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p. 3-10

<:| e [t is common to use the ¢-test and the z-statistic Tar( Y:.- Qj )
tijz= Fag A Mg =Var( ;. )+'V'ar(%' )
G N85 =¥ +o¥ng
where n; = number of observations for treatment i, multiple testi
L = RSSq/dfg in ANOVA; declare “treatments Ria Ri3

- i a:‘lj ]tdlfferent at level o if = Rij=rejection region. of Hi EER R2a3
tsoomildt oo [ | PR | i (i)t PR ol
dfn 3= (inp3b——; >O(<-whynvl:j
e Suppose K’ tests are performed to test Hy : Ty = - -+ = Ty. E usually
€3 (k)| ' ‘ - ili - intersecti
(%) Experz.mentvvlse error rqte (EER) PI‘Obé.J.bﬂ‘lty of 4. N.HE r"“tﬂé‘;'.}'_ ' on
declaring at least one pair of treatments significantly|&d —
different under Hy. Need to use multiple comparisons _¥ H - '
to control EER. PHLH' H—
Avs.B Avs.C Avs.D Bvs.C Bvs.D Cvs.D bc _AB
VS. VS. VS. VS. VS. VS.
—— Note. deductive |
e 087 185 204 21 301 02 | |"does not hold (Hhy)

—
F@ M(l);“" 'U(K) D Sor":ed lul > ,uK
!@j_ RA (Uay S Uc>S+--<Uk)

j&: iim ° 0'0 g;K-') gfk) g(l) 9™ Ek) : Ol’der Sh.'h'S'L'lsCS Of'
* —
Mm Uz Mac-o) aa:) .‘41-,’”,#;0 E>
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Bonferroni Method

cg |
| 2

?uemare 1; different from t; at level o if |£;;| > ty_; Foch, where K’ =
) 2k

number of tests. I

—3|very conservafwe when k’is large

e For one-way layout with k treatments, k' = (’;) = %k(k — 1), as k increases,

k' increases, and the critical value ty_; o gets bigger {some indep. assumptions
S ferences) tat.
(i.e., method less pJobwerfuI in detecting differences). ?eril:ht;tee?:f&: :9
e Advantage: It works without requiring independence assumption. indep. B’
—F

o can be widel d.
e For pulp cxperm 20,05, k —4. k' —6. t16005/1 —3.008. Among

the 6 #;;-values (see LNp.3-10), only the ¢-value for B-vs-D, 3.01, is larger.
Declare “B and D different at level 0.05”.

N |
P(URiz| NHE —
< 2 P(Rig| He) = k"ol =X H—+

= a'=P(Ri7| HE¥) = o /k!
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Far sogfchy. | Tukey Method ampare & -4,y &

assume o For Igi<3<k, (check
i
Nuzese=llk=n Samzp‘raa;egﬁcanbeapphedto I#u- 33°l€ T, go- LNp.3-0
e Declare “t; dlfferent from t; at level o™ if e P(URi3| NHT ) «—EER

e
I+ C]k N-to, |(EERSA = P(at least one |%i-F;)
=5/ L;* larger than C*|nHY)

LNp3+0 Where gi n—k.o 1S the upper ai-quantile of the =pP( Em,-g'm,>c*'n‘_|::)

Studentized range (SR) distribution with = -
d u"der nHO‘) 8“3"' ng'

parameter k and N — k degrees of freedom. indep. N (4, Sp) =>
(see distribution table on LNp.3-13) dn H'-(k)- -9u) SRy
e For pulp experiment ‘JRSSA/QE& <. -
’ LNp. 3-13» (Np.3-9) | where p82~6215 and mclep

of G..--.%x. .

= — 405 o
f Gk ,N—k,0.05 = f 44,16,0.05 = f 2.86. = c* = B SRy
Again only B-vs-D has larger #;;-value than 2> nl%-%1 /3 >SRev.n

2.86 (See LNp.3-10). Tukey method is more Qge&;;h&:fe u:: ;N&}gggb , @fter

powerful than Bonferroni method because HY: Ap=Aa (only one test)
2.86 is smaller than 3.01 (why?) Which critical value shyld we use ?

Ho: M =Uua) ?
@: Among the 3 critical values of Itijt, which one is the smallest 2 the lamgest? >

<:| p.3-13

Selected values of g y o for oo = 0.05

?ncreastng
N-k (why?)
ke
v 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 17.97 26.98 32.82 37.08 40.41 43.12 45.40 47.36 49.07 50.59 51.96 53.20 54.33 55.36
2 6.08 8.33 9.80 10.88 11.74 12.44 13.03 13.54 13.99 14.39 14.75 15.08 15.38 15.65 ->
3 4.50 5.91 6.82 7.50 8.04 8.48 8.85 9.18 9.46 9.72 9.95 10.15 10.35 10.52
4 3.93 5.04 5.76 6.29 6.71 7.05 7.35 7.60 7.83 8.03 8.21 8.37 8.52 8.66
5 3.64 4.60 5:22 5.67 6.03 6.33 6.58 6.80 6.99 7.17 732 7.47 7.60 P72
6 3.46 4.34 4.90 5.30 5.63 5.90 6.12 6.32 6.49 6.65 6.79 6.92 7.03 7.14
7 3.34 4.16 4.68 5.06 5.36 5.61 5.82 6.00 6.16 6.30 6.43 6.55 6.66 6.76
8 3.26 4.04 4.53 4.89 5.17 5.40 5.60 594 5.92 6.05 6.18 6.29 6.39 6.48
9 3.20 3.95 4.41 4.76 5.02 5.24 543 5.59 5.74 5.87 5.98 6.09 6.19 6.28
10 3.15 3.88 4.33 4.65 4.91 5.12 5.30 5.46 5.60 5.72 5.83 5.93 6.03 6.11
11 3.11 3.82 4.26 4.57 4.82 5.03 5.20 5.35 5.49 5.61 5.71 5.81 5.90 5.98
12 3.08 3.77 4.20 4.51 4.75 4.95 5.12 5.27 5.39 5.51 5.61 5.71 5.80 5.88
13 3.06 3.73 4.15 4.45 4.69 4.88 5.05 5.19 5.32 5.43 5.53 5.63 5.71 5.79

4.41 4.64 4.83 4.99 5.13 5.25 5.36 5.46 5.55 5.64 5.71
4.37 4.59 4.78 4.94 5.08 5.20 5.31 5.40 5.49 5.57 5.65
4.33 4.56 4.74 4.90 5.03 5.15 5.26 5.35 5.44 5.52 5.59
—upper tail probability. v=desrees : ~ - of trez S
o=upper tail probability, v=degrees of freedom, k=number of treatments | de tng
¥ (Why ?)

For complete tables corresponding to various values of o refer to Appendix E.

+ Reading: textbook, 2.2
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p.3-14

. ® response :
One-Way ANOVA with " boniing strength
Cg Quantitative Factor ﬂ'('treamevrl?fad:%r L)
ctf. L Ls power guantt ative
Qualitative 3 levels-0,50, bo
= bonding strength of composite material, (egually spac edi
*Exp'tal units:
= laser power at 40, 50, 60 watt. one composite
9 EUs
homogeneous * B0 % Epch treatment
7! mplete] repeats 3 times
601>350s 31313! *{randomized —o 1 £2:50,60) (ge rePh'caiies)
LaSCiihed Table 2: Strength Data, Composite Experiment
Initial Data Analysis :
Scatter plot Laser Power (watts) concei({::cil- g(og::
4 2 ~[the line is —
3 ) mggaf_u_' 40 S0 60 Ix=Mx+E
3 «| oMy whenthe | | 5566 2915 3573 | Mx=Bot+BiX
40 50 b0 fnctam r LS‘Ve ¥ Ux= Bo+Bu'X+BzX7‘
puantitati 28.00 35.09 39.56 _ 2,893
magor difference between U =BorBrceParcs
! !cbuhve&guah{:aﬁve 20.65 29.79 35.66 L(x:gg-ta,xlogx.‘.széx

Sactors
e a e L. One-Way ANOVA (Contd)+— {525 AVO7A
U= - -
0. (Ha): 4 Eo+§x+ ne-Way (Contd) Zable when
3 Table 3: ANOVA Table, Composite Experiment laser power
overall F-test is ‘crewbed as
Degrees of  Sum of Mean a %ll ttative
“how different” Source Freedom Squares  Squares F 'f'ad:or
s for laser 2 224184 112.092 11.32
gualitative and = 3
cuanitiative || Lesidual 6 59422 9904 large
Sactors total 8 283.606 t 62 < small f-Va‘ue

e Conclusion from ANOVA : Laser power has ajg—]| There exist difference
between dao. Uso, Ueo

significant effect on strength.

can only answer whether
o | To further understand the effect, use of multiple L‘ =?_— .U <
—» | comparisons is not useful here. ( Why? ) $or L, Je {40),’-0 60}

e | The effects of a quantitative factor like laser power can be decomposed into

linear, quadratic, etc. g Ux 44 4 ¢
7 /C = BoX j£x+6. ,IL‘. +B’~"‘IZ'.

base funckions inbercept linear effect tceﬂ’ed:
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— . orthogonal |e{(LM, Np.8-¢~5) > +'¢
%Judggcm f"ncftt;lg Llneaf and | polynomial =By +Bep B2+ €
(. gultatie codings, Lp3-9)| | Quadratic Effects L, oy

@M m-a m msa (M2 -11 >4
e Suppose there are three levels of x (low, medium, high) m o -2—uU 4

ma 1 1 "MH
and the corresponding E(y,) values are p = (uz, pp, )’

|3
“-[2«" ] [S'; ""2‘] [12}‘ 8- [ ] [(‘“Mn*ﬂng;s] AA [3%0. 2]
~ M = = ? = —u‘. +u -'_ o
Un Bo+B,+e¢, 111 Q _.ALQ w‘_%ﬂz‘)/: A 'lsb%lA
A m {
Btg’l ML
Bg=? Aén Linear contrast : UH — ur, _( 1 0 1) < u ) Aa) 4
H

m-A m m+A L i x
:!;';I ﬂ Quadratic contrast : uy, — 2,uM +ug = (1,-2,1)( um ). "pHTM

~——H — MH ,—az=+bx+c
OA
B!a?‘a A *<Cs E‘Zx(u"m" -ﬂm) <Sor gua/wml:we(w.,,';) 1

o

es"'?I-.-v--w:vc = (Un-Mw)- (Q‘_ﬂ"_lid*'ﬁrguanhtatwe
m-Am mea -2
(—1,0,1) and (1,—2,1) are the linear and quadratic contrast ma m n:\LMx

vectors; they are orthogonal to each other.—s& orthogonal +o intercept 1L .

Q sit. Q70 =0 (LNp3-5) Lo when of replicates are identical for all treatments
= & : a contrast (M), the columns in model matrix are or‘Hwaonal. E>

&

p. 3-17

Linear and Quadratic Effects (Contd.)

Xgw——coding —» X

e Using ( 1,0, 1) and (1, -2, 1), we can write a more detailed regression
model y = X[} 4 €, where the model matrix X is given below.

LM, LNp.8-2, location & scale Chai!gf
é Normalization : Length of (—1,0,1) = /2, length of (1,—2,1) =+/6,
divide each vector by its length in the regression model. (Why ? It provides

a consistent comparison of the regression coefficients. But the 7-statistics in
the next table are independent of such (and any) scaling.) I —
Bi<>ti

e Normalized contrast vectors: consistent
linear:  (=1,0,1)/v2=(-1/2,0,1/2),
quadratic: (1,—2,1)/v/6 = (1/v6,-2/v6,1//6).

" dn ] vectors Y3 A~ T8 check (D)
Wi % - eo - - -
M,L o R g-[&l(xfx) Xy e e
303 e | - ’6&
gm 1-1.1 4
1-50[ H =XE+€ X= %gé X = 26128]
bl Toopp  [133 :
+ -} 2
x=b >y =| ! v(B)=6*(X'X
°[Lsii. i) oooon J=>C° (By=200XT

jointly made by Jeff Wu (GT, USA) and S.-W. Cheng (NTHU, Taiwan)
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@ Estimation of Linear and Quadratic Effects "

o Letf3;, B, B;_ denote respectively the intercept, the linear effect and the quadratic
effect based on normalized contrasts and let 8 = (B, Bl B:)’. An estimator 3 of 3
- -

/ 5
£=A§fw( B ) ( V3 1V3 yﬁ) (&4-% [cs](a) in]

"o T B=1| B -1/v2 0  UV2 D2 =—t>lfa -
ébAEfA" B; Uve  Z2/V6 16 s Al LNp3-16
B=A"'U=A"M4

e We can write B = A'y, where E(4)= Bo + By Xy + Bng Y

, =5 Bo),—*( _&) —-+( _@%
B - (R

e Since the columns of A constitute a set of orthonormal vectors, i.e. A’A = I5. Let

/ Lyt
X=A"- A].Wel}ave 1'__(-5-XY1 A_z_LI
repeat ktimes [B=Ay=(A'A)"'Ay=(X'X)"' XY, cov(RB)=6 K13
3 of replicates e 5 — 2
?x3 matrix 9x1 vector| =xI;
where X is the model matrix and Y 1s the response vector. T os replicates

This shows that 3 is identical to the least squares estimate of (3. LP(XTX)"" ] cr,-A)-l
- — K

¢ Running a multiple linear regression with response y and predictors x; and xg, We—g-et
By =31.0322, B} =8.636, B = —0.381.

p.3-19

Tests for Linear and Quadratic Effects

'f-'-feSfJ ® : What f we use ®:Do we need
in LM lineay coding : (40,%50.60) = =x! . exercise | towarryabou{:
Quadratic codlﬁ (402, 502 60>) = 22 [ “collinearsty”?
Table 4: Tests for Polynomial Effects, Comp051te Experiment
consi
N e Standard
Ci‘:ﬁ%} 5., Effect Estimate Error 1 p-value
¢ (XX
Ll ol linear  BF—»8.636 [I817] 475 0003 |V
=0 2 ~ s
T[o’ég] quadratic  Bg#—0.381 |_d 1.817) —021  0.841 < not significant
L identical s.e
RSS/n_ s.e.
(check Tokde3, Lp.5) (why?)

e Further conclusion : Laser power has a significant linear (but not quadratic)
effect on strength. <~ answer €o “how different” problem

e Another question : How to predict y-value (strength) at a setting not in the
experiment (i.e., other than 40, 50, 60) ? Need to extend the concept of

linear and quadratic contrast vectors to cover a whole interval for x. This

requires building a model using polynomials.
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%Maﬁ'\é” -»Orthogonal Polynomials . base functions "

2 .
Xg 1 -2 1
Pe o1
e For three evenly spaced levels m A, m, and m+A, — B

define the first and second degree polynomials : Pi(%) Rx)
T o2 1r
Pi(x) = ’ X', x* might have} |

A sfrong_cgllmem{:y °‘ 1
P2 (x) == [ )
E4) =B+ B 4 BR

—1,0and 1, forx=m—A.m.m~+A), ct—r—t- 2L -8
Therefore, Py (x) and P>(x) are extensions of the I deﬁned _fw an
linear and quadratlc contrast vectors. (Why ?) _ef m &

m-a m m+A m-A m
mwbrzx form of LM.

X

(=1, —2and I, forx=m—A,m,m+

m
1 01 1 0
__] A

e Polynomial regression model :

y=Bg+ BT < PL(x)/vV2+ B5 x Pa(x) V6 + £ 4Eo B+ BT 2/ +Ba X/

obtain regression (i.e., least squares) estimates BS = 31.03, [AST = 8.636,
B; = —0.381. ( Note : B*{ and B; values are same as in Table 4).

p. 3-21

Prediction based on Polynomial Regression Model

e Fitted model: e nctional Sorm —
E/(\yl) — 1, = 31.0322 + 8.636 x P (x)/v/2 — 0.381 x P»(x)/V/6, QJ @
“Teanbeany x ————

e To predict fI, at any x = x*, plug in the x* on the right side of the regression

equation. For x = 55, because m = 50, A = 10, mod:i_ w;c‘::elfuuc'l;l:y tﬂ:oz,el
5550 1 plntermlation) (2eionter medel ouside
Pu33) = _10 A e esd-rapom:v.‘on thie exp'él region
— (makrix Jorm]
55-50\°> 2 5 —1 N
(55) =3 T -3|="7 z,o-/f » ROCYE, RICW)
Also, - M= 23*-@
g:“m-v s = 31.0322+8.636(0.5/v/2) —0.381(—1.25//6)
oS = 34.2803.  [can apply LM technigue
[ poerafeg'cmom to construct confidence _
—— ard:erva! for L))
Var(X%s B) +'va.-(£) error ~ mean response =& ~ »
~ = 8- future obs. =8% 2" (X'X) Xo
=872 (XX %+ il plalie
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