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Lecture Notes

Q: What if the
sample -to-sample
variakion s small?

(<]

Analysis Results : 7 tests

—

=g <ldentical

p. 45

l'du--',du (within block
comparison )

layot%1 ¥ 2-sample problem.)

The p values are
waste d.§. to estimate blockeffed:s-w

Prob(|t;] > 3.645)
~> N-1 =

Prob(|t14| > 0.198)

—» 2N-2

g 04138 _ 048 ;s =
F—  031/V8 QU35 sedre—
- 1-Sample problem Iy $2-di = cf.
— 543550212 04138 oo
—1% V(17811 +17.012)/8 <

‘.ﬁ__%z; =se(fa-J )
much larger

(why ?)
0.008, < signifccant

3
0.848 <~ insignificant «——

Note. €5 opa >ty o/a

e Unpaired 7 test fails to declare significant difference because its

the sample-to-sample variation component.

denominator 2.0863 is too large. Why ? Because the denominator contains

(Qﬁ@s& block variation |—. if Iar:qe => significant block effects

Analysis Results : (sequential) ANOVA and F -tests

Recall 1. equivalence btwn t-test & F-test

e Wrong to analyze by ignoring pairing.

A better explanation is given by ANOVA.

) S

Recall 2. Seguenl-tal /VVbV‘A.-;‘

drop-one ANOV‘Aﬂi

Under sum CodinaJ:For Tactors

e Data can be analyzed in two equivalent ways,

— F statistic in ANOVA for

2 factors| paired design equals t%n.re i Em——

1 Jactor| unpaired design equals
L—

— F statistic in ANOVA for

2
tﬁn paired ' G————

e In the correct analysis (Table 2, LNp.4-7),

the total variation is decomposed into

three components; the largest one is the

rmc;.iel matrix Wo=span{ll}
X=[ﬂ|. eee ,.-o Wb:SPan{xb}
T We i pan §Xt}

{23 L{X} L X¢] <] - balance
=> seguential = drop-one
=> seguential ANOVA does not

depend on order of effect entry
Note. ANOVA does not depend
on coding

sample-to-sample variation (MS = 34.77).

In the unpaired analysis (Table 3, LNp. 4-7),

-

-

012 Y~ Bo+Sample + method + €
W : Y~Bot+sample + £

this component is mistakenly included in

the residual S, thus making the F' test powerless.

0 Y~Bo+method +
W:Y~Bo +&*

0>
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o p. 47
@ ANOVA Tables [T sapfial ANo7a T
bl hould al 2
ock Factor should always TS
be put before treatment "PW'E (4
2
[ ﬁ@b Table 2: ANOVA Table, Sewage Experiment o
t b:
JE s, Degrees of | Sum of Mean . m
| F-@}”‘E 1Source|  Freedom Squares Squares F 3) £? +sa ple
anova (Y~ ....[sam le>r7 =N-I 24340427 34.77203T)»674.82-M 4~Bo
Bo+sample & metho&K 1 =2-1 ~In 0.6848 0.68476 9 13.29 €
+
tmethod )| | il 7=N-1 TH~036074T 0.05153 o || 4~ Botsample
residual — +method
(B What f otal o] 5=2N-1 _Oe! 5] || we:
Sample-to-sample | ——=tbobs | [ dentical (- orthogonality)| Y~Bo+sample
variation (S Degrees of | | Sum of Mean
small ? Source Freedom Squares Squares F
anova (Y~ N method 1 4 > 0.68481 . 0.68476 0.04-H.N
Bo-+method )| | residual 14 - $243.76494T 17.41 178]3‘_"@ wgf&*"‘w‘“l
otal  15ed O« i much larger 4~Bo

Table 3: ANOVA Table Ignoring Pairing, Sewage Experiment
+ Reading: textbook, 3.1

Randomized (Complete) Block)__r C°m§;;';e_ mil ﬁg’y\gﬂi_ﬁs o
Design: Girder Experiment

paired designs
e Objective : To compare four methods s response: ¥ &lock factor
: g s{-fengéh Girder (gualitative)
. 2 treatment factor: 7 levels- S\ ---S4/2
steel plate girders (k =4,0 =9). method (qualitatwed)  block size = 4

for predicting the shear strength for

Table 4: Strength Data, 4 levels-A.K,L,.C % Design Dot
Girder Experiment . . N matrix matrix
p * EXPéﬂI umh /1 SeChOﬂ L
(Block) Method of a steel plate girder T si/1 A r.o.;;;
Girder |Aarau Karlsruhe Lehigh Cardiff SI/1 C block 2) gllll K o
— — — — ”n
block1 4eS1/1 [0772 1.186 1.061 1.025 Si1/1 2 .
S2/1 0.744 1.151  0.992 0.905 F——————1 . : : *
] S$3/1 (0767 1322 1.063 0930 | ¥ Ty 'i’i’;‘cw Sira ® .
S4/1 {0.745 1339  1.062 0.899 ¢ r h,°"“' g:lla L
. S5/1 10725 1200 1.065 0.871 Zation LS4/2  C —%0.805]

S1/2 |0.844 1402 1.178 1.004 sameasin | (same as in
S2/2 0.831 1.365 1.037 0.853

paireddesign| |one-way la
S3/2 |0.867 1.537 1.086 0.858 3 Woy layout

block 9—®S4/2 [0.859  1.559  1.052  0.805 ||within block mpr;sonlww@u‘[":ANWA&
multple
comparison

e Recall the principles of blocking and randomization in Unit 1. In a

randomized block design (RBD), k treatments are randomly assigned to

each block (of k units); there are in total b blocks. Total sample size N = bk.
—p or kxQ unibs, 2 4 of replicates or N=bk ¥ ¢
e Paired comparison design is a special case of RBD with k = 2. (Why?)
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Model and
Estimation
e Model for RBD:

Theﬁ;llowrng results also ||before 4concepf:ua| modelz
hold for the case of ||exp't

ms=),

p. 49

&2 unit bl Y~ Bo+Girder *Method +E
gLJ TT#?JZ% 2’6 -o’cél,: m 8 parameter 53 E 3 parameters
(Note. main-effect-only
k “model, no interactions »&

[—Oyil‘:n‘F(XL'-l-’Ci-i—Sil,L— 1""’Q’i_17' -k,
where Under sum Codma

over- paremeterised

model: candoanora|  Vij = observation of the jth treatment Ti=-(T+ -+ Tk-

eﬁ?ects ? Check split-p N=W,oW,0W,

[o(,,=-(a.+ +oq,..)l),]

(wetl:lo; de')'g; ;ﬂ.—zu in the ith block, [ model matrix _ o coanf]
but cannot do oy = ith block effect,« fixed effects X =[:ll. I , .“g_'b =§P¢n{{’;‘b}
és;td%_mﬂm_(need T; = jth treatment effect, Xp Xt el
some constmints = =

onois & Ti's) || Eil &ij = = errors, independent N(0,62). d{ﬁ}’;— ix::-l-(:::} _‘;ba:nrse
! im(Wo)=1, dim(Wi)=b-1, dim(We)=k-1
@ Estimation iF i treatel asla{; 5851 n

use the same yl] — n+al+Tj+r LLNp ¥5~66) 9dm(ﬂ")=(b-1)(k-1) v:j
method os given | & ,I, Lot
muups US| Y L+ =)+ 0 y_) [A ]-— B=(x)’x"y= (Xix o iy
Pmm_h(#) G| Pl 3)-3 LAm %) LA £ (XX XTY
(Pmem@®=Td] pp,(g) e Lty ) T=XB= XXXy
where ﬁ—y ENES ’c] y.ji—¥-, L-u-x,,lx.,x.)’xZ'Y
rij =Yij —Ji =3 +3-, Xe(XEXe) XeY,

J
—_TIvyk . L yii = pr Lo L5 1Vij
L—}_ijlyia yi_gzizlh’ y_—_ﬁ%&

@ ANOVA 141 = I Ra(@IR+ | Ry (1 | A ()11 1| P (1™

e ANOVA decomposition. Subtracting y.., squaring both sides and summing

J

S

over i and j yields ‘T—remove PWB( 4)
or  (¥F2 ZIZ Yij —3-.) f ;k $i +Zlb V=
i % J 1] E =
- et 4 - . Ltotalvariation in 4 bk fu,qncgm T Pwtcf)u‘
e Vo | Préows (@) +ZZ Vij = Vi =¥ +73..)
) - tWeoW 0.t i=1j= |
SR i/ [(exercise) Note. orthogondlity, | =SS, +SS; +5S,. L |P-(4
New e, Wol Wol Wel () IFo-(2)

Note.Inthis case, Table 5: ANOVA Table for Randomized Block Design

sources of variation

" orthogonality, usually is the Ist effects to enter the model
anova( Y ~Bo Degrees of Sum of MS Eg(MS)
I block N Source Freedom Squares = =2
treo:bnen
& anova(Y~g 4-Bo block bl Y k(. —7.) (exercise) 1:[
+trea£ment _ k1o 5 \2 check (P4)
. block) tree.ltment k—1 2221 biy.] y.) : in LNp.2-36‘
have same W&pﬂt residual b—Dk—1 Y, Yioi Fr—Fr—F+=) & Np. 3-6
— total  ebk—1 Lyt vt (—5.)

same as the df's For interactions <= °" d°ﬁk‘b'“‘“ﬂ RB-Q! because of as‘“”“’%

in conceptual modeling
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principles as in one-way layout, exc except that the

‘ Testln and ANDE&MEWSQB Sor RBD use the Same P
S

Multlple variation caused by block factor must be removed
Comparlson from error variation. (o adding Block effects Fects] |
e Hy:7Ty =--- =T, can be tested by using the F-statistic: |_énto _model
RISw=RSSA—~55, /( 7% % [02: Y~ Bo+ Ginder +Method +€
EZSS 1 (g_'lwu-.-za-rs) 3)
RSS o ——eed35\(L— k1) 4, |W:Y4~Bo+Girder +€ (Y=1+0i +E)

aall.]__The F test rejects Hy at level aif £ > Fy_ (p—1)(k—1).0-
LNp3-9~13
If Hy is rejected, multiple comparisons of the T; should be performed.
— The ¢-statistics for making multiple comparisons : | Yar( g3 i- 3.

He: Ti=Tj (T4-Ti=0) T- u—-r——|y_ = 67/b+57b

— Jor specific (i.J)euset-dist. ;= —,
for all ¢i.3y's fornull QV%_/_Z’—i_%_/TIi_J
~ 2 SSr

=7 = = —————
1s the mean square error in the ANOVA table.« 8= BoIXKT)

L~
~
N

where 6°

At level o, the Tukey multiple comparison method identifies
| Studentized range dist.

“treatments i and j as different” if

M> ﬁ% b—1)(k—1),a
Alternative : Bonferroni Method £ .
Simultaneous Confidence Intervals .
Recall. duality between model: 4= + block +treatment+&E
confidence interval —
Md test HOJ: T&‘- -E(: =C .'S
C Sorall (i.3)

e By solving

5i) — (Tj— T 1 qr—#"f Tas
A = k(b—1)(k—1).a
6+/2/b
N
(€3,
for t; —7;, the simultaneous confidence intervals for T; — T; are

G =— block effects
Vi = ViT Qe (b—1)(k=1 N removed

= )

for all i and j pairs.
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p. 4-13

Analysis of Girder Experiment : F'-test

Table 6: ANOVA Table, Girder Experiment
anova (Y~ Bo+ girder + method )
[r;

ot of ource Dliireede;rr?f ;@ Q@ F ghzzﬁao:fgder+€
inforest {-Ho-girder 8 =9-1(6-1) [0.089«||Rm, (A 0.011-D)—s 162412
[of main Jr->method TE?#-I«-I)%}@«H%‘M‘ 0.505 HE»73.03 0y N0t significant
interest]| residual | L 24=(b-1)k-1) Jl0. 1666 0Pt CPIP 0,007 | = homogeneous
oul > 35 36 obs i |Prreml —— 8> |  Shwa blocks
= 1211 ReOT e o
e The F-statistic in (3) (LNp.4-11) has the value %ggzr fiﬁ-&%s
. r
L514/3 0g:d B”:?:"gg d+gll DFudbueexpt
0.166/24 —— \u)szg~ﬂo+girder+£

Therefore, the p-value for testing the difference
between methods is Prob(F3 24 > 73.03)=0.00.
The small p-value suggests that the methods are different.

Analysis of Girder Experiment : Tueye o

[ ] [

_g—Multiple Comparisons Buferroni, b—4 ©

':;\:;g&ztu Table 7: Multiple Comparison ¢ Statistics, EL’(:Z L l.<
problem Girder Experiment :——l .
Avs.K Avs.L Avs.C Kvs.L Kvs.C Lyvs.C ‘r—“——ﬂ

'6'53‘ —& 13.91 6.92 282 =699 —-11.09 —4.10

e The means for the four methods, A for Aarau, K for Karlsruhe, L for Lehigh
and C for Cardiff are 0.7949, 1.3401, 1.0662 and 0.9056.
st $
e The multiple comparison z-statistics based on (4) (LNp.4-11) are displayed
in Table 7. For example, the A vs. K f-statistic is

# of tests

1.3401 —0.7949

2 = =13.91.
“l S YOQIVZE 50
With & = 0.03, 24 0.05/(6x2) = 2.875 for the Bonferroni method. Since k =4

N _q L, 39 _ :
and (2) =6, 39424005 = 7312 = 2.758 for the Tukey method. Again,
Tukey method 1s more powerful. ( Why ? ) #05 G.i's

+ Reading: textbook, 3.2
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Two-way layout

E€reatment Factors ( Crossing)

e Bolt experiment : The goals was to test if

ct

S e.q. p. 4-15
nest-mg_{ lank <3 -_-: gg;atm; -i’%’,g'

% response : torgue
% treatment factors:

there 1s any difference between two test @ media (gualitative) ® Pplating (gmlibnf:ive.)
media (bolt, mandrel) and among three

plating methods (C&W, HT, P&O).
Response y is the torque of the locknut.

2levels-B8.M 3
# Exp'tal units: alocknut, 60 EUs

aleVC'S -COH‘P

homogeneous

Table 8: Torque Data, Bolt Experiment

(media, plating)

C&W

HT

P&O

inations [
randomi zed D> thm.tmts

Bolt

20, 16, 17, 18, 15,

16, 19, 14, 15, 24

26, 40, 28, 38, 38,

30, 26, 38, 45, 38

25, 40, 30, 17, 16,

45, 49, 33, 30, 20

Mandrel

24,18,17,17, 15,

23,14, 18,12, 11

32,22,30, 35, 32,

28,27, 28, 30, 30

10, 13,17, 16, 15,

14,11, 14, 15, 16

% Each treatment repeats 10 times
10 replicates (Why need replicate?)

2% Design matrix  |Data matrix|

Mo -
'y plzkug Q?GI.J

*@ This is similar to RBD. The only difference is g H . t:tz'g‘r’go
d‘?&‘“t that we have two treatment factors instead of E § n:o - 5¢ Sor 62
structurel one treatment factor and one block factor. = - Tofore
different | Also interested in assessing interaction effectsconcepf“al mod.el : @
%ﬁ- between the two treatment factors. In blocking 3_; ﬂ°+:ed jg +%|_qu
scheme ) > < paramecer 2

block x treatment interaction is assumed negligible.

+medtax@m’ +€
1% 2= 2 parameters
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