NTHU STAT 5510, 2024 Lecture Notes

Normal Distribution and Sequential ANOVA +—— P

e Consider a linear model Y = XB + €, where I};\IP;V:I[A
- I S—— —_—
',::reu,::l— Y ecR" an _nL>< 1 random vector and ¥ ~ N(XB, o’l) nx1 vectors
one effects — + sample s:ze & ¥ ¥
C-X=|1 X o Xy e —— b
atecet—F) Y 30 XB=TL o+ X+ + KBy
‘ A|NWA - ENE(Q7G_21) -« E'l‘.IDE:'“\dl N(Oaﬂz) ai e Smn{x"}
e Define == HS: Bi=0 (Vi.) vs. H: Bi¥0 (%), i=l,...k.
- 1
— Vi = the vector space generated by the column vectors of i;/
A_i_. . [_i'l _@] ﬂE [& & . £| 9 L: 07 17 22s 7&' I_/_'/_I:____________‘_/J//

* V; is called the model space of A;, and denoted by span{A;}
* Vo CV; g---ng:span{X} C R”

— V+ = orthogonal complement of the vector space V, i.e., > IQ“ =Vvev!
K X _
a vecbor space N

Sk, = 2 | — We : BAEE (W) or R4 (HE)? P2
m | Wo = span{Xo} = Vp, and fori = 1,...,k, e et o o 28 AOTA

/; = orthogonal complement of V,_; relative to V; (note: V;_1 C V), i.e.,
x il — —

a vector space 1%

V= {veR": vis orthogonal to all the vectors in V}

= VIOVii = ViOVEL < TonTin | e Xab
a . 1 .—
spa ._{QA‘L_“- : {v € V; : vis orthogonal to all the vectors in V;_; }

=spmflaxlll /S
% span{ Xi} p-0 p-0

in general
Wi % span{xi}, Wa = spanfxa] | Wo,

|direct sum]- ’ Vi

. w o ' wow
Vil * Vi=WoW &--- oW, D U is umguelg represented = Wo + W+ +uk
Vil s R =WeW & oW, ®V,  (note: V' is the residual space)
L T @ Wo LWy L LW, LV = orthogonality “Eunder the linear

model in LNp.3I.
usua:lyth * Note. In general, W; # Span{&}. However, if Xy, X4,..., Xy are
;%“:;eﬂ::cts- mutually orthogonal, then W; = span{X}.
in X¢ I I N — A1 Y — A ; 1/

- n=dimW) =dim(V) —dim(Viy). 4 pag

x Let r=Y5 gri =Y\ (dim(W;) = dim(V4). Then, dim(V;*) =n—r.
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e Orthogonal projection of ¥ onto V;’s and W;’s<f alinegr transfor matiqn of Yr 2%
— an nxn matrix

‘ ("’Ivg )=Y — For a vector space V C R”, denote the orthogonal projection matr‘iz)f Y
onto V by Py. Then, the orthogonal projection of ¥ onto V is Py Y.

/ + if V. =span{A}, then Py = A(ATA) A" < Recall. Hat matrix in
wroo 1 [inear mode |

+ the orthogonal projection matrix onto V=,

AW : T P,Y=(1-R
denoted by i, isPy =1 ~—A(ATAI)- AT =1 —“f‘;‘EELZY‘_(vav)Y

-, — Some properties of orthogonal projection matrix
. ® A square matrix P is a projection matrix iff P’=P (idempotent)
' [_-leempotence implies P is a generalized inverse of P since

- — S — uswally, a
not, necessarily P PPP=F =P, ™ Si ulvar madrix

ori
(0 A projection matrix P is orthogonal iff PT = P (symmetric)

« If P is an orthogonal projection matrix onto V, then /-Q-d'_mﬂT)_

ra“{‘(p ) P has dim(V) eigenvalues equal to 1 and the rest ) o
= dim(v)[ O~ 4 LI 28 uatio 2 Sy Summ—
- P is diagonalizable, and there exists an orthogonal matrix U

3“33“' Ls (UTU =1 such that UT PU = A is a diagonal matrix.» A= ["'. 2 ]

ecomposition| ———— — = o

\ (Note. Thus, P = UAU") Actually, diefo.2] L~ Ao
the columns of U are orthonormal eigenvectors of P, and T
the diagonal entries of A are the eigenvalues of P

PyiY= LNo.31 p. 2:34

(I':Pv)Y = Since V; = span{A;}, Py, = Ai(AJA)'A] and PyY =A;(A]A)'A]Y
B;-?-Y = For the model space V,, =-i.e. consider the model :
' ' — Y~ XoBo+ X1+ + XiB ¢

RSSy, = || |* — |PyY > = Y'Y — (PyY)" PyY =YY — Y7 P} PyY

= Y'Y - Y'PyY =Y"(I-Py)Y = ||(I - Py)Y|*|  B:R:=RE=R.
. Pz'fTF?E_ =Pp=e— (exercise, prove that this is an
Since W; =V,NV.—;and V,_1 CV,, orthogonal projection matrix .
— L. Z ——w ———>Hint. Py P =ReRr =R,
For a vecbor space V, | "S— e Vou TR ETRIY, Pru.l.)
Y'RY =lIRYI? Pm = (I—Pvl._1 )P& = Pvl. _PEP& s PVi _PE’ <__—J
s o b el T

and PwY = (I—Py,_ )PvY = (Py,—Py,_ )Y =PyY —Py_ Y 4 Np32

x Since R"=Wo oW, ®--- oW dVandWo LWy L--- LW, LV,

2
Vi =VE-|6 W;.

Y = Pyl + Py¥ + o+ Pu¥ + Py |
Partiti ; 1 _— L Type 1L {250
rtition PyY L PyY L ... L PyY L P, .Y «—— | ANOVA |/y 3,

k
2. . . 2 ,112 112 .
Y[ = [PwY|I° + [Pw Y |I” + - +[[Pw Y]] +|vakLYHz:]“‘°'
*+ When X, X, ..., X} are mutually orthogonal, 'W;;=$pan.{xe}
Ai(ATA AT - Aia (AT A ATa= Py, = Py, — Py, | fTLXi(XiT X)'XT | Av=[A Xi]
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e Consider the sequential ANOVA: fori=1,...,k, 'Pég". ANOVA in LNp.26]" **
Iii i i

e > Ho” Bi=0 (0 =Viy) vs. (B #0 (Q=V)
:(Pl)"RSS&—RSSQ LRSSy, , —RSSy,=Y'(I—Py_)Y—-Y"(I-Py)Y
(Sum of spuares]  —y' (Py,— Py_)Y = YTP Y = YTPWPWY = |yPWY||2
L check

LNp.25.26 and d fo, —dfo, = d1m<W) = Fis &u;mybe.m even if Ui
(P2) Py,Y £ PyXB+ Py, where :’;“’&%ff’g‘;gﬁ!f “;g
=88 - Py XB = (Py Py )b+ + XiaBy + XB o+ KBy
‘ 2 (Py,— Py )X+ + XiBy) = Pw, (ui + -+ uy) @——
* If Xo,X1,...,X are mutually orthogonal = U eSmn{Xt}g'W't
Sor£=02, 1] Py XB — Py — (X:(XIX,) "' X])X,B, — X, — u; e———LF
By (NI) —a=Tank(Pw,) = dim(W,)=1;
inihp30] © P& ~ N(0, 6Py IPL), where Py Py, =Py and Py, = Py,

Eiee [~ Thus, PyY ~ N(Py,(ui+ - +u),°Py,) (G’Finx 3 Re JOR: ) =R,

(P3) [|PwY|*>=Y"PwY = (XB+¢€) Pw.(XB+€) (SRrY

frandom variabiel-f — (XB)" Py, (XB) +2(XB)" Pwe+ €’ Pue (EVE, Werrive:

Sunclion o B T T ~noncentral 5&' (V6)

parameters 8| HPW,XBH E(XB) PVW§+§ PWl-Ea :(8/6?) in INp.30

where &' Py,€ = &' Py, Py, P& = 62 (Pwe)" (Py, /%) (Pw;€) ~ 0%,
e — — — —— el E>

@) BRSSy, —RSSy) = EXTPy¥) = E(PwY|?) e

Bl ) — [PwXBI® +2(XB) Py E(e) + E(TPue) 1=

=P i 2 ?‘-—l"o 6?

Whatzf&:'ﬂm H W(u == +uk)H +F @ }f =(2- a) M(Z-U)

— Note. If M: a symmetric matrix, and Z ~ N(u,X), then |+ 2uMz -u"Mu
Z: arandom varieble

E(2)= [E(21]* Var(2) F"E(Z_TMZ) — " My + trace(ME). [E(ZM2)= zg’Mu- WMu
(P5) For the residual space Vki, "’F [‘2'10"4 (Z'U)l

RSy —¥Y'(I_Py )Y —YTP,.¥— P, y2 |Eltdeumzw]
F Yot — r——l‘-:‘(—“/’lL> L ” Y | = Eft M(z-uxz-u413
N P el vL—E+PvL£:PvLe ~ N(o o’ Py )=t eltz- e 4]

-RSSVc

"% E(RSSy) <||PvLY|| ) r)cs_zam
ANOVA (P6) Since Wy LW L--- LW, L Vk g

By (N4) = Pw,Y,...,PyY, Pyéz are

N . ——=
,-f‘ L‘Npg mdependent random vectors

P
R Rizg|~ [Pw Y|P, [Pw Y| 1Py, Y
forixg | are independent random variables

% Further reading: Seber and Lee (2003), Linear Regression Analysis, 2" edition, Chapter 2.
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