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Normal Distribution and Sequential ANOVA «+——

o Consider a linear model ¥ = XB + €, where -,Z/P;VFA
':;,Yeu,::l— Y € R": an n x 1 random vector and ¥ ~ N(XB, 6°1) nx1 veckors
one et £ sunple size — ;
one = v v u H, Hj;

intercept——=y 4 % = XB=1 Bo+XiB+-+XiBy

T il il
@.—E[% Bl - Bi] X,

e Define —=Ho : Bi=0 (Viz) vs. H: Bixo (&), I=1,k. n
— Vi = the vector space generated by the column vectors of L/

Ai=[Ai Xi] A=|X0 X - X i=01,..k y o

* V; is called the model space of A;, and denoted by span{A;}
* VwC Vi C--- C Ve =span{X} CR"

- Vi= orthogonal complement of the vector space V, i.e.,-ﬁ IR" ='V"$V""
K 3 -
a vecborspace] V- = {v e R": vis orthogonal to all the vectors in V'} E>

<:| hecK] _ ar—,g . We: BE {(HD) or ZBAZ(HP)? P2
m Wo = span{Xo} = Vp, and fori = 1,...k, -&rtzstaﬁrg H?’-' o AN

/i = orthogonal complement of V;_; relative to V; (note: V;_; C V), i.e,,

ERBrmee) W, — VOV, — VOV < V| P e
%?— = {v €V : visorthogonal to all the vectors in Vi) & aulll
. "
=span { [ Ai-s X} .
O span{Ai} « Vb'} «
% span{ Xi} > O >
in general
Wi & spon{xi}, Wa &sponiXa}| Woy,
(direct sum}- v wow
Wi U is uniguely represented = Wo+ W+ -+
Vil * Vi= WO@WI@'“,@V‘L$ U IS unguely rep ed = Wo+ Uyt~ e
Vil RYP=WoPW B---&W, @VkL (note: VkL is the residual space) (mkal r
O Wo LWy L LW, LVE > nal} Eunder the lineor (rthegorl
»D Wo LWi L - LWy LV~ 3 orthogonality model in Wp.3!.
usually Lo Note. In general, W; # span{X;}. However, if X¢,X,...,X} are
eguals the — = —— ==
4 of effects mutually orthogonal, then W; = span{X}.
i X[ — - — a; N — di N — di .
- ri=dimW) =dim(V) —dim(Vi). 448 P

x Let r=Y5 gri =Y\ odim(W;) = dim(V4). Then, dim(V;*) =n—r. N
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Ao e Orthogonal projection of Y onto V;’s and W;’s<I" a linear transformation of Y © 2%

an nxn matrix-<
(PFPV)-Y — For a vector space V C R”, denote the orthogonal projection matrix’of ¥

onto V by Py. Then, the orthogonal projection of ¥ onto V is Py Y.
'/ 5 if V = span{A}, then Py = A(A"A) 'A" < Recall. Hat matrix in
i "' the orthogonal projection matrix onto V-, / "'eg ”;fd?‘ Y,
denoted by Py, is Py =1 —A(ATA) TAT =1 — Py of =%
y enoted by Py, is Py, ( l) Py =Y - RyY
~_, — Some properties of orthogonal projection matrix
® A square matrix P is a projection matrix iff P’=P (idempotent)
- Idempotence implies P is a generalized inverse of P since
. — — 3 -
not, necessarily P PPP=P =P

.

(0 A projection matrix P is orthogonal iff PT = P (symmetric)
« If P is an orthogonal projection matrix onto V, then /-n-dim(V')

rank(P) P has dim(V) eigenvalues equal to 1 and the rest 0 <
=dim(V)| T — 1 - — -

° . . _
P is diagonalizable, and there exists an orthogonal matrix U -l

jig:ggmﬁm (U"U = 1I) such that UTPU = A is a diagonal matrix» A= [1',,9, ]
k 4 (Note. Thus, P = UAUT) Actually, aefo.1}] LR A
the columns of U are orthonormal eigenvectors of P, and 7
o] the diagonal entries of A are the eigenvalues of P |:>
<:I RnuY= LNp3I — X p. 2-34

(I-Pv)Y% Since V; = %{ﬂ}, Py, :A,-(A;-TA,-)—IAIT and Py, Y :Ai(A.lTAl,>~1AlT_Y

s For the model space V;, = i.e. consider the model :
| = Y~ XoBo+ Xi 81 +---+ XiB ¢

RSSy, = |[¥|* — |PvY|* =X¥TY — (PyY)"Py¥ =YY — YT P}PyY

o = Y'Y Y Py =¥ (1 Py)Y = [( PV ERemRE-R:
2V
V=V 0 W) L Pzt&i__’:'j@=<—_-|m (exercise, prove that this is an
” 5O Since W, =V;NV-, and V,_y C V,, orthogonal projection matrix .
= — Lz e s Hint. Py Pr.=RpRy. =
Foravector space V, h..___,‘%_, =ine. Py Pre=FeFRe,=Rn.,)
YR Y =lIRYI* Py, = (I— Py, )Py, = Py,— Py, Py, =Py,—Py,_,, -]
isa ¢ form. = = s . I ""%‘:’e
| | , raphs in
and PwY = (I—Py_)PyY¥ = (Py,—Py_ )Y =PyY —Py_ Y455

x Since R"=WooW,®---oW,dVandWo LWy L--- LW, LV,
—
Y = PyY + PyY + --- + Py Y + PVkLZ

Partiti —L
ofsun':g Pw,Y L Py Y L - LPW,\,Y£PV’(¢Y «—J | “
in Tope I o3 I = IPwo ¥ |I”+ [Pw YII” + + [[Pw Y [|”+ 1Py, Y[

ANOvA )« When X, X,..., X} are mutually orthogonal, We= spa.n{XE}
AATAT AT - At (AT Ny A= Py, = Py, — Py,_| F XX (X)) 'X] | A=[Am Xi]

e

jointly made by Jeff Wu (GT, USA) and S.-W. Cheng (NTHU, Taiwan)



