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" S0ne-way Random Effects Model: ANOVA
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%) In the following, assume ny = --- = ng = n. N('l; TY)~Y LNp.5'
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Under i{f , the F-test and the ; >
ANOVA table in LNp. 3-6 still holds. "~ 0 (dim = k) | spaaf2}mo (dim = 1) |
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e Reason: under Hj, E(PoY)= P,{m _(}", .(;). : different eigenspace : of =¥
(under Ho) SSTr ~ o x LlERY | &2 nole :eigenvalue (méfﬁﬁﬁ%
an
(under G €HX) SSE ~ &3, 4, E(P’Y)‘ SsTr = 1PYIP Fn(ge-9.7 lupﬁ)
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=P, x*PT=g | =T+ TovEq) Go F(€:q-E)
columns of Py & Pa. are et‘ienvectarscf}:*& PR=0 ~o‘;t:n-

@ ANOVA Tables (1, = n) .

e We can apply the same ANOVA and F-test in the fixed effects case for

. e
analyzing data. Ly3ame tnﬁslfds:t;af‘s{:‘ dH—I"ewerﬂ:‘«—al°|= EL/(V; 22

Source d.f. SS MS

ANOVA
table (FEM) ;Cf-i treatment k—1 SSTr MSTr=92r|{ o2 l(ndcar H¥
in LNp3-6 residual N-—k SSE MSE= 3% o St=0
E(MSTr):gz
total N—1

Pulp Experiment
Source d.f. SS MS E(MS)

l:ehsll?fz.?FEM) cf | treatment 3 1.34 0447 | 6> +502
in LNp.3-F residual 16 1.70  0.106 ¢’

total 19 3.04

e However, we need to compute the expected mean squares under the

alternative of 62 > 0,

(1) for sample size determination, and
(ii) to estimate the variance components. (g7 & 62)

jointly made by Jeff Wu (GT, USA) and S.-W. Cheng (NTHU, Taiwan)



NTHU STAT 5510, 2026 Lecture Notes

<j p. 3-35

Expected Mean Squares for Treatments

e Equation (1) holds independent of 62, ss E./N-k ran unbi:sec‘
(WNp.3-33) 62 n-i ~ , estimator of ©
E(MSE)=E <SS:E) — 62, l'SSE only contains

N —k mj-"onnaé«on = )
error var. componertt G™

e Under the alternative: G > 0, and for n; = n, SSTr SSE
E K-l 6.5
| d

(LNp.3-33) (NS4 G T2 ~
ST H n
E(MSTr) = E( = 6%+ no? —I

k—1) lean unbiased o)
L—‘_—i]_ estimator of 6¢
e For unequal n;’s, n in (2) 1s replaced by SSTr contuins informakion

ry

about Sactor var. component G2
A {Zk: - Ziﬁﬁ} . error var. co”n?;nen{: c*
—A k=157 Y (c§. E(SSTY) of FEM
in LNp.3-6)
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The cross product term has mean 0 (because T and € are independent). It can be

LNp3-5

9]
975}
~
~N
|f
IS
AN
~<i
|
<
——
Jro

shown that + . &% X -~ e
E(ﬁ;(ﬂf_{.)zl) =(k—1)o; and E([ (& _% ‘) (k—ﬂl)cs_2
Therefore_ st‘tf*d"? ) Howerege of T NS(_::‘ o) emge of Eus
E(SST) = a1+ (k- 1)0% «F> T FEM (LNp.3-6)
EMSTr) = E (SSTr) — 6% +no?. E(ssT)=n- >;.(-c¢--f)2'
= + (k-1)62
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@ Variance components: estimation of o2 and G
e From equations (1) and (2) in LNp. 3-35, we obtain the followmg unblased
estimates of the variance components: IG’“ this be a"”ays =0?

<am (Note. 6 = o)

m%ﬁs A0 A9 "MSTr — MSE'

. —>G"=MSE and 6; MST:

in FEM - T - /-c/»eck LNp3-35° A‘lSE

Note that 62 > 0 if and only if MSTr > M SE, which is equivalent to F >1
Therefore a negative variance estimate 6 J_ occurs only if the value of the

statistic is less than 1. Obviously the null hypothesis Hy is not rejected when

E(F "'n»'h) F <'1. Since variance cannot be negative a negative variance estimate is
" N2-2

replaced by 0. This does not mean that 6 is zero. It simply means that there

- - — u
H:_ 'o Ts not enough information in the data to get a good estimate of G na‘: , accept

e For the pulp experiment, n = 5, * = 0.106, 62 = (0.447 —0.106) /5 = 0.068,
1.e., sheet-to-sheet variance (within same operator) is 0.106, which is about
50% higher thancg%)e\fator—to—operator variance 0.068. a property of

o : v
Implications on process improvement: try to reduce population

the two sources of variation, also considering costs.

cﬂﬁg_L3l Estimation of Overall Mean 1 <-theonly fixed effect in REM

e In REM, 0, the Dopulation mean, is often of interest. tﬁe’:'.“;:rfept l parameter
i wlly of
From E (yij) J =1, We use the estimate no int fe‘sfus y

In FEM, | &1 A same as 'H)e—L
E(g?;u‘ [ = J.<— T in FEM under sum coding (LNp3-8), but
- ¢ 5
ol mmr s e st i
— K

R=F.=n+T.+E.~N(, 61;4<+%) =E(MSTr)
M For n; = n, Var(n) = GT + < nk ('c; +nG l)

Confidence interval for T] . and MSTr are indep.(LNp33) SSTr~ (6’4)16%)12
estimate + n T t MSTr |
(critical value i < | FEM (under sum coding)
X s.e‘(esﬁZnal:e) nk“—N Ig I for )z ng
e In the pulp experiment, 1| = 60.40, MSTr = 0.447, MSE
and the 95% confidence interval for 1 is g + tN-k, Z| N l
Split-plot: de‘lg(lﬂp?o 2% 60.40+3.1824/ (;4741 = [59.92,60.88|. SSE ~ ozzﬁ‘li

(LNp 445~ bb ,Future [ecture)
+ Reading: textbook, 2.5
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