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<:I [overall F-test . 221
Analysis of Variance— (w) Ho: 4=8o+£

B | (0) Ha: §=Bor ipjgy +€
e The total variation in y, i.e., corrected total sum of squares, 1g- gﬁ"z

¥ N 2 o1
—>CTSS=3" (Xh — )= y y — Ny can be decomposed into two parts

(A\mlysm of Variance (ANOVA)); e [ RSS under Q)

-Gi+Gi[ crssd Reg)SS + RS,  [LRSS under w
where RSS = Residual sum of squares = Y (y; — §i)* = (y Xﬁ) (y Xfi)

RegrSS = Regression sum of squares = Y Fi— 7)? =B XTXB — N2
) - ?’
mean of Bt's =4~ NOVA Table

Source of Y5>y, ds»x8, I~ |
s [ —
VAar.ation = =
= Degrees of Sumof | Y4-40 € Mean
Source Freedom Squares §-71 Squares

regression rk (@, 64 BTXTX[g — N3 B XTXB )/k J
Eresidual % ~kt DL -XB)"(y-XB) (y—XB) (yXB)/(Nkl)-L]
At R)byly N T ot <=

total

Explanatory Power of the Model

o Pt

o R’ = Rg%fgs = 1— £ measures of the proportion of variation in y
explained by the fitted model. R is called the multiple correlation coefficient.
t : -
o Adjusted R : cor($ , Z) =check the graph in LNp.2-20
) v 3% (_N-1 \ RSS .
R, =1 <
' RSS always = CTSde.;. N—k—1)CTSS —
descreases

=1

e When an additional predictor is included in the regression model, R_2 always
increases. This is not a desirable property for model selection. However, R>
may decrease if the included variable is not an informative predictor.

Usually R? is a better measure for comparing different model fits.

Q When can R? reach 17? e TR Want to have a Final

Ans. Gi=4:, only when available studying B Fitked model such that
data. have no replicates-» N 1. # of pammeters :

& # of poromebers B | | sample -df awailable for small
= # oS obs Size  estimating 6* | | 2. RSS : small
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Testing significance of coefficients : 7-Statistic
Examine whether 85=0 when other effects BY's (i), ix], are still in the model
v

e To test the null hypothesis Hy : B; = 0 against the alternative hypothesis T_

Hy : B; # 0 under the full model, use the test statistic | Nofe. collinearity
+57=F] A &~ rull model
— N p;—=0 (W) Ho: # Bo+-- +Ba‘-»93-|+83‘ﬂ83+n+---+8

f=——L
locxg| < saB) QI Ha: Y=Bo+rE 1%+ €
le - 4(sBJ ) t albernwl:(ve mode | 4

rulll dist. ,
uﬂd&' Ho:

e In practice, if p-value is less then o = 0.05 or 0.01, Hy is rejected. i~ tN-(kﬂ)

o Confidence Interval : 100(1 — )% confidence interval for 3; is given by

B] £ IN_(er1),g X 84 (BJ) : B3=84"
estimate  crifical value  s.d.(estimate) accep- Ba‘ -B}
a tance | ——=—+|<
where ty_;_1 ¢ 1s the upper o./2 point of the ¢ region | s.d.( Ba‘) \‘L'N_(kﬂ).%
dSocc | distribution with N — k — 1 degrees of freedom.
RSS ————

If the confidence interval for 3 ;- does not contain 0, then Hy is rejected.

N

<:| p. 2-24
check grapts Analysis of Air Pollution Data
—Lin LNp 27) 635 sd(@ )S t-test Q: Canwemmveall
Predictor Coef SE Coefé 4 d P ins Mfl-COITt
8o Constant 1332.7 291.7 4.57 0.000V ‘rr?u 'bo
—-u@ JanTemp ] —-2.3052 0.8795 -2.62 0.012V StMP‘l.fy H!mwe‘g
2 JulyTemp -1.657 2.051 -0.81 0.424 Ans. No_in neml'
3 RelHum 0.407 1.070 0.38  0.706 bu'L'Olg ! >
Rain | 1.4436 0.5847 2.47 0.018V | ‘-Fcbyex«sfs
5 Educatio -9.458 9.080 -1.04 0.303 <.L gonali
6 PopDensi 0.004509 0.004311 1.05 0.301 . )
() sNonihit 5.194 1.005 5.17  0.000V howbomﬁergrd:t“:.
8 suc -1.852 1.210 -1.53 0.133 E
& pop 0.00000109] J0.00000401 0.27 0.788 {fs nificant when
10 pop/hous -45.95 39.78 -1.16 0.254 H‘greﬂted:s are
{1 income -0.000549 0.001309 -0.42 0.677 tn lel.CoS
12 10gHC -53.47 35.39 -1.51 0.138 graph in IN 2-’.8*
(1) LogNox 80.22 32.66 2,46 0,018V | oot P
14 109S02 -6.91 16.72 -0.41 0.681 - c‘olltn,ema.rto'l-r;‘
S = 34.58 R-Sq = 76.7% R-Sq(adj) = 69.3% 1
K 2 C_smaller 3 Rh_ [-
Analysis of Variance t I+~L(k+')-p
*84F —>Regression 14 173383 12384 10.36 4] 0.000
F@*ﬁ‘»Residual Error 44. 52610? 1196 L» mgnjnﬂ
Total 58 225993
-{"'59065.
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 formulation of hypothesis testing from the view of comparing models4fm P
» a model space = the space spanned by column LNp.4-6~16
» consider a large model space, Q, and a smaller model space, w, where W [] Q, «—
i.e., W represents a subset/a subspace of Q. Suppose dimension (# of  [rested]
parameters) of Q is p and dim(W)=g, where p>q. > dfn=n-p, dfip=n- g

» to answer “which of the model spaces is more adequate” in statistical language
= perform the test H,: @ v.s. H,: Q\w - check examples in LNp.2-21823—

* 6 large > €ux€a
> o= Yy
> prefer W
*O small

from Ea.
> G, guite different

| /’ d‘rom w

""""""""""""" pten ) cot?(e) = prefer ().

1
(BSS, — RS5a)|/(p —4q) ~ Fp_qn—p (under w)¥case
’ - t-test:>

l'gw'
NEal® L5590 [[(0=P) dpyden T Tapn
Ly t-tests (LNp.2-23)& F-test (LNp.Z-ZS‘);q:—Mi.

¢'§ (sequential) ANOVA <>
LM,|=_anova( Q/~IJ+A +B+A:B,)), A: 3 levels, B: 4 levels 2> A:B:2x3=6 roD one
LNp8-18~19 =" | [Zdummy var.) (3 dummy var] 194mmyvar| | £rom the
——>1) test xmodel 1 (y~1) against Q:model 2 (y~1+4) [df,,— dfy, =2] [ model
—2) test WImodel 2 (y~1+4) against Q:model 4 (y~1+A+B) [df,,— dfo =3
3) test @‘:model 4 (y~1+A+B) against Q:model 5 (y~1+A+B+A4:B) [df ,— dfq =6]
(RSS, — RSSa)/(df, — dfa)

~ Fdfw _de >dfmodel 5 ‘_CL‘

B=3+

aspecial |

a
\ F =
2
Full model 255 model 5/Ymodel 5 ¢ g4l model
o invariant to the choice of dummy variables since they generate same w and Q
quence 1s .
_— on

» ANOVA could have different results when the order of effect se

changed, e.g., anova( y~/+B+A4A+A:B)): 7
= RSSw-RSSa=| Panet Y|

&oa) test wxmodel 1 (y~1) against Q:model 3 (y~1+B) [df,,— df5=3]

€F. 5 p) test «fmodel 3 (~1+B) against Q:model 4 (y~1+B+4) [df,,~ dfp=2]
X) test ¥model 4 (y~1+B+A4) against Q:model 5 (y~I1+B+A+A:B) [df,,— df, =6]

» anova(y~I/+A+B+A:B) and anova(y~1+B+A4+A:B) will have identical results
when orthogonality exists between the three groups of effects: span{d*},

span{d/}, span{d;"?}, because in the case, RSS,,— RSSq would equal for
1) and B), 2) and @), 3) and X) ~» furthermore, also identical to the drop-one

t-tests & F-tests
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@5 consider the full model: <% submodels "
y=Bo+ Brg1(x1,- - s Tm) + B2g2(T1,. .o Tm) + -+ Brgr(T1,. .., Tm) €
For /<i<k, should the term Sg; be included in the final fitted model? j
— : sequential (TypeI ANOVA) main purpose of performing
R :drop];ne (T—V&—l .%Af';oV;A)I v = Tt- & F-tests 3 (sub-)model: a model
EXample: ey:;c S, L P & s >k | with a subset of all
ks P=0 I~1+T || submodels| terms, e.g.,

significant” viriable
N 'Y Forward
i 11

I Y P 4 R T

{]3 g]s 92}9
Y~1+E+T L’ I~1+3:1+32
L{i: 923 943 g5> gk})

ly P fe Yp IR Ye pe iT YR pR YT ER pT ET T - g~1+9"+3 +g *9
I P=2 » hierarchical st‘;'uciurg
\ ' of all sub-models (see
/ ‘ graph)
@E Yee } /[ ipRJ\[ivT] [YeR] [1ER] [ipT] [iET] [ypT] [YER] [irT] [PER yET P=3 . B — # Ofterms il’l a
\ / sub-model
/ = # of different sub-
Tvpe] [TYpR| [iveR] J[iver] f[ieer] [ieT] [ivRe] [iET| WPERM [T | [woET] [ET] [Ye] [ER p: ¢ mo dClS: 2k
. » connecting line:
P: 5' TTpER TpET Wort TYERT ETT pERT ﬁBackward model nesting
TYpERT =6 * can & gene\'whd, '&O
$ull model " groups” of effects
. T, v . p.2-28
LM. LNp.5-8~9—Orthogonality '_L-)g(xlxl) X (hat mffg%m

* Q: consider the two models: Y=§!E.+E Y=XBi+XaBa+E Hr,x_rieji (I:I;'")xéﬁz—l_’"_."_)
&,

model 1: y= B,+Bx,+&, model 2: y= 3,+fx; +fx,+&

In general, f,, in the 2 models are not identical | fitted model = model 1,[What F

(of course, test H,: 8,=0 not identical neither) | true model = model 2 X/ xl 2207

XTI X)X X008

an exception: when x, and x, are orthogonal E (& ) =B+
« Y=Xp+e=X,6+X,5,+ €, where S5, B,]" and X=[X, X, ] with the property
~ Ty Yy T
X,"X,=0 = X, and X, are orthogonal ._._[3']= T ATV = [0“1’_") XY ]
— SP“’I‘{XI}-ESPG"{'X:} E B (X)) XY OXa)IXTY
X/ X, XiXo| [XiX; 0
X2X; X2Xof | 0 XX,

J — (XTX)_I: (X;;(I)_l (Xgiz)‘l

x'x [
« Estimation: f,=(X,"X))"'X,"Y, £z= (X,7X,)'X,"Y, and ﬁ]’ﬁZ independent
= note that S, will be the same regardless of whether X, is in the model or not

(and vise versa). Under model Y=XiBi+E = B)= (XX ' XTY

Q: what if only two predictors, say some x; in X; and some x; in X, are orthogonal?

» Randomization: In an exp’t, suppose that true model is Y= XB+Zyt+& but Z lindep.
cannot be measured or may not even be suspected = E(ff ) =fHX'X) "X Zy = J
?

Q: what’s the best way of controlling X to make X and Z as orthogonal as possible

jointly made by Jeff Wu (GT, USA) and S.-W. Cheng (NTHU, Taiwan)



NTHU STAT 5510, 2026 Lecture Notes

p. 2-29

* (Generalization.

Y BOﬂ + X.B. + Xsz toeet &@K"‘E

Wb-smnfiﬁ w',-sPan{X.} Wz'—SPan{Xz} WfTisPanm}

Suppose 'Hw:(? WolW L Wal-~1 Wk = X'X= - o)

= ] = N .

RSS,z - RSS2 2 B
Hg spanf{2} Ha:spanil, Wi} LT,
Ha:spantl, Wa} Ha:spaeil, Wi, Wa} ] ;= (xixd'Y

Ho: Y= Boll+X28a2+XsBs+--- +E irrelevant
i =
HA: g= Baﬂ+'3(z§z+)(8_@;+--- '+ X|B|+E_
Np25) RS $\I*
1% -92)= | P+ P (D> [“025) RSSuo=RSSua= Il Pw(E)I”—

W L 2
| Pt DI+ Il Pt safa when
T_+ TP @ P 22N, | o
not true if not orﬁwgonal Pw,(4)=X8 X,B) when Xa is
< Reading: Textbook, 1.4~1.6, 1.8 when X3 notinmodel) 0 Ehe model

p. 230

Some Properties of (Multivariate) Normal Distribution
(N1) Linear transformation of normal 1s still normal _E.‘[(AZ*CXAZ*CY] |

— = EX[ (AzxAz)" 1= £{AZZA]
nx1i I

I

] v >
ecto Z~Nuk = AZc¢~NA +c,AXA"). _._[covlzdlioﬂzuzaﬂ
vecbor] Z~ N(pX) (Aut+c )|cov(z) s

(N2) When 1st and 2nd moments are given, the normal distribution is specified. ]‘

2 A2 ;.c.,mean vector & variance-covariance matrix.
(N3) Z= {Z—ﬂ ~ normal, and Z;, Z; uncorrelated (i.e., cov(Z,Z;) = 0)

= Z\,Z, independent W cov(W;, Wa)= EX(WiwT
BI) > 212 ndenden, o ¥ [l a2, CET mazano A ezl
(N4) Z~N(u, X)W, =AZ, &:2gfgmhmul¢zeihk‘fmtk =0, %3
By(N3)| = W, W, are independent iff A, LA} = 0.—+>If Z=6'T, then T
(NY) ATAT=0 <> AAT=0
(N5) Z~N(u.X). Wi =A1Z Wy =ArZ, ..., W =AZ and cov(W:,W;) =0

""#‘ forl <i<j<k, = WlTWl ,Wng, .. Wk W are mutually independent.
N x JJ

of W
| fo ndepend
(N6) Z: an n x 1 random vector and Z ~ N(u,X), then ﬁéﬁm ;‘f'gse o ssaax?g:a

=y -1
= (- ir X is non-singular, (Z — WENZ—p~ X,% o T8z ~N(2, T)
(%)% £ standardization
| — if X is singular and has rank r (< <), =>The passible vectors of Z only occupy

let £~ be a generalized inverse of £ (i.e., ZX X = X), then an Y-dim

[ aangae}— Z-—W'L (Z-p~L Subspoce of R
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