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Confidence intervals and regions

* Q: Why need interval/region estimation? What more information can it
provide compared to point estimation?
e.g., estimate of = 3.5, but accept H,: £=0. How to give such result
an explanation? Why point estimation cause such confusing?

* An interval/region estimation provides L
number

. —_——

» plausible values for parameter & — a5 ——

3) ——————

» uncertainty in parameter estimator 2

» information about its length and ap e
the values it covers may be helpful

» information related to testing
» meaning of 100(1- )% confidence interval T (test statistic)
or region, €.g., 95% confidence interval N - confidence

interval

* duality of interval/region estimation and hypothesis test: based on
For a 100(1- a)% confidence region, any point & that o

lies within the region represents a null hypothesis that
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would not be rejected at the 10000% significance level acceptance

. . o region of !
while every point @ outside represents a null Hf: o=gvs.|”
hypothesis that would be rejected. Hy: 6%6,
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« Model: Y= X+ & €0N(0, 02I); B : OLS estimator = 8 ON(B, (XTX)'g?)
> Confidence region for A where A is a full rank dXp matrix and d<p

ABON(AB, AXTX) 1 AT0?) = [(AB-APTAXTX) " AT (AB-ABY0? D %,
(n—p)3°/ a2 O R, ,

and they are independent.

AB-APTAX"X) AT (AB-AP)/ (A ) OF,,.,
» 100(1- a)% confidence region of AS: collection of AB’s (or f) that satisfy
general form [(A,@—A,@T[A(XT_X)_IAT]_I(AB—A,B)] /(d g3 < Fd’n_p(g)
The regions are often ellipsoidally shaped (Q: why?).

* Examples:
> confidence region for B i.e, A=I

B-P'XXB-D<@F?) F,u-y®
(Q: What’s the confidence region for all effects?)

. . _/(0,---,0,1,0,---,0,0,0,---,0
» confidence region of §, 5, i.e, A = ( 0000010 0 >

[(AB-APTAXTX) ' AT (AB-AP) < 2 G ))F,,\°
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3 T -1 T -1
7 = ( gz > ~ N (( gz >,02 ( (X X)“ (X X)ij )) EN(M,O'QE) B ZZA(XTX)_lAT
' J

J xTx) (X))
confidence region of S and B {1 | (Z — p)" £~(Z — ) < ¢} for some c

-1
Ji

= example: confidence region and intervals of 'gpﬂ and @w

nQ1: why the straight lines not tangential to the ellipse?

P ({(Bp15, Bprs) € C. Region})
P ({(Bp15, Bp5) € C.lpis x R}
P ({(Bp15, Bpr5) € R x C.Lyz5}) o

nQ2: what can you say, based on the plot, about the o= e
results of testing H':3,,5=0, Hy%: f3,;5=0, and T
EQ§ ﬂplS: p75:0? p15

nQ3: where will be the point (0,0) located if the data accept H,!', H?, reject H,*?
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s
[ .

0.0

how to explain the result if (0,0) falls in other regions? (exercise)

oQ4: what is the correlation between an and Bp75? how will the

shape of ellipse change when the correlation becomes larger or smaller?

o(Q5: can you see why the situation in Q3 will happen more

frequently when the correlation between Bpw and BD75 gets larger?

the confidence region? why situation in Q3 less possible to occur?

oQ6: if Bpl5 and Bp75 are uncorrelated, what would be the shape of :‘:
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» confidence interval for @z., i.e, A=(0....,0,1,0,...,0)

alternative method:
@ B~ N(B, oA XTX)), ® (n—p)F*/02 O Xn—p» and @ they are independent

= (B-B)/ (0\/( TX)_lii) U, , = C.L: ﬁ + ¢, @ x(am)

» confidence interval for prediction of mean response at z,
z,'B- z,"B ON(O, (z,(X"X)'z0)0%) = (z,'B _%T:@/(a\/ onT(XTX)_l %] Ut
= CL: z8 *+ t, (@ x (ﬁ\/ :vOT(XTX)'lwoj

= Q: fora given dataset and @, the length of the C.1. is related to x, only. What z,
will cause a wider C.1.7  Ans: x, that is away from the “center” of X

» interpolation and extrapolation
o interpolation: z, lie “within the range” of X
o extrapolation: éo lie “outside the range” of X
(Q: fitted model still hold outside the range?)
v quantitative x, and qualitative x
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» Example: 95% pointwise confidence band for
prediction of mean responses (model: y=4+fz+¢) =

g o Q1: why the confidence intervals get wider o -

1 when we move away from the range of data?  _
P _f A
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s . |o Q2: what's the danger of extrapolation?
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o Q3: does the widening reflect the possibility that the mean
structure of the model may change outside the range?

o Q4: does the plot represent a simultaneous
confidence band for all prediction of mean response?

» C.I for prediction of future observation at z,
2’ — (@, TB+ & O N(O, (z,5(XTX) 1wy + 1)0?)
= ClL: g/ * t, (@ x [0\/ 1+:130T(XTX)_I:EOJ

» a general form for confidence interval:
estimate = (critical value) x (standard error of estimate)

+ Reading: Faraway (2005, 1%ted.), 3.4, 3.5
¢ Futher reading: D&S, 5.3,54, 5.5

population P58

Sampling model

x X ® X
» experimental data vs. observational data g x XX 5%
. x & X

It depends on whether we have control over predictors ® x *®

examples: yield of crop.
experimental: fertilizer, ...,
observational: exposure, weather, ...

» Q: What difference between inferences based on
experimental data and observational data?

Ans: experimental data: causation,

observational data: often only association (Note. lurking variable)

» Q: Is this model description, Y=Xt+¢& &N(0, 0*I), appropriate for
observational data? Note that

(1) observational X are random variables

(2) in LM, X are treated as fixed values, 1.e., no distribution assigned for X

» Q: difference between “X is random” and “X measured with (random) error”

example:




« for some data sets, we can regard the data as a sample drawn from a population. **>’
In the case, we want to say something about the unknown population values using
estimated values that are obtained from the sampled data. (example?)

+ the data should be generated using a “(simple) random sample” of the population so
that they can be representative

e conditional distribution of multivariate normal: If

Y b))
o [2)-n(l2) 2 2)
Zy K2 | |31 Yoo
then -
21‘22 =22~ N(H.lﬁ@z?é‘zl(ﬁ—&_)? &—&2521&)

* an alternative view of regression: data (y,, x,), ¢=1,...,n, are
randomly sampled from a multivariate Normal population,

)/i 2 ET
!XJ ~ N([Z})j , [{;}}(/Y 2;;]) = y|X;=z; ON(t~F'tx) + B'z;, 0°).

It is a linear model with =24 '3+, 0°= 0y — x5y 2 xx ' Zxy E GA(1—12).

When we are interested in the “transformed” parameters, regression can be applied.

« Q: what information in these samples is proper? P- o8

(a) simple random sampling (b) simple random sampling given x (c) biased sampling

(a) (b) (c)
Joint distribution (X, Y) 4 x x
Conditional distribution Y|.X v vV x
Marginal distribution X v X v or X

* Q: what will happen if the sample is not random?
(1) biased sample
(i1) sample of convenience

(i11) sample = population
these nonrandom samples can cause problems in the inference (e.g., R?, LNp.3-18)

% Reading: Faraway (2005, 1% ed.), 3.8, nonrandom samples
Weisberg (2005), Applied Linear Regression, 3" Ed., 4.2, 4.3
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Orthogonality
* QQ: consider the two models:
model 1: y = it[ iz, +¢,
model 2: y = it Sz + Sz te
In general, & , in the two models are not
identical (Q: why?)
[also, test H,: 5,=0 (or ¢) not identical] Note. If fitted model=model 2
an exception: when z, and z, are orthogonal | * £ (B1) = B
* Y=XpB+¢e=X,6 + X,5+ & where B4 B]" and X=[X, X,] with the property
X,"X,=0 = X, and X, are orthogonal (generalization?)
xTx = XITXI XlTX2 — XlTX1
XX, X)X, 0 X, X,
= (XTX)lz((Xl x,) 1]
0 Xsz)
- Estimation: 3 = (XXX, B , = (X, X,) ' X,"Y, and B o B , independent
= note that A will be the same regardless of
whether X, is in the model or not (and vise versa).

fitted model=model 1: Y=X, S +¢
true model=model 2: Y=X,B+X, B +&
= B(B1) = B1 + (X X1) "1 X{ X2

= B(X151) = X161
+X1 (X X)X (X282)

* Q: what if only two predictors, say some z, in X,
and some x; in X,, are orthogonal? i

* Test: Q: how about test H,: 5,=0 (or c) in models 1 and 2 when orthogonality =~ **"
exists between {z,, I} and ,? will the test results be identical?
model 1: wy: y=4,+€ vs. Qi y=f+Bz,+&
model 2: w, : y=Ftf,x,t€ vs. Qy y=L Bzt Bz, tE
F=[(RSS5,~RSS)/(df~dfo)VIRSSq ldfol~F 4,
RSS,—RSSq =RSS,~RSS,, (Q: why?)
but, RSS, 2RSS, ., and dfy #dfy,.. i.c., 64, # 65,.

Q: when will the test results be consistent? (65221 ~ 63 ,) when will be very different?

Note: although the tests do depend on the presence of z,, the dependence is usually
not as strong as in non-orthogonal cases.

« orthogonality is very unlikely to achieve in observational data (it's a feature of
experimental data from a good design. In experimental case, orthogonal design is an
important criterion). At best, predictors are almost uncorrelated and "near"

orthogonality holds. | -
+ Randomization: In an exp’t, suppose that true model is Y=X[+Zy+&, but Z cannot

be measured or may not even be suspected = E(B)=B+XTX)' X Zy
Q: what’s the best way of controlling X to make X and Z as orthogonal as possible?

+¢ Reading: Faraway (2005, 1%t ed.), 3.6
% Futher reading: D&S, Appendix 6A
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Identifiability
« model: Y=X+¢, where X is an nXp matrix = OLS estimator # = (X’X)"' X7Y
Q: what if the inverse of X7X does not exist?

« [ (or X) is called unidentifiable when X*X is singular (= rank(X)<p =
dim(Q)<p - at least one column of X is a linear combination of other columns)

» the normal equation X7 XB=XTY has infinite
many solutions. Any #=(X"X)"X"Y, is a solution,
but should not be regarded as an estimate of .

> Y and & are still unique

* Q: Why does unidentifiability happen?
» observational data, some examples:

= same predictor measured in different scales, and both are in the model

= X 1%2%’ or X li( gﬂ 376 and all three are in the model with intercept

» X is supersaturated: p>n, i.e., more effects than observations

(Note. saturated X: when p=n and X*X is nonsingular = ﬁ 1S
identifiable, but no degrees of freedom left for estimation of o

because Y=Y and €= 0 = cannot do testing or C.1.)

= such problems can be avoided by paying attention.

p. 5-12

» experimental data, e.g., two-sample case:

treatment data: y,, ..., y,,, control data: y,., ..., Y,,+,- Suppose we model the
response by an overall mean / and group effects @, and a,:
y=pra g, i=l1,...,n; Yy =uraytE, i=ntl,.. ontm,

Y1 1 1 0 €1
v |_[ 110 [ . : . ,

( Yn'i1 ) =11 0 1 ( o)+ | e = X (or B) is unidentifiable
Ym+n 1 0 1 €m+n

= over-parameterized: some constraint must be imposed on (4, a,, ), say
p=0 or a\+a,=0

* “unidentifiabile” means
1. insufficient data to estimate the parameters of interest, or
2. more parameters than are necessary to model the data

« an eigen-decomposition of XX will
reveal the linear combinations that gave
rise to the unidentifiability (check lab)

» what causes problem is data close fo “unidentifiable,” (i.e., strong collinearity) =
model is still identifiable, but standard error of estimates can be very large (why?)

« statistical softwares handle unidentifiability differently. R will
automatically fit a reduced model when X is unidentifiable.

Reading: Faraway (2005, 1%t ed.), 2.9
Futher reading: D&S, 4.2, 20.4, Appendix 20A.
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Interpreting parameter estimates
« Q:Y=Xp+ & whatdoes Bmean?
Some matters needing attention about [Z ;

> JQ have units [e.g., fuel consumption data, fitted model:
fuel = 154.19 + (— 4.23)Tax + (0.47)Dlic + (—6.14)Income + (18.54)log,(Miles)]

> sign of B : direction of the relationship between the term and the response
» interpretation of estimated value (see next two slides)

> better to also consider values
contained in its confidence interval

» causality or association

» the parameters

= some f3's have physical interpretation, especially those from a conceptual
model [e.g., attach weights = to a spring and measure the extension y]

= unfortunately, such cases are rare

= usually, £'s do not have such physical interpretation

= in the case, the model Y=Xt+¢& is only an empirical model, i.e., a
convenience for representing a complex reality within the range of X =

the real meaning of a particular £, is not obvious, interpretation is difficult

« Some interpretations of parameter estimates b 514

» anaive interpretation:
“A unit increase in X, will cause an average change of 5 inY” [
[e.g., Y: annual income, and X: years of education]

causality
statement

» Q: what if there exist lurking variables?
[e.g., X: shoe size, Y. reading abilities, Z: age of child]
= causal conclusion is doubtful X e Y
= Q: what if the roles of predictor and response are mistakenly switched?
[e.g., Y: fire damage, and X: numbers of firefighters called out]
= Q: what if some important effects are not included in model?
o X fixed B(B,) = 8, + (X]X1) ' X] X8, i 4
o X random. true model: E(Y | X1, X2) = X18; + X208, , Ezﬂ )szl
fitted model: E(Y | X1) = X108, -
E(Y | X1) = X1, + B(X | X1)B, 1
Var(Y | X1) = 0% 4 82 Var(Xy | X1) B, EEI /%/}Z’Z’:I
» even though we have all important variables in the model [
and no lurking variables, there still are problems, e.g.:

y=5+ B X, +B Xpre= Bt (B=5) X, +B(X Xy +e >
» in a properly designed experiment, the naive interpretation is —
more reasonable (because of its use of orthogonal designs and
randomization); but for observational data, it's often questionable.




> an alternative interpretation p. 515

“ A unit increase in X; with all the other (specified) terms held constant will be

associated with an a_Verage change of ,8 inY”

= Q: can other terms be held constant? e.g.

o X, and X, are highly correlated

o consider the model EW=6tB X, + X, BX, Xo=(H B LX) X, 6. X,
= it requires the specification of the other terms/effects.

Q: what will happen in the analysis when
strong collinearity exists between effects?

= estimates and tests of £3.’s may significantly change according to what other
effects are included. 1t makes the interpretation almost impossible (check lab).
In some cases, the problem can be removed by redefining the terms into new
linear combinations that may be easier to interpret.

» an interpretation from prediction viewpoint
regarding the parameters and their estimates as fictional quantities, and
concentrating on prediction enable a rather cautious interpretation of I@:

gIVen (g gs--+9; 0o+>9p-1,0) = 3?0 , observe (g g,--»g; 0t LseesGpm10) = @0 + B@
= prediction 1s more stable than parameter estimation (check lab) -
= directly interpretable and success may be measured in future

= dangers of extrapolation, be cautious when z, is outside the range of X

* Q: how to make a stronger case for causality (be associated with — cause)? P °°

» include all relevant variables/effects = however, even though you try hard to
do so, the possibility of an unsuspected lurking variables will always exists

» fit a variety of models and see if a similar effect is observed, i.e., whether the
estimates of £, similar no matter what the fitted models are?

» use non-statistical knowledge of the physical nature of the relationship
= conceptual model is more persuasive than empirical model

» multiple studies under different conditions can help confirm a relationship.

» in a few cases, one can infer causality from an observational study.

[e.g., Dahl and Moretti (2003): parents of a
single girl are 5% more likely to divorce than
parents of a single boy. This observational study
functions like an experimental design because
the sex of a child is a purely random matter. ]

» even if these steps are accomplished, one can never be 100% sure of the
causality relationship purely based on a statistical analysis. For example,
consider the history of the study of the link between smoking and lung cancer
= it takes decades of studies to go from association to causality

¢ Reading: Faraway (2005, 1%ted.), 3.6, 3.7
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What can go wrong? many many things ... Y=Xp+¢
&e~N(0, 1)

* source and quality of the data (Q: how was the data collected?)

» data may not be a random sample of the population. Situations such
as biased sample, a sample of convenience, or sample=population

» important predictors may not have been observed (Q: how may you find out?)

» observational data often make causal conclusions problematic,
reason: lack of orthogonality, collinearity, lurking variables, ...

» the range of X and qualitative nature of some predictors may
limit effective predictions, it's unsafe to extrapolate too much

» Key: data collected should be representative of the population of interest
« error component [we hope &1N(0, 1) ]
» £ may have unequal variance

» £ may be correlated
» £ may not be normally distributed

= this is less serious when sample size is large. Notice that even if
£ is not normal, g might tend to normality due to CLT. With
large sample size, normality of data is not much of a problem

» for small sample sizes, bootstrap method offers a solution

« structural component [ E(Y)=X/f] p- 5-18
» errors in X
> serious collinearity in X
> some inferences strongly rely on the choice of full model, X/ (example?)
Q: where does the full model come from?

1. physical theory may suggest a model --- wonderful but relatively uncommon
2.experience from past data --- may help suggesting a reliable model

3.no prior experience --- explore current data to find an empirical model

= confidence in inference will depend on confidence in the model

= an empirical model can be regarded as a local approximation of the
underlying true system on some ‘“‘safe” range of X

* many statistical theory rests on the assumption that the model (error and structural
components) is correct. In practice, the best one can hope for is often “empirical
model=underlying system”. [Box: “all models are wrong but some are useful”]

* publication and experimenter bias

» significant level, say 5% = keep studying, sooner or later, one will come up
with a significant result (about 5% chance) even if one really does not exist.

Problem: significant results get published but not insignificant results

» experimenter bias = many ways of analyzing data, experimenters may be
tempted to pick the one that gives them the results they want/expect

% Reading: Faraway (2005, 15ted.), 3.8




