NTHU STAT 5410, 2022 Lecture Notes

p. 8-11

dummy variable (indicator variable, coding)
« categorical (qualitative) predictorse-<£s catcgorical response (GLM)
» nominal vs. ordinal _r-eg-educational attainment, disease diagno.séic faﬁlg.

» examples: male/female, treatment/control, eye colors, blocks, ...

» qualitative in nature: = values are symbols, no quantitative meaning

= no value exist between categories J‘TdafwP between

» Q: what properties can we explore for qualitative predictor? =

category i — y;, 4= E(y;) = can only study difference between (s

—— - ] "
(cf., quantitative predictor) many ca'l:egones (1-way, 2-way,~)> :"Fag?’ fllﬂ.e-ie.
» Q: how to fit these predictors into the format of linear regression model

Y= XB+£? = Ans: dummy variables 4— base functions for gualitative predicbors
ﬁ
* one dichotomous predictor: two categories

» for a dichotomous predictor C with two categories ¢, and c,, define a dummy
variable d-: 0, if C=c,, L. :
- . L> o this (s a known function of C
if C=c,.

> for a data set with response y, one quantitative predictor x, and one qualitative

dc(X) in LNp b%yd(g) - 1,

predictor C (dummy variable d), possible models are: 1= 2 =5, 3" nested
model 1: y=L4,+ Bd + & model 2; y = /80 + Bx + & sutstzogel
model 3: y=L4,+ Bd+ [x+ & model4: y= ,80+,81x + Bxd T €,

model 5: y = 3, + Bid + Bx + Bixd t £ [interaction : aﬁmbp nof Z&Cj »

N > Q: how to interpret £'s in models 1~5? ‘ 4 model 1 o812
. C J . n rence] -
model 1:  y = 5o + S1d :Lj/—what difference @ e
C=c: m=B@ld=0=pf _ b = m o D
C=cy: pa=EQ@ld=1)=5+p  f = po—m A N
= model 2: y=fot+fizte L. difForence 93“‘" ‘model2
» model 3: ¥ =00+ S1d + B2z + € <+ a main effect model - BoBrintercet
e iditive model. Slope of
Gl C—cr e — BOd=0.2) ~[Filr for  (Wibivemodel, ) /ﬁ/
C=c: w:E(m@,z) (504‘51)"'52513 C-Cz X
Bo = H1,0 (intercept in c; group) 4}0 m, 3
| = B1 = H2e— p1,s (difference of intercepts) ;:rgo dix
(Bi+pad) 2| B2 = slope (same slope in two categories)‘ 3;’ :h':p; \B. dp
« model 4: ¥ = fo+ bz + Ba(d z) + E’anmtemcbon tines | .

+B X
z&fm?ﬂ: e = E(yld=0,z) = Bo Hb @ . T el 4
C=co:  poo=E(yld=12) =5 H(B+ B A

Pr: slope of

Bo = p1,0= 2,0 (same intercept in two categories) th'"s line
= B1 = slope of category ci B
B2 = difference in slopes ATy
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© models: y=fo+Sd ozt Ba(d x) +er(Barpad) x model5 "
C=ci: sz =E(yld=0,2) =5 +'B'[w what difference? . p Uiz Bytoe o
e :JMQ’x = Blyld=1,2) ={(5+ B}+](Ba + Byl Bi ‘_l
— . ! g 83: slope
reference o = p1,0 (intercept of category c¢q) Bor By difFerance -
Irne — — — 1—> & yax
B2 = slope of category cq Lo
: eer T .
B1 = difference in intercepts ey with l
R : : constant
Bs = difference in slopes term
» alternative coding of dummy variable (better orthogonality: Mg o— }

location & v ) -1, if C=c,, S B :
o SPRF[]ea0- {1 T SO
cha 1) i ) if C=c

i . . _’ —'g- . g J(ixz)
Q: how to interpret £'s in models 1~5 under this coding? t 5—’"“"

—— nmodel ! y=F £ 5d e @:howabout models 2-57 (exercise)

difference?] € = €1 w1 = E(yld = —=1) =[5 1 N Bo = (pi+p)/2=0
C=c: pe=EQyld=1) =[5 Br = (p2—p1)/2 =Ma-M

> analysis strategy: start from the full model (model 5) if there are enough = =(U-1)
degrees of freedom, and then test if some terms can be eliminated

»@.9. 2 guantitative predictors X., Xa

E(Yx)= BotBN+B2 2+ Bu i+ B2 3+ Bakila
+(Bo+ BN+ B2 22+ B 20> B2 Xar Bla Xida ) xd

» Q: what if data in the two categories have different variance? (g2, gadxi=(Busgad)X; | >

» identical methodology applies for more than 2
categories and more quantitative predictors

? ANCOVA (3 F $1H547) HoUHa—3 Bi=0:Ho — p. 814
r"é‘ ANalysis of COVAriance: testing model 3 () against model 2 (@ (_) 4 model ]
3:-';3 (more than 2 categories and more quantitative predictors 153‘35‘,’.;'2',2 B =
—=lallowed). The quantitative predictor is called covariateé and is [§=Bo+Bi.d+ €
me L expected to have the same effect in all categories. The difference e, 4 ™02
term btw > - ..
x&d | between categories is assumed to be an additive effect. E.lg.-.a.,+a.d+m+e| 8 %
* one polytomous predictor: more than two categories 4-Bax=BorBde € 22 53

» for k categories, k—1 dummy variables are needed to depict the difference ‘,&;‘“’" !
— . P
), 0C between categories (one parameter is used to represent constant term) 4-8ax Lﬁ-
> VaI'IOU.S coding of dummy variables: 4 categories ¢, ¢,, €3, ¢, €Xampleg.unple nadel (14 6-40)

(0.1) codmg «Ep treatment coding Helmert codinge~{(73 7)}—»sum coding Y=B.di+B2da
dummy —uﬂ 0, | 0, | d: Jle| Known d, | 4, | d [{coding d | d, | d +B3‘-|3’B'i"-’€
variables ‘ 0] 01 0 ! functions 1] =1 | =1 11 ] -1) c j:dolfgql

»base |10 o of C 6 | 1] -1 |1 o | 1] o] o C2 0100
Functions o1 |o N I T |0 1|0 23 : :::
reference e, |0 o |1 ¢, | 0|03 , [0 0|1 3;:‘1-.53:“:

» consider the model:  y = By + S1d1 + Bady + B3ds + € Ba=lis, Buzuly

= properties of treatment coding: t I L what difference? reference:

C=ci: p1=E({yld=0,d=0,d3=0)=p L@ =
C=cy: pa=FE(yldi=1,dy=0,d3=0)= o+ b1 —-5_-1 = p2
C=c3: p3=~E{y|ld =0,dy=1,d3=0)= 8o+ =B = ps—m
C=cy: pa=E(yldi=0,dp=0,d3=1)= o+ B | B = paufy

made by S.-W. Cheng (NTHU, Taiwan)



NTHU STAT 5410, 2022 Lecture Notes

s o treats ¢, as a reference p- 813

o it is convenient if a "standard" categories exists

o d;, d,, and d; are mutually orthogonal, but not orthogonal to constant term

. i ing: ¥ = Bo+ Bidy + Bads + Bads + ¢
properties of Helmert coding: 0 T oid T Peda o P3ds

C=c1: m=FE@yld=-1d=-1,d3=-1)=0—B1—52—03
C=cy: p2 = FE(yldi =1,dy = —1,d3 = —1) = o + B1 — B2 — B3
C=c3: p3=~E(yld=0,do=2,d3=—1)= o +28— 3
C=cs: pa=Eyldo=0,do=0,d3=23)= o+ 303 A B8
I L5 Wl 1 T ol 1 T ol L _"'_ = w
What difference?] 0 = 4 — £ u_fﬁ F.'::-: -:][g?)
P2 — i X< T[U3)7|1 0 2-1|]|B2
ré_; = 9 — Uy 1Loo B3
=
— (g + p12)/2 -1
& _ M3 ((&13 Mz)/L ,@,-"A H,
pa — ((pa +p2 +p3)/3),
Py = 4

o constant term, d,, d,, and d; are orthogonal when there are equal # of
observations in each categories

o hard to interpret parameters

o may suitable for ordinal qualitative predictor

[ - ‘Jb

s = properties of sum coding: ¥ = Bo + f1d1 + Bada + B3d3 + € p. 8-16
—6261: ﬂ:E(y‘dl:_17d2:_17d3:_1):50_61_ﬁ2_53

C=c: pa=EQyld =1,d,=0,d3=0)=po+ b jL__ 8o

1 ¢
C=cs: &:E(y‘dl:O,dzzl,dgz())zﬁo-i-ﬁz li‘—ta' 7t
C=ci: jps=FE(y|di=0,d2=0,d3=1)=50+8s wsJ

What difference? By = p1 + p2 + ps 4 g Q: Why no ﬂ*a ?

fo = =5
— 4 Bi+ Ba+B3= UatUs+Us-3U
= |5 = = Y0 -Mh-30=-(mm-T)
S— é = mfe(ence > ul‘ﬁ= - ‘BH-B;-PB;)
B = Ho: Bi=B2=B3=0 _
— (Uh=la= Us=Us=MT)
o [3, represent overall mean Ha: at least one of Bi's not O
o compare each category with the overall mean (at least one of Uis not I1)

o lesser orthogonal Ho (w): Y=Bo+E , HoUHa(f2): §=Bo+Bidi#Bada+B3d3+E
T check codings in LNp. 14
> Note: the choice of coding does not affect the R?, ¢ and overall F-test

(to test'HO,: gfﬂz':ﬁj: 0, the three codings have same wand Q) ANOUA does ok

one gualitative predictor — e RRJUNR . depend on the
> the overall F-test is one-way ANOVA (ANalysis Of VAriance— chpice of di’s
» Q: how to work with quantitative predictors? = identical methodology

as in 2 categories case. Q: how to interpret parameters in the case?
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(4%

* two qualitative predictors—» A& B can be ¢rossing o _n@g_ b 523“,3, b ;;:
(say, A: I=3 categories a,, a,, a;; B: J=4 categories, b,, b, b;, b,) Az; (Uif)
» number of different category combinations = 3x4 =12, "g of 03 a cell
denote their means as 44, i=1,2, 3 and /=1, 2, 3, 4, i.e., (A'B)f(“i_'bi) AB Y
botal of = Z; §Nig combinations X {a';b' v:,, } "
xﬁﬂgﬁ::f > Yijk = ,UJij + €ijks f— 1, 2, e ,nz-j, g: g,a \‘2,3"
n; = number of observations in category 4=a; and B=b, [a. ba Ynzm tha
— called replicates e dummy
» Q: how to depict the difference between 4,;’s?— variables {A d. \ dz‘
consider the following linear models: for A% B dz. R d}jl
=model 1: E(y;;i) = Bo ®: What difference do Hleir B's depict?
= model 2: E(yijx) = Bo + 51 d{l + 52dA eg- Uy-Uai=Uia-lz =ll:3'll23=’ﬂl'l-‘Uzv-|

B Uiz=liy=Uaz-Uay = Ya3-Usg
Yijk) = Bo+ Prdl + Bods + Bsdf main-effect model

E(
« model 4: E(yijx) = Bo + 51d1 + 5261’4 + B3df + Bady + 55d3],30-|- (an additive model )
model 1 4 model 2 model 3 model U4

= ) - A |
e AO{QJ I |5 ) Mi\ ﬂge;']

——eo——-—op-—-oA- cro\ep oo =\= h 1 =Q
1 % A ] U L_’u \{ 1 A 3
Uid L = : A=@,

= model 3:

iJ X T Y
?' blz ?3 6'4 ®----- ®----- ®----- .A: 3 '3 ul'-j%' * leﬂ Qa
o T B ke b3 bug oy o oy 4, 8 b b by by B 2
N Q: how to perform interaction coding? what is interaction? p'_s'w
/1\ add 3 (J-1) parameters |\ V" o A;<'
2 3 and do i 2 (1-1) tines| \ ¥ A 7l
A P 4 2 total (I-1XJ-1)
v RN ramet;
5 ' : : « A ‘ 2 | . Pa ers _T
=model 5: : 13-1-(1-N-(3-1)
E(yiji) = Bo+Bidi + Bads + Bsd? + Badf + Bsdf
® how to 2 3 . .
define di’s? +Zi=:12?:1/82‘j di; ——| 2-factor interaction|

(Dd‘rd" y daa interaction plot: replace 14
@ nested effect # of parameters: 1 +2+3+6=12 prot. rep Hy S

approach effects enter the model “seguentially” by cell means

» Two-way (sequential) ANOVA( (Type 1) Zk 1 Yigh/ i
r‘tu:o . anova(y~] +A+B+A:B) \‘ t- teSt } discussed in LNP 4- lO~lb (Type )
mtt:se = mrm_.[ﬁo A20 . Ho B20 . Ho A'B20
1) test ool model 1 (y~1 ) against Q,:model 2 (y~1+4) [df,,— dfo=2] ‘c?TyPel
ro) { W: Y~1+48+A:B, N: Y~1+A+B+A:Be+’e—Type Il
=w‘; " 2) test wy:model 2 (y~1+4) against Q,:model 4 (y~1+A4+B) [df,—dfq =3 3 Tymel
W: Y~14A+A:B, N: Y~1+A+B+A:B4a-T0B
3) test wy:model 4 (y~1+A4+B) against Q;:model 5 (y~1+A4+B+A4:B) [df,,— df, =f6;
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Nl 7o) (RSS., — RSSq)/(df. - dfe) 8 sl

general F F = ~ Fdfw_dfﬂadfmodel 5 Aze

io;lm‘;‘r:ro RSSmodel 5/dfm0del 5 4 — | = O pure error
-

o invariant to the choice of dummy variables if they generate same w and Q
» ANOVA could have different results when the order of effect sequence is changed,
e.g., anova(y~I+B+A+A:B):| [Ty | RSSw-RSSn. from fmedel 5 .
i O}‘:—-_—'—‘_ —.) ¢ "’Z"ngnt RSSmodel 5 ﬁi:'c Nivodel 5 } independent
2) S ) test wymodel 1 (~1) against Q,:model 3 (y~I+B) [df,,~ dfy,=3]
1)4‘-" B) test g)z_:model 3 (~1 +l§§ against_ Q,:model 4 (y~1+B+A4) [df,,— dfg =2]
X) test w;:model 4 (y~1+B+A4) against Qzmodel 5 (y~I+B+A4+A:B) [df,,~ df,,=6]
= anova(y~I+A4+B+4:B) and Also, Type L
4. : & Type IL
anova(y~I+B+A4+A:B) will have are identical |
identical results when orthogonality
exists between the 3 groups of effects:
span{d/’s}, span{d”’s}, span{d,’s},
because in the case,_RSSm:RSSQ
would equal for 1) and B), 2) and a),

3andX)  (1-1NI-1)(K-1) paramebers Py Ty B
« identical methodology applies for more qualitative {3-factor interaction, 4-factor
interaction, ...) and quantitative predictors (similar modeling to what in LNp.8-12~13)

< Reading: Faraway(2015, 1* ed.), chapter 13, 14.1, 15.1 % Further reading: D&S, chapters 14, 23
(> check Lp.3-9+16. tmusformations Transformation sooroximate
* Recalll  sor different purposes [P

» objective: for some data, data after transformation can better fit a linear model
> Q: how to choose an appropriate transformation?> various plots <=rather subjective

» transformation can be applied on response and on predictor-s__EL, numerical method

« transformation of response focation & scale - > collect a lot of

changes of y* A~ 1)/A, if A2,
» Box-Cox transformation family: #,(y) = { paa . ]« transformations
- log(y), if A1=0. using amklk

needed in likelihood approach
= #,(y) is continuous in A: for fixed y>0, use data to determine-

Iso, dfferentioble = 1 — lim (4 — 1)/A = Tim (o _ 9 _ yA-1

aso ‘ lim #5(y) = lim (y* —1)/A = lim (y” log(y))/1 =log(y)  |gr=4

» A=1 = no transformation, A=0 = log, A#0 or 1 = power transformation
=model: Yy = ,0)=XB+g £INO, FD=> YazhlY)~ N(x8.6I),

: o parameters: A, 8, 0 likelihood: .C(A.Q.G;_\:_)=:C(l,ﬁ.6 ;ZA_).'|1|"M merical

F"’f"e ’03' o can write down likelihood for estimation and testing of A J method

_ll'kelthd o choice of transformation becomes a estimation/test problems! = M0re obJectwe

1 wthe log-likelihood is  /(eergse chcktpug) o~ evaluate how for auay From

L= max L(X.8,61Y)* L() *(=1/2) log(RSS) /n){d- 1) Zlog(yij ((@: Why add s
(X;X).'XT Y‘\-T L m goodness of fit adjustment <—J adj"m ?
where RSS, = residual sum of square when using #,(y) as response, 1.e.,

RSSx = [taw)]" (I~ H)ta(y) = Ya(1-H)Ya

B
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