NTHU STAT 5410, 2022 Lecture Notes
. 39
o Gauss-Markov Theorem (Reading: F, 2.6) ’

Q: why is ﬂ( =(XTX) ' XY, OLS estimator) a good estimator?
criterion for finding estimator T

» it results from orthogonal projection, makes sense geometrically LS criterion

» (FY]) if EDN(O >I), ﬁ is the maximum hkehhood estimator (exercise)
multivariate normal
['-—.'@ Gauss-Markov thm states ,8 is BLUE (“Best” Linear Unbiased Estimator)

tistical - meamng-—T ,—— parametey
* estimable function: a linear combination of the parameters géCcT,B , where cis a
known vector, is estimable if and only if there exists a linear combination of y.’s,

i.e., a’¥; such that E(a"Y)=c"f, 0 B € R® (= a"Y: an unbiased estimator of ¢’f3)

»Examples of estimable function @-[ 2] G ar= {;,z. . -{-o w: o]
LNp.2-10.{@ two sample problem: LW E(a’Y) = E(2-W) = Uy~ My <L<F)
e I IR Sy W=th-la | i) 7= [t Yoo, Yo, %4]
| Zn|=|20 [ﬁ']-»a =[1-1]8 | E(@Y)=E(Z - W)= lh-LUa
LNp.%-4, s . 2 6 But, Tar(z-W) > Var(Z2-W)
(future wed Lod. Q (Note a™X=CT,exercise)

lecture) prediction:

e e || TFE
predict E (4y)= 25p=¢ E(CTé) infrnite many
: ) ce solutions.

»>1f X is of full rank, all ¢If’s, O cOR?, are estimable 4’ _ g Cubure lecture)

Predicfor: _.Xg.r’é= 2(;," ( x"x)"x" Y
E(2@)= %8

Z;’" (30|.“‘,30p)

* Theorem. For a linear model Y=X+&, suppose @O E(£)=0 zi\.(é.fathe structural pa‘ftz"10
of the model, E(Y)=Xp, is correct) and @ Var(&)=FI (F<»). Let @ ¢=c'B be an
estimable function. Then, in the class of all unbiased linear estimators of ¢, ¢ =" 3,

where ,B 1s the OLS estimator, has the mmlmum VarlanceTand 1s unique.

teLuE Eimators with the ay i
proof: Let aTY be an unbiased estimator of c78. L-Es — frs

provedunder| E(a7Y)=aTXp = c"@-;(a’)(—d)(;-o vYBeER Py a-c =0 > ax=Cl --- (%)
LMk | (8 EYCEFC) - @R ¢ Tl AT 6*=(Ha) o>
Q:What if ar ('R ¢’ E(BED ¢ =T (X) o = a X (W)'¥a -6 =(@ Ha)
X oot fullrenk?| 7, (a7y) = EXaTYYa) =47 E'tr)a= a7¢la T—Ly(*) o @’“ |Hal?
laP) = c* (d"a)
o Minimum variance -~
Tia(@™y)-Vin(B) > € A2 -6l Ha = & AT(1-H)a» SaTz-wcz-ra
» unigueness =6 [|@-HYl™ 20 --- (**)
in (%), ‘=" holds iff aeﬂ@ Q=X D Fom (%) , C=AX = (X =X
=C (3 xl‘(x'rn &Tx) o Y= c.)‘__- % Y=amy Q, Under what as;unphoms ?
c” (3 a’ Ans. Gauss- Markov conditions
« Implications of the theorem: rJ 0]8]6)]
> the theorem shows that the OLS estimator is a “good” choice < Note, OLS est’org
» Note: the theorem does not require normally distributed &€ ' £ 9 N(o,6%)
> there may exist non-linear/biased estimators that are “better” (MSE=Var+Bias?)

» if some assumptions are not true, there will be better estimators
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¢ + Situations where estimators other than the OLS estimator should be considered” 1

» when &are correlated or have unequal variance, (Var(&)=c#1 is violated.
X (Q: what will be seen in data analysis? how to check? diagnostic
, —use generalized least square estirdrialt?r/— hmu-'l:atled, *3, Cauchy dc’stn‘buttc;n.
» when error distribution is long-tailed (e.g., there exists outliers or ¢?=co,

g Q: what will be seen in data analysis? how to check"‘)’T

> B a linear :FuCélOﬂ. OF Y l l I ‘CDT(&,?;)I-ul
2£-7% = use robust estimators, typically not linear in Y« | o git tg; 3 olnost’unestim

-
® > when the predictors are highly correlated, i.e., collinear (non-singular X7X
"?f“"“% is “partially” violated. Q: what will be seen in data analysis? how to check?y

| T—3 unstable detectio
--n——-a»x:> use biased estimators such as rldggregressmn collinearity % or PCA

» when some important predictors are not included in fitted model ( E(£)=0

5 is violated, e.g., true model (My): E(Y)=X,5+X,/3, and fitted model (M F) '
£ E(Y) X, 5, Q: what will be seen in data analy51s‘7 how to check‘7)1- [ X )(z][ ]

fesiduals :> OLS estimator may m’: m:‘_ 6" (X7 X)) XY | mrgsctduals‘ n)

-4, ~ not be unbiased E(B)= (XY sE (B 1+ XaBs) = Bit+ (4 Xy Xaﬁz, J

(Note: From the viewpoint of data analysis, it implies you should examine
whether these situations exist in your data when performing regression analysis.
It’s interesting that the theorem not only shows us how good OLS is, but also
indicates what conditions should be concerned and checked in data analysis.)

p. 3-12

Estimation of a subset of parameters [B: «—of man interest]

nxi nxp Ps| nxg %+l

e Consider the model Y = X 81 + X932 + € withrconstant variance. Let
nx(p+g) (p+@)xl [ B L—J_r- uncorrelated

X =[X; Xo] and B = 52} Then, Y =XB+e —(x%)

e Suppose B is the OLS estimator of B under (k). Then X' [x' ]%[Xu Xz]’XA
. [ xTx; XTX2] [XTY] Tk

E XIXTTXTXa| | XTY | (G et %

— Clearly, B # X?Xl) XTY in general (equal if X{ X, = O}-—I (DEE

— Note. (X{X1) 7' XY is the OLS estimator of 81 under Y = X181 + €. -

e Q: What is the close form of 61 (useful when B2 are nuisance parameters,
which are not of the main interest but required to be in the model) J

= (XTx)'xTy = [

e Normal equatlon XI'XB = X7y 4—53'? ! t<:hed< (%) in Np.3-11 evl9- Ileﬁ’e
pxp T T /3y substituting bloc cks
xTx)) 61 7 ZXl X5)B = XTY — in DOE

BPYXTX1)Br + (XTXo)Be = XTY = Bo = (XFX0) ' [XTY — (X] X))
e Do the substituion, and get

@gxfxl)g_l + (XTX0) (XTXx0) [ X1y - (XI'X))B1] = XTY (A)
= [XlTX1 T T 13T v 13 —1 =T ]

- X| Xo(X5 Xo) Xy Xu|Bi = [X[ - X| Xo(X, X)) X |V

B
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@e Let Hy = X5(XZX5) " XT be the hat matrix of X, 2= Baald+Fy e ss
=Ha Z+(I-HIQ

— The matrix Hj is the orthogonal projection matrix onto Qs = span{Xs}.

— The matrix I — Hs is the orthogonal projection matrix onto Q“L

e Then, we have ')ZET._ (IT‘H:)T! R = ﬂ: e Q,
(A) = [X]T-H)Xi|p=X{(I-H)Y ﬂix!,xﬂ@smn{x. %}
= [X{(I-H)"(I-Hy)X 1|81 =X{(I-H)"(I-H)Y
P*P .
Check L= WX 7 X 1 ,81 X 1T Y (<= normal equation for ,61)'—*’;_3" mél i%af‘;’:-n
F@ X, = (I-H)X, = X — HyX, S
cov( g,y where = I
*=62(X7R)” Y = U-H)Y = Y-HY [y ', ——
e Irom the normal equation fmfl ,/jve g;et fﬁe’fﬁ gm,fh X3 s fi: X
- (XIR)KTY - (RTR)ORTY,
which is the OLS estimator of the linear model X2 - __
~ - ~ ~ CF' ,' 3 i
Y = &/61 == _E_,Q'D . - _E £ A

where € = (I — H>)e.

Xi X2 l ‘ ~ \“_\
= xl -H e 0 . !
1 ,_(I_ :)X: - l ( ) - A_ . - 522 N SpaII{XL XQ}
Q ownﬂh ! “NP<3'|2 Xlﬂl ________________ ; :I

Estimating @ |Y=XB8+E =X8+€ 6 Var(€), ‘-———l” o
* Q: Which part in data contains information about &?? | E :surmogate of €
 Q: What is a suitable function (statistics) of & for Ans: residuals (

‘ estimatin% @D ~ [ length? of € E(€)=E[(1-H)Y]
.@ x«‘.=:(é‘. =_jtal 6"2- RSS - éTé$ =(I_-ﬂ)56=2
=0,—f the madel = [YI(I-H)T[(I-H)Y] = Y{(I-H)Y

-t

space 3 untains 1L a guadratic function of ¥i's
O EE 8= (Q‘t—ﬂ)a2 where n=# of observations, p=# of parameters in

<k,
E(£ed)= ne*, but
(Note: £ is located in the (n 2) -dim residual space Q) =
E(E"2) camok accumuld:e

Hint E(YTAY)= bace[A cou(Y))] +[E(Y)]A[E(Y)] no®

t A=1-H| e —
[ Y (1-H)Y) tmw[(I-H)c I (xB) (I-H)(XB) O o f umsolues

E(?_'s) (n-p)5= gX7(L-HIXB=0 @I(-;_*Pt;asr::ae:vg:esz

. estimate @ by ¢ = €7 &/(n—p) = RSS/(n-p) = an unbiased estimator
« actually, 4% has the minimum variance among all quadratic unbiased estimators

of @ «<%-»> Gauss-Markov Thm. ra
A N T ¥ ’RSS nov
« 6=.JRSS [(n-p) —> se.(Bi)=|(X X)B;J e (LNp3- 8) unbiased
ET& In=RSS/n

* (EY]) if €lIN(0, 1), the maximum likelihood estimator of & is

R oy

distribubion
of g

(exercise) 2 (Note. OLS estimator Jes B
% Reading: Faraway (2005, 1%t ed.), 2.4 of 8 isalso MLE n-p.
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Y —%a&Goodness-ofTFit' how well does the model fit the data?
* Q: What’s “goodness”-of-fit? Why we need it? What can it imply and what cannot?
model 1 (£): Bol+ Brgr(z) + - - + Bp—1gp-1(z) + ¢, Rl L3> ¥- 79
el Cmodel 2 (w):y —ng €.<model in one-sample pmblem (LNp.2-10)

* R?, coefficient of determination or percentage of variance explalned?).ca Wi P =

8% Rsy.pl RSS,, is the RSS calculated from model 1 (Q, with all effects g;’s),” tygg
Z(ﬂ; )7' TSS,1s the RSS calculated from model 2 (o, without any effects g;’s). Rl

p. 3-15

m>

sg;»;;mnﬁz 9 ,_RSSa _ TS5, — RSSq'| [average
—TwiEr TSSw TSS. °§ 3
e —U+y

3P o8 Oret folec oot ,
Variance B Z(yz ?J;)Q > (y; — )2L Eg——n’i— PJ*TL ESSn R*small
i;ysﬂm C) 6 kiii;__ ) ‘g~ g .
=E[V_a_\r(LIX)] — Z v) (¥ — v) _ <COI’(Y,)7))2

*TarlE{viX)) VE i -2 S @G — )2 i

Interpretation of R?: “proportion of total variation in Y that can be explained by the

effects g.’s.” ( —» concept: source of variation in Y)ql without abserving Xi’s
Ifﬂ.-'; > R—correlatlon betweenY and Y'; for simple regression (i.e., Q only has one

effect g,), R=correlation between g1 and Y (from the geometg viewpoint, ...)

?'&*?gl
» 0 < R?’< 1, avalue closer to 1 indicates a better fit. (what if n=p?) P20
> Q: What is a good value of R?? Ans: It depends. 2 %:’ dlmkﬁgder )
» Warning. R? as defined here does not make any sense _ 4 %S& yz
if an intercept 1s not in model. Consider simple o
regression:  [Tss¢y [RsS () LT_Si“_’.]
Note. o o TSS(ii)
rssaiy | (D y=BtBate L (ii) y=Bz+e
= RSS(1) y=LFyt+€& y=E < E(€)=0

. .lagmn?
AL |

(when £,=0) (when £,=0) L

= Beware of high R?reported from models without an intercept.

= Formulate exists for no-intercept R? (e.g, compare the RSSs of the
models Q:y=p z+¢&and wy=L4+&), but same graphical intuition is not
available. _ | Note W ¢ (L |»{ 0<R7<| may not hold )
—=® Resist throwing out intercept term in model (Note: when intercept is not
| Cor(Y,Y)! in model (or 10JQ), sum of residuals might not be zero) —Note. X"E =

> Note. R? does not indicate whether the model

R value i E(Y):fﬂis correct , 1.e., Y=XB+E = X*é*-l- ’e\

meaningful |1 high R? = fitted model is correct '——:f t—’

when low R? = fitted model is incorrect Lk REFL
(e.g., a model with n=p will have an R?> = 1; however. @ : What hoppen tf

future

A2
such high R? might only indicate over—ﬁttmglf oo | COF(Ys Xgy' >>C°"( A%
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Cases for which R? seems appropriate under the model: y=4+fz+& P37
(Q: Which R? is higher?)

Check
(ﬂ’) in
LNp3-I
73S
= PSS A
- *=1- RScs could be fmrgcollmemﬁ& Znot
..53 but not lasge enough mcluded in the mode| .

eg, > When (Y, X) follows a multivariate Normal distribution, R? has a
—
Y weight connection with population parameters (more details will be given in

X:heght | sampling model, future lecture). € mean,variance, conrelation, of X&Y
member 0f the population has egual chance of ng

» However, if (simple)} random sampling is not used in data collectlo
stage, the R? no longer estimates a population value (examples?)

. 2 1 ioul 1 ; ) . | p- 3-18
R?va ‘ue can be manipu gted mere sampl ng Tss,
changing the data collection plan DOE
(Q: What is the data collection plan that can
generate maximum R??) RSS W&

TSS, R’z|- _§§_ <l|- _R_Si Rz n
£t p———1"
21 & e
SS2 % 5 - effed;. < effecty
R = = ‘I
‘*._“ ‘‘‘‘‘‘‘ L
experimental region 1 - Lo 75 Cf

experimental rejion,z\j

2
(b) Outer
? Alternative measure for goodness of fit: G ¢ inrelsstt o T5S.| 7553(< T5S:) e

depends on RSSn.

> It is related to standard error of estimates of 8 and R?=0.027_ -

prediction 5-e~($'-)=KxT =ili .8
» It is measured in the unit of the response (cf: R? is
free of unit) 1}2{;&

| check testing for lack of fit (fubure lecture)

5% BOH 66 0

+ Reading: Faraway (2005, 1%ted.), 2.7 '\'o{:e a,m&wg&bca,u
% Further reading: D&S, 5.2, 11.2, 21.5 — $ttted lines
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