ¢ n-»uT'J
*@® This is similar to RBD. The only difference is 8 4 . t:"zg‘r g°
different | (hat we have two treatment factors instead of n ﬁ . ~5¢ Sor 6*
structurel one treatment factor and one block factor. -
differest | Also interested in assessing interaction effectscmceptuo‘l model : expre
et F——— factors. In blocking, 5 oo media + piing.
on
zation etween the two treatment factors. In blocking, 1 P’"W"“-‘ 2 parameters

block x treatment interaction is assumed negligible.

+mediax plating +&
1x2=2

2 parameters
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Model Y~ Bo + media. + gfﬁ + media x plating + £

o Model : 4y DI ®a-naE-n —
. Ok for the
Sunctional e Yij1 =M + 0+ B + 0+ E1jt, 4| St i 704 [ tests of ANoVA |(5)
Zorm & &167 by 0= Atis |LM, LNp.8-1T~1
i=1,....,I;j=1,...,J;1=1,...,n, where E(dige) =M A’Z = 8
— == — — -0-0 A=
?’ Whatdoglis1y, ; = observation for the /th replicate of | 1 Y~Po+A+E
m%'ds_ca%f@j';? the ith level of factor A and 4, j @
'__m_—_l ' the jth level of factor B, l ,z 3~Bo+B +£€
E,=1ﬂ + o; = ith main effect for 4, i
Xat | Bj = jthmain effect for B, (check :;.-'z Y~BotA+B+E
1= _ Taa . LNp4-IT 8
Li=11+ |©; = (i, j)thinteraction effect 4ij '
XeB | between A and B, and Tz | - ~Bo+tA+B
s £ =2 T =
(check Lp4-17) g = errors, independent N(O, c2)."" 8 +AxB +E
8(7) Unde.r sum codings, ®
Az =-(cli+---+0(1-)) > I->I-| ” AIS=0,Bi5=0
iﬂ 212 Zﬂ ==e Br=-(Bi++B3-N> T—>J-[ |7 I ant
A S — [ Wiy =-(Wi+-+Wig), i=1,-, I L8 |
W) | : : | constmiuts wl-&=—(w.11’ +w1.|i) J_,o oJ : =>
O |jon | - [JO i =I+I"'l =0 IJ-(I"'J"D
< sije = (I-1)(T-1) 2
A . . maetrix form : Y=X¥{ + & sum coc[‘g_s_j p- 417
Estimation e
] -81-82
.3 M 2o “-"e. 14;" Wi
11->un 1 1 100
12542 1 1 o111
13>l3 -1 11 -10-1
212421 1 -1 100
22942 1 1 o011
23%MU23 1 ,0-1 -19-1
span), {smn

Wo Wu(&) We (_>_(3) W«'»(Xm)
=y yT )y T
L= XY= [ 5 mias ,xr-xw y.. 1z+x.‘(xdxa) X Y

e Estimation : (XeXa)“Xa" Y "P-ﬂ-(g) +Xa (XgXa) ' Xe"Y

XY X 6) s exercise)

Pl + Xa (Xl Xes) X7 Y

g = A + & o+ B o+ &y +
Z_ = 'f_' + (i —y )+ O = V) + O —Jie =5 13- [xg-9.2
geekl_ An@  YAn@a FRy@:b TRL@Cw [Bgsa-
deitty U ) (e e we Wa)
PE.QE@)’-'EC" where .n.;] ); & = Vi. — V..., Bj: ‘J—)‘z,
ProwE)= 4.3 ;j —_y,]_ TS S
Feemewmew,@=%i-| 7 =35, '

jointly made by Jeff Wu (GT, USA) and S.-W. Cheng (NTHU, Taiwan)



NTHU STAT 5510, 2026

Lecture N

otes

« ANOQVA— "whether there exist difference” problem
1> = | R I+ | R DI+ (| P (DI | Ao, GO+ | R I

(exercise)

check (P4

p. 4-18

'L,_“_g-_z" Table 9: ANOVA Table for Two-Way Layout L‘g ﬂllpg:-géb
Degrees of Sum of MS EMS)
r— Freedom Squares =7 =7
2, || A - I=1 YL G- )2_uatuz E(SSy)=|
®Ee |z F o1 byl Gy 5 =I5 - IRl
ﬁéﬁ"a AXB @-(I—I)U—l) QZZIIZJZI()?”. Fie = A5 = )EI* +§2"
Lk S | T S S Y e | o L
ol e tn—, @YY Y Q-5 What: informafion
Bo I- WolWu .LWQ-LWwJ-ﬂ'L ‘gn&a.%ggc‘es ?

identical results when
or-Hlogonalﬂ:y holds

— anova (Y~Bo+ A+B+AxB) <E> anova(4~po+B+A+AxB)

s also identical to drop-one ANOVA
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