NTHU STAT 5410, 2022 Solution to Homework 2

Linear Model Assignment 2

e Pl T R

Problem 1.

library(GGally)

datl <- read.table("http://www.stat.nthu.edu.tw/~swcheng/Teaching/stat5410/data/E2.8.txt"
) T)

o Qutput: per capita output in Chinese yuan * 324 & (4 )
e SI: number of workers in the factory 1 fi f 1 #c
o SP: land area of the factory in square meters per worker # = f 1 &1 fgp ehig * £ @ (L3 o 2)

o [: investment in yuans per worker & = f 1 &3k F 3

summary (dat1)

## Output SI SP I

## Min. 111360 Min. : 56.0 Min. : 840 Min. :10.54
## 1st Qu.:12930 1st Qu.: 408.0 1st Qu.:2480 1st Qu.:12.45
## Median :16680 Median : 805.0 Median :2840 Median :14.74
## Mean 118348 Mean : 856.9 Mean 12859 Mean :16.94
## 3rd Qu.:20030 3rd Qu.:1217.0 3rd Qu.:3200 3rd Qu.:19.52
## Max. :30750 Max. :1754.0  Max. 14240  Max. :29.19

A as

o T3 ¥ W 5 quantitative 2 continuous > # ¢ Output ~ ST fr SP s8¢ 5 Fhcie » L F L@ % R
O FARLRF AR E

ggpairs(datl, list( "cor"),
list( "points"))
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o SI~SPAr I & & ¥ B ehip bl f,’f‘,ﬂx‘lﬁ;’ﬁ 0.6 0t > BT fERRET G P R i Ap B 5 ¥ scatter
plot = ¥ ZF R\ R % -

o jiscatter plot % ¢ » ST ¥ Output ¥ i % = quadratic effect » SP v Qutput 5 12 4p b > @ I fr
Output e0f (53 2 PP FE ©

o SI4r SP chia % st fl > Output 2 I e % 5+ i o

attach(dati)

a.
7 ApeiE Model a: Qutput = By + ) x ST+ By X SP+ 33 x I + ¢

1ml <- 1lm(Output~SI+SP+I)
summary (1m1)

##

## Call:

## lm(formula = Qutput ~ SI + SP + I)

##

## Residuals:

## Min 1Q Median 3Q Max
## -6638.7 -3578.0 -558.5 4011.6 9637.4
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##

## Coefficients:

#t Estimate Std. Error t value Pr(>ltl)

## (Intercept) 6026.061 5245.659 1.149 0.2713

## SI 1.742 3.777 0.461 0.6523

## SP 5.302 2.188 2.423 0.0307 =*

## 1 -255.506 333.194 -0.767 0.4569

## ——

## Signif. codes: O '***x' 0.001 'xx' 0.01 'x' 0.056 '.' 0.1 ' ' 1
##

## Residual standard error: 5262 on 13 degrees of freedom
## Multiple R-squared: 0.4174, Adjusted R-squared: 0.2829
## F-statistic: 3.104 on 3 and 13 DF, p-value: 0.06371

o R?=04174 » &7 Output cn% B FA K AE 41.74% > 7 i § £ & R SEY AP > G LER
7 SPR¥ kit foinit EDA B2 B2 2 M S5 - Ko & ST a2 8F > By B HY
> XIEETIEH -

o K EDA %7 &> BREBPEFIPHMEEZT g, G852 HFNT - T

o Intercept 3 I ehiZficipir 8 b SPcnicE 2 > fohte S8 %3 M > T i@ 43 10-30 0
ST chje % & 56-1754 » SP chie FliE & 840-4240 » il BA% | e licd & ik iR 3 B E 5% < o

b.

4 SI2 2 SP x I 4 » Model a > 4 ¥ fieif

Model b: Output = By + By X ST + By x SP+ 33 x [ + 3, X SI? + 35 x SP x [ + ¢

1m2 <- 1lm(Output~SI+SP+I+I(SI~2)+I(SP*I))

summary (1m2)

##

## Call:

## 1m(formula = Qutput ~ SI + SP + I + I(SI"2) + I(SP * I))
##

## Residuals:

## Min 1Q Median 3Q Max

## -4821.1 -1766.4 -316.4 1032.9 5638.4

##

## Coefficients:

#H# Estimate Std. Error t value Pr(>lt])

## (Intercept) 5.240e+04 1.354e+04 3.869 0.00261 **
## SI 3.513e+01 1.029e+01 3.414 0.00579 x*x*
## SP -1.372e+01 4.978e+00 -2.755 0.01871 *

## I -3.716e+03 1.001e+03 -3.710 0.00344 *x
## I(SI"2) -1.454e-02 4.894e-03 -2.971 0.01273 *

## I(SP * I) 1.022e+00 2.841e-01 3.597 0.00419 =*x*
## ——-

## Signif. codes: O '**xx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
##

## Residual standard error: 3560 on 11 degrees of freedom
## Multiple R-squared: 0.7743, Adjusted R-squared: 0.6717
## F-statistic: 7.548 on 5 and 11 DF, p-value: 0.002667
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o R?=0.7743 » 4p#>t Model a § % tgecit » #7F R#'F ¥ o

o SP iitafdp it Model a & f 5L3c % » Rl A F) 5 4e » SPx T 23 i8% 35 » j2§8 7 Output %8 » it
@iz SP % Output dwf o

o % Modelb ¢ I enikficivi 5.0 5 ¥ > Bor I W4 g Output > > ¥ SP Hies g3
Output F> > @1 4 SP A B RHF 5 2 3 (7 ’%ﬁﬁkfﬁiﬁﬁﬁkfﬁiﬁ"’)%’?ﬂié # Qutput

jv‘a’lzco

C.

#FE Model b § (75 3 53 P4 - 7 B 01D ok

f(SI,SP,I)= 52400 + 35.13 x ST —0.01454 x SI? —13.72S x P — 3716 x [ +1.022 x SP x I

o [ SI iv— prifpicsh ¥ 18 Of/0SI = 35.13—2%0.01454xST = 0 = ST = 35.13/(2%0.01454) = 1208.221 -
D RF A B O?f/OSI? = —2x0.01454 < 0 - Fp B RSP % [ chig 0 % ST 5 1208.221 p& Output #
Sod 3 ST ZR 18 BAFREREE > TP RAITE G B BFERYE ST =1208 2 ST = 1209
Mo p RS FIE ST =1208 prenp ESficEmic > Fp T ST =1208 #5145 o

o f¥ SP iF- 1t v E Of/OSP =—13.72+1.022x1 =0=1=13.72/1.022 =13419 - % I *~>*
13.419 ¥ > Output £¥ SP #4cm 238 5 F 22 > Output “£F SP # 4@ L -

o f¥ T iF- Fpifatich v 18 Of /0] = —371641.022%« SP =0= SP =3716/1.022 = 3635.639 - ¥ SP *
*r 3635.639 pF - Output “g¥F I #4cd 23 5 F 2 > Output "gF I #+cm LR o

SI_o <- round(-1m2$coefficients[2]/(2*x1m2$coefficients[5]))
SP_o <- -1m2$coefficients[4]/1m2$coefficients[6]
I_o <- -1m2$coefficients[3]/1m2$coefficients[6]

output_fun <- function(par){
sp <- par[1]
i <- par[2]
-t(c(1,SI_o,sp,1,SI_o0"2,sp*i))%*)lm2$coefficients
}
SP_seq <- seq(min(SP) ,max(SP),10)
I_seq <- seq(min(I),max(I),0.01)
SP_v <- rep(SP_seq, length(I_seq))
I_v <- rep(I_seq,length(SP_seq))
out <- -apply(cbind(SP_v,I_v),1,output_fun)

image(SP_seq, I_seq, matrix(out,length(SP_seq), length(I_seq), T,

|ISPII’ IIIII)
contour (SP_seq, I_seq, matrix(out,length(SP_seq), length(I_seq), ™, T
abline(h=I_o,v=SP_o, "white")

axis(4, I_o,round(I_o,3))
axis(3, SP_o,round(SP_o,3))
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3635.639

13.419
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SP

o Fi&- i contour plot k5 - B¥ ¥ 3 R#E L7 Output g » kT W7 [ =13.419 > £3 v @
5 SP = 3635.639 » 5 Output i vE3 & L e B 8o Ouitput i % 2+ 3+ T e o if 3 > il i
el B (I = 13.419, SP = 3635.639) 15 Pl A [ o SP I pEAj +c & b p ki = o oL > 4 7 105 2
Output &+ EgF 274 (SP 2 [y ]) &+ & (SP2 [ EY+) izl o

o Kb irs E I Htele SP RS F A g #® Output T%% » 3 1 IR § Eenlia) -

o FOIERIF AERM > P AAETHRPFIN A SP &2 T dk ikjE e

optim(c(mean(SP) ,mean(I)),output_fun,method="L-BFGS-B",lower=c(min(SP) ,min(I)),
upper=c (max (SP) ,max(I)))

## $par

## [1] 840.00 10.54
##

## $value

## [1] -31990.8

##

## $counts

## function gradient
#it 9 9
##

## $convergence

## [1]1 O

##

## $message
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## [1] "CONVERGENCE: NORM OF PROJECTED GRADIENT <= PGTOL"

optim(c(max(SP) ,min(I)) ,output_=fun, "L-BFGS-B", c(min(SP) ,min(I)),
c (max (SP) ,max(I)))

## $par

## [1] 4240.00 29.19
##

## $value

## [1] -33506.56

##

## $counts

## function gradient
# 4 4
##

## $convergence

## [1]1 O

##

## $message

## [1] "CONVERGENCE: NORM OF PROJECTED GRADIENT <= PGTOL"

t(c(1,8I_o,min(SP) ,min(I),SI_o0~2,min(SP)*min(I)))%*%1lm2$coefficients

## [,1]
## [1,] 31990.8

t(c(1,8I_o,max(SP) ,max(I),SI_o~2,max(SP)*max(I)))%*}%1lm2$coefficients

## [,1]
## [1,] 33506.56

o W ST =1208> FHEA FededBdoF > L BA¢ 2T &P P SP =840,1 =1054 s+ &
Output = 31990.8 > @ &WAjeh+ > H oehd g SP =4240,1 =29.19 > &+ & Output = 33506.56 °

o R B R LR TITE L TS GRS UBAERS o FE O ERAT S AR
lf%;‘_g'\:—"’ﬁﬁk%ﬂ’(i:"é_xﬁ s F——”w\i ,*/\ir;\ﬂ\'&"")d,—— £3F (1, &) & [:13.419) v pLpER R 1
f%‘ﬁe’?’-ﬁﬁt'ﬂ’\fﬂﬁﬁ LI A R Rl AR = 2 «'ﬁ!?f% (L”"U"],Yi SP=3635.639)’i§4tﬁ1ﬂ?%E

i I i

AT %amzié fEg R -
o Wt - AR Il 2RSS G RENABEEORE > L T kE o RifE ST =1208 9

C AT EH FRRABLEA AR FRRT S ARESS FLRP LA o
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Problem 2.

library(dplyr)
library(knitr)
library(ggplot2)

prostate <- read.table("prostate.txt")

a.

B A s Ipsa ¢ 17 response variable ~ lcavol § 1% predictor » fit - B Linear model »

Ipsa = By + B4 x lcavol + ¢

fitl <- 1m(lpsa ~ lcavol, prostate)

summary (fit1)

##

## Call:

## 1m(formula = lpsa ~ lcavol, data = prostate)

##

## Residuals:

## Min 1Q Median 3Q Max

## -1.67625 -0.41648 0.09859 0.50709 1.89673

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t|)

## (Intercept) 1.50730 0.12194 12.36 <2e-16 ***
## lcavol 0.71932 0.06819  10.55  <2e-16 ***
## -—-

## Signif. codes: O 's*x' 0.001 'sx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
##

## Residual standard error: 0.7875 on 95 degrees of freedom
## Multiple R-squared: 0.5394, Adjusted R-squared: 0.5346
## F-statistic: 111.3 on 1 and 95 DF, p-value: < 2.2e-16

#_summary ® ¥ 114 ¥| Residual standard error(6) = 0.7875 » R* = 0.5394 -

b.

2 P4 lweight, svi, Ibph, age, lcp, pggdh, gleason — B — B i& B 42 A P model 25 £ ¥ 22472 7 B
model h g o R? > & 7 L@ o ehsgis o
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model 1
model 2 :
model 3 :
model 4 :
model 5 :
model 6 :
model 7 :
model 8 :

summary_1
summary_2
summary_3
summary_4
summary_5

summary_6
summary_7

summary_8
total_mse

total_r2 <- c(summary_1%r.squared, summary_2$r.squared,
summary_4$r.squared, summary_5$r.squared,

matrix(round(c(total_mse, total_r2, total_adjr2),3),
“(c("$\\hat{\\sigmal}t$',

¢ Ipsa =54 + 3,

Ipsa =3, + B,
Ipsa =3, + B,
Ipsa =f, + B,
Ipsa =3, + B,
Ipsa =3, + B,
Ipsa =, + B,

X lcavol + &

x lcavol + [,
x lcavol + f3,
x lecavol + f3,
x lcavol + f3,
x lcavol + [,
x lcavol + f3,
Ipsa =8, + B x lcavol + f3,

+ (g x gleason + ¢

<- summary(fitl)

<- 1lm(lpsa
<- 1lm(lpsa
<- 1lm(lpsa
<- 1m(lpsa
<- 1lm(1lpsa
<- 1lm(lpsa

<- 1lm(lpsa

lcavol +
lcavol +
lcavol +
lcavol +

prost
lcavol +

lweight,
lweight
lweight
lweight
ate) %>%
lweight

x lweight + ¢

x lweight + 35
x lweight + 34
x lweight + 35
x lweight + (5
x lweight + 35
x lweight + B3

X svi+ e

Solution to Homework 2

x svi+ B, x lbph + ¢

x svi+ B, x lIbph + (5 x age + ¢

x svi+ B, x lbph + 5 x age + B¢ X lep + €

x svi+ B, % Ibph + 85 x age + ¢ x lep + 87 X pggdh + ¢
x svi+ 8, x Ibph + 5 x age + 5 X lcp + B; x pggdd

prostate) %>% summary()

+ svi,

+ svi + lbph,

pros

tate) %> summary()
prostate) %>} summary()

+ svi + lbph + age,
summary ()
+ svi + 1lbph + age + lcp,
prostate) %>J, summary ()
lcavol + lweight + svi + lbph + age + lcp + pggé5,
prostate) %>’ summary()
prostate) %> summary()
<- c(summary_1$sigma, summary_2%sigma, summary_3$sigma, summary_4$sigma,
summary_5$sigma, summary_6$sigma, summary_7$sigma,
summary_8%$sigma)

summary_7$r.squared, summary_83%r.squared)
total_adjr2 <- c(summary_1$adj.
summary_3%$adj.
summary_5%adj .
summary_7$adj.

“(c('model 1', 'mo
'model 6', 'mo

r.squared,
r.squared,
r.squared,
r.squared,

'$R72% ",
del 2', 'model 3',

summary_2%$adj.r
summary_4%adj.r.
summary_6%$adj.r
summary_8$adj.r

summary_33$r.squared,
summary_6$r.squared,

.squared,

squared,

.squared,
.squared)

3) %%

'$R_{adj} 28')) %>%

'model 4', 'model 5',

del 7', 'model 8')) %>% kable()

o R? }%2dj
model 1 0.787 0.539 0.535
model 2 0.751 0.586 0.577
model 3 0.717 0.626 0.614
model 4 0.711 0.637 0.621
model 5 0.707 0.644 0.625
model 6 0.710 0.645 0.621
model 7 0.705 0.654 0.627
model 8 0.708 0.655 0.623

8
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statistic <- data.frame( c(total_mse, total_r2, total_adjr2),
rep(c('sigma hat','r2','adjr2'), 8),
rep(1:8, 3))
ggplot ( statistic, aes( model, stat, class))+

geom_point ()+
geom_line()+

theme_bw ()
0.8
0.7+
class
E adjr2
0 - 2
sigma hat
0.6

2 4 6 8
model

¥ & o table feBA P T 25 3 0 d 3t model 1~8 ¢ A B ApAie model » } - B model #&F e 7 AT -
# model 4 > #r12 & R2 EEHFFra o {Rgdj F1% 7 degree of freedom et » #7040 F 4 > WL R F B F D
RBcpFiz L2 €d R 4ed A5 RILF 5 model BFeng Z %> RSS » g4 T % > 2 d 3t residual
standard error(c = ff[s)) 23 "f:& degree of freedom ihipfk > #7020 % € B2 Rgdj FER I TN 3 -

s B iE - 1R A g o St 2 m R e

C.

AL fit 4 B model

model 9 : Ipsa =, + [; X lcavol + ¢
model 10 : lcavol = 5, + f; x Ipsa+¢

fit10 <- 1m(lcavol ~ lpsa, prostate)

ggplot( prostate, aes( lcavol, lpsa))+
geom_point ()+
theme_bw()+

geom_abline( fitl$coefficients[1], fitl$coefficients[2],
"red" , 1)+
geom_abline( -fit10$coefficients[1]/fit10$coefficients[2],
1/fit10$coefficients[2], "blue", 1)
9

madeby U OO, 000,000 OO0



NTHU STAT 5410, 2022 Solution to Homework 2

Ipsa

Icavol

matrix(c(fitl$coefficients, fitlO$coefficients), 2, ) %>%

“(e("$\\hat{\\beta_0}$', '$\\hat{\\beta_1}$')) %>%
“(c("model 9", "model 10")) %>%

kable ()
Bo By
model 9 1.5072979  0.7193201
model 10  -0.5085802 0.7499191
B RT g 3] 2 d @ 4 i Ipsa ~ lcavol » 4 R & i lcavol ~ Ipsa - @ j_table ¢ A R
3|
model 9 : lpsa = 1.5072979 + 0.7193201 x lcavol
model 10 : lcavol = —0.5085802 + 0.7499191 x Ipsa
= lpsa = — (~0.5085802) 1 x lcavol
P = 0 7499101 T 0.7499191
matrix(c(mean(prostate$lcavol), mean(prostate$lpsa)), 2) %>h
N “('Mean') %>% ° “(c('lcavol', 'lpsa')) %>% kable()
Mean

lcavol  1.350010
Ipsa 2.478387

d A P seiE & osimple linear regression ® > (mean of response, mean of predictor) i& i B § i i ¥ R
A E e b S B omodel g% E&ﬁ‘u{ (lcavol, lpsa) = (1.35001,2.478387) »

10
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Problem 3.

#-F A5 7 F e economic sector A = = Bl

data3 = read.table("http://www.stat.nthu.edu.tw/~swcheng/Teaching/stat5410/data/E2.9.txt",
2)

data3_20 = data3[,c(1,2,5,8)] ; colnames(data3_20) c("year","capital","labor","RVA")

data3_36 = data3[,c(1,3,6,9)] ; colnames(data3_36) = c("year","capital","labor","RVA")

data3_37 = data3[,c(1,4,7,10)] ; colnames(data3_37) = c("year",'"capital","labor","RVA")

a.

He rpipEs W2 )
log (V;) = log(a) + B, log (K;) + By log (L) + log (¢;)

response variable : log (V})
predictor variable : log (K,) , log(L,)
error term : log (¢,) with zero mean and constant variance

model_3a_20 = 1m(log(RVA) ~ I(log(capital)) + I(log(labor)), data3_20)
model_3a_36 = 1m(log(RVA) ~ I(log(capital)) + I(log(labor)), data3_36)
model_3a_37 = 1lm(log(RVA) ~ I(log(capital)) + I(log(labor)), data3_37)

AL SRS [y, By BRAT A

library(knitr)
rname = c("Food and kindred products (20)",
"Equipment and supplies (36)",
"Transportation equipment (37)")
coef_table = rbind(model_3a_20$coef[-1] ,model_3a_36$coef [-1] ,model_3a_37$coef [-1])
rownames (coef_table) = rname

kable(coef_table, c("$\\hat{\\beta_13}$", "$\\hat{\\beta 2}3%"), 3)
B B
Food and kindred products (20) 0.227 -1.458
Equipment and supplies (36) 0.526  0.254

Transportation equipment (37)  0.506  0.845

b.
SR B+ By =10 s BE

log (V;) = log(a) + f; log (K;) + (1 — B;)log (L) + log (;)

K
— log (L) + log(a) + 5, log 1) + log ()
t
response variable : log (V;)
predictor variable : log (}L{—:)
offset : log (L,)
error term : log (e,) with zero mean and constant variance

11
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model_3b_20 = 1m(log(RVA) ~ offset(log(labor)) + I(log(capital/labor)), data3_20)
model_3b_36 = 1m(log(RVA) ~ offset(log(labor)) + I(log(capital/labor)), data3_36)
model_3b_37 = 1lm(log(RVA) ~ offset(log(labor)) + I(log(capital/labor)), data3_37)

HZHAUA WGP 2B, By=1—F) BRAT A

coef_20 = c(model_3b_20$coef[2],1-model_3b_20$coef [2])
coef_36 = c(model_3b_36$coef[2],1-model_3b_36$coef[2])
coef_37 = c(model_3b_37$coef [2],1-model_3b_37$coef [2])
coef_table = rbind(coef_20,coef_36,coef_37)

rownames (coef_table) = rname

kable (coef_table, c("$\\hat{\\beta_1}$", "$\\hat{\\beta_2}$"), 3)
6 b
Food and kindred products (20) 1.29 -0.29
Equipment and supplies (36) 0.90 0.10

Transportation equipment (37)  0.01  0.99

C.

% % J& technological development 7' » &8 - BEIE (> ¢ § Ml > & w$= > Tl HHCA

log (V,) = log(a) + tlog(y) + f; log (K,) + B, log (L;) + log (e;)

response variable : log (V})
predictor variable : ¢, log (K,) , log(L,)
error term : log (¢,) with zero mean and constant variance

model_3c_20 = 1m(log(RVA) ~ year + I(log(capital)) + I(log(labor)), data3_20)
model_3c_36 = 1lm(log(RVA) ~ year + I(log(capital)) + I(log(labor)), data3_36)
model_3c_37 = 1lm(log(RVA) ~ year + I(log(capital)) + I(log(labor)), data3_37)

HZ WAL N R R, Oy BRACT 4

coef_table = rbind(model_3c_20$coef [3:4] ,model_3c_36$coef [3:4] ,model_3c_37$coef [3:4])
rownames (coef_table) = rname

kable(coef_table, c("$\\hat{\\beta_13}$", "$\\hat{\\beta_2}3$"), 3)
B By
Food and kindred products (20) 0.044 -0.908
Equipment and supplies (36) 0.821  0.882

Transportation equipment (37) 0.159  1.195

d.
b iEE BBy =10 B EA
log (V) = log(a) + tlog(y) + B, log (K;) + (1 — ;) log (L) + log (e;)

log (L,) + log() + tlog(vy) + B4 log (?) + log (€,)
¢

12
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response variable : log (V})

predictor variable : ¢, log (%)

offset : log (L,)

error term : log (¢,) with zero mean and constant variance

model_3d_20 = 1lm(log(RVA) ~ offset(log(labor)) + year + I(log(capital/labor)), data3_20)
model_3d_36 = 1lm(log(RVA) ~ offset(log(labor)) + year + I(log(capital/labor)), data3_36)
model_3d_37 = 1m(log(RVA) ~ offset(log(labor)) + year + I(log(capital/labor)), data3_37)

Hz WA SR RE S, fo=1—F ERAT 4

coef_20 = c(model_3d_20$coef [3],1-model_3d_20$coef [3])
coef_36 = c(model_3d_36%$coef[3],1-model_3d_36$coef [3])
coef_37 = c(model_3d_37$coef [3],1-model_3d_37$coef [3])
coef_table = rbind(coef_20,coef_36,coef_37)

rownames (coef_table) = rname

kable(coef_table, c("$\\hat{\\beta_1}$", "$\\hat{\\beta_2}$"), 3)
B B
Food and kindred products (20) -0.495 1.495
Equipment and supplies (36) 0.035 0.965

Transportation equipment (37)  -0.317 1.317
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