NTHU STAT 5510, 2026 Lecture Notes

LM, LNp3-1~2 [P Residual Analysis: Theory

e Theory: define the residual for the i/ observation (x;,y;) as

A R B A - A
Ei=ri=yi—Ji, Yi=x/B, I—Li:hrowos-‘ model motrix X |E: often used to
. . N : check assumptions:
Yi contains information given by the model, r; is the @ E:5 149N(0.63)
“difference” between y; (observed) and y; (fitted) BL(Y) ==XB ng
and contains information on possible model inadequacy. a correct mean
e Vector of residuals r = (ry,... ,r_N)T :l—X_B-=(I-H)Y Structure

Ehat metrix  Hoverall
e Under the model assumption E(y) = Xp, it can be shown that | | pattern

_ wr 1ol Eie,XB is correct model individua
(@) E(r)=0, "KLY R o — observation
(b) r and § are independent, Moty variance of Y (outlier)

oc|-hi (leverage) = |- Hsi
—(c) variances of r; are nearly constant [‘:GMahonanobis dist.

Covg L) for “nearly balanced” designs. btwn design pts & X
=6%(I-H) : ¥
Qy=xp+e=-Y+& ;

T UL \ rg—\ A
@r=Xx,5 + Xof,+ € £ (X, 8+ HX B HU-H)X,B,+ &) = ZJFE )
t‘llndex Sitted model: Y=X8,+E* (H|=X.O<Tx.)"X|T)E>

@ g Residual Plots+~{LM. LNp.7-7~7]  ***
e Plot r; vs. ¥; (see Figure 1): It should appear as a parallel band around O.
. " LINp- . . } —
Otherwise, it would suggest model violation. If spread of r; increases as y;

increases, error variance of y increases with mean of y. May need a
transformation of y. (Will be explained in future lecture.)

Plot r; from replicates per treatment (see Figure 2): to see <—— X vs,
-} .. : o \ ——— s
eatove| if error variance depends on treatment, Note. saturated mode! predictor

Jactor | Box plots
— —® Plot r; vs. Xi If not a parallel band around 0, relationship between «—

%"ﬁ,‘; y; and x; not fully captured, revise the X part of the model.

factor
L ] P‘IOtQVS. time Sequence:'to Seec lf t.hel’e 1S a “f ava‘:‘ab’e (or run order)
f1me tl‘end or autOCOI’relathn over time. measwre OY'der, b )
null —
plot |1 1~ T ~
0 - Jx i !x * k
¥ or x;
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<:| p.3-24
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Figure 1: r; vs. ¥;, Pulp Experiment
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<:| p.325

Plot of r; vs. treatment

$itted model:
: Saturated
x
1
Same 4 groups x A X A X }r ~
of residuls s | ¢ 2 E=0
in the residual | : > XX % | e 2 -
plot o revs. | (e > o ol | Forany
Z: (LNp329) i X X :XL _ =
] X X¢ ¢ é.: IO o
no need to X 1
check the | % ¥
trend in the ; M c . X=||3
mean of- gean 5.
rescduals | %
. o . 1
Figure 2: r; vs. treatment, Pulp Experiment 55 3 _‘
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Yi oo, Yo tid ~cdf E _~Box-(Whisker) Plot
e A powerful graphical display (due to Tukey) to capture the location,

dispersion, skewness and extremity of a distribution. See Figure 3.
£ 1Np.27

e (1 = lower quartile (25% quantile), O3 = upper quartile (75% quantile),

(0, = median (50% quantile, estimate of location parameter) is the white

line in the box. Q1 and Q3 are boundaries of the black box.

e /OR = interquartile range (length of box) = O3 — Q: measure of dispersion.

e Minimum and maximum of observed values within
[Q1 — L5 xIQR, Q3+ 1.5 x [QR)

are denoted by two whiskers. Any values outside the whiskers are regarded

as extreme values and displayed (possible outliers).

e If O and Q3 are not symmetric around Q3
the median, it indicates skewness. —Qa Q
- - _ ]
e Side-by-side box plots (LNp. 3-2~3) are useful to compare the difference
between the distributions of several groups of data. E>
Box-(Whisker) Plot
~extreme value
. 1<—usually maximum I5IQR
i 125%
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Figure 3: Box-Whisker Plot
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p. 328

Normal Probability Plot< Q-Q plot (LM, LNp.3-I5~16)

ﬁOriginal purpose : To test if a distribution is normal, e.g., if the residuals

follow a normal distribution (see Figure 5). [Q:wh T pp—
can be used to identify outlier EiN,30 Why need normality for erv

(?_l\fore powerful use in factorial experiments (dlscussed in Units 5 and 6).

used to cdembc.:F sigrificant effects Bi's <& replace £-tests
o Let ra) < L ne s r(N) be the ordered residuals. The cumulatlve

probability for Lo is Pi= (i—0.5)/N. Thus the ploltﬁ)f 9 empirical ¢

Di vs. 1(;y should be S-s -shaped as in Figure 4(a) if the errors .- o
are normal. By transforming the scale of the horizontal axis,

the S-shaped curve is straightened to be a line (see Figure 4(b)) Ten Teay - rm-o fw)
L LNp.29

e Normal probability plot of residuals :

(d)_l (L_O_j),r@>, i=1,....N, & =normal cdf.
N =t

If the errors are normal, it should plot roughly as a straight line. See

Figure 5.
% | Np.30 E>

<:| p.3-29
Regular and Normal Probability Plots of Normal

a H Cdf Of CDF
@\ N@.1)| |empirical a;_(,b) 4=x
1.0‘{ .Cdfﬁ E‘ & 1.0+ g

T
2

e

Figure 4: Normal Plot of r;, Pulp Experiment
Zi,---,2Zy iid ~ NU,6*)
Zi=6WitMe Wi =(Zi-MU)fs itd ~ N(o,2) . ] |
;, ; Normal probability plot of Wi's = Wiy vs. &', g X
Normal probabtl[‘(:y p/ot of Zis> Z.“) VS-@ : #__G_X-I-.A_l

2>
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<:| p.3-30
Normal Probability Plot : Pulp Experiment
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Figure 5: Normal Plot of r;, Pulp Experiment

+ Reading: textbook, 2.6

C %o : .B.C. wlation ™
wp./\gl.)ulp Experiment Revisited (@ re E‘:ﬁ?ﬁfﬁz L A
e Compare the 2 scenarios sample of the

L””""' (S1) plant has only 4 operators (or population? | p\& B
mﬁ _m:ly interested in these 4 operators) TS

~Sior D T;’s: parameters (unknown fixed values) é

& _‘-_é';%_% — interest: difference btwn the 4 specific T;’s éé
@ (S2) 4 operators randomly sampled from a g

before | large population of operators N T

sampling O 7T;’s: random variables 1?3 ¢1; 'I‘
Mi= E(g-ij)"'—_TteE:st: difference btwn all operators in this population

e In the pulp experiment the effects t; are called fixed effects because the

&
interest was in comparing the four specific operators in the study. If these

four operators were chosen randomly from the population of operators in

the plant, the interest would usually be in the variation among all operators

in the population. Because the observed data are from operators randomly

selected from the population, the variation among operators in the

population is referred to as random effects. | condibioned on these & operators E>
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&

Fixed effect mode| »**

e One-way random effects model (REM <, "FEM) :

FEM in

~ -

rntercepl' / E.o whole- & sub-plot errors in LNp 4-¥7~48
eogeagl> 2 — T+ el 4ij~N(2,62+6°)
LN
where €;;’s:  independent error terms with N(0,62), ng S "!deP-?‘
T;’s:  independent N(0,c?2), REM:
- . Whyy=F— parameters
and 1; and €;; are independent (Why? Give an example.); n, 6, 62

G=2 and G_,% are the two variance components of the model. (G s*

The variance among operators in the population is measured by o7.

REM.() E(Y)=12

y.u
Y,
’

, Gan,

n
Y

-

COVC Y) =
i,

2

EEM. 45 inder. N(n+te,o)
(2) COV(gu,glz) COV( 'Z+'C|+E|I ’L""El'i'&z) () E(CY)= xé* N+T¢
- o- - 8 AR
oV, 421)=CoV( 1+ Ti+En, U+ Tt E22) (2 cov(Y)=62T Ux
=0
* relationship btwn
=~ ’&:'L] 9B %
paxna - . s -TnFEM, E(Y)
Q = %[1(!]4—6‘[2 - In REM, cov(Y)

- »
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