NTHU STAT 5230, 2025 Lecture Notes

Two-way Contingency Table (3:|¢%) /Q_f.md/w e

**Two cross- -classified categorical variables X, and X,

population
czg&u'g > X, has I categories, denoted by 1= 1 2 { X p=d. 2D m%mﬂ
nesting |- X has J categories, denoted b LJ A ~
might; be. symbols only, { e g P
* Classifications of subjects in some populatzon I x e
on X, and X, have IJ possible combinations. Xa 1] --- |d
sample —> data

Define the populatlon parameters:_|unknown %zmmm | Sampling
> T, = the proportion of the subjects in the Sanple.

= = a distr(-
Q¢ Tize <l*] population with X,=¢ and X,=j = X, e
Joiat distribion) 1 | 1 i...| J,] lea

I =1 = Arrange T;’s in the cells of a X & Xa

Plodinga rectangular table having I rows for
- with ." o R . .
%‘Egﬁ; v categories of X, and J columns for T Ll rre—
u [ Euﬂbe categories of X to display the f” e [ st
pling populatlon distribution /—E(Xz—l) colun, t_. 1 o dite: |
E( )> e j=1Tij and 7 = ) g Tij :> marginal proportion
Xi=)>—= ==
I J a distri-
mmaml > Mg = Z,L 12_ Tij = Zzzl i+ = 27:1 T+j = L |bution
= = - = B
@ 5
> T = 7Tz'j/7T+j and Tjls = 7T¢j/7Tz'+ = cona’itionalproportionp ”
- o T4 Joint pmf
v I L3 Jounc p
adl._sta; 32?:171'1‘] 1,Vj and Z— Tl =1,V -m_ T, marginal pmf
—= — T, T41i: cnndzﬁamlmf

. Q For the population, what questions_rNote. These gueshions €3, Mgo;_ X, has
might be of interest? aredﬁmdmt-emsofmm(u& Ty's) | neimpact: on the

dist. is prob. My =P(X,=1),
aunifornl(D) T14 = - = T4l Or Myy = =747 has;::mamgﬂﬁb
dist. = = = =

» Are X, and X, observed from a randomly sampled subject
mdependent i.e., does X, affect X, and vice versa?+or association

—'\—ee P(Xa=1] X=1) >>P(Xa=11%=2)
If X, and X, are 1ndependent then™ 2~ -1 often Xo=1, Xi=2>0ften Xa=2

Ty = P(X1 =i, X = j) ﬁﬂ(?ﬁ = )P(X2 = J) = Tig T4
Tilg = P(Xy =i|Xs =) ﬁﬂ(ﬁ =1i) = Tity, V] e—
mii = P(Xe = j|Xi =4) = P(Xp = j) = 745, Vi j
M1t - 1M = Mo1i-- 1My] = - =T[1} TI.J
R (U P ¢ Bl U S ) U

For 2x2 table, odd ratio —
"Tu:‘lT-_z/A\—_’ m11/T12  mi1/721

T12/722

a1t Mpa~——> T21/722
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@ I 1siicias]
Lsdi<hs]

p. 5-3

[For IxJ table and any 1 l<z<I and l<]<J

GrEE) 4—-—] % of constraiats | &
Bugi* Biads § TingxTiaga| A ERRakF A :u)s(:.u)
= AbeAnl Tr‘uh%'rrui ﬂ—’L%Xﬂ-IJ

» For a sample drawn from the populatlon let
count| > - = total number of subjects in |camies infar- X J
data 2] mation about | ——=3 717
o, the sample with X =i and X,=j H‘emhﬁﬂﬂ- =171 179 Jie
» marginal totals (row totals or column totals) I h ] v
I
T Yi+ = Z_ 1 Yij and yi; = zz‘:1 Yij lagel Yul Yol | Yo
i o —E Tjee=t I "
» grand total y 4 = Z_ Z_ Yid = 2ui=1Yik = D =1 Y+j
carries what information ? ~——— oL —
* When the cells of the rectangular table contain _|Paithesancle 3'5&%
Yii’s, it 152 c‘aklled a IxJ contingency table s,,;?ﬁg f_ 2 in WNp.2-B15
* The abave treatments for TUs and y’s can be | P 3%’, T
generalized to more than two categorical variables 22 o x[1= =

* Q: how to model the data (i.e., what’s the joint distribution of y, i _s)‘7

» The statistical modeling of the datal R““HW build the
15 btwn 4
depends on the sampling schemes— °" ﬂ‘b= & observabions |
¢ > consider an example of wafer data: X X2 P
» Consider the sampling schemes % partictes | Particles
sampling
Qatafrom | | Observe the manufacturing process  Good | 320 14 |[334
differen | = —— : : — s | %0 % i
sampling. | for a certain period of time (1-dim]
schemeg. - 400 50 450
would carry | 2. Decide to sample 450 wafers @-@©©, 3 rC;!]
amounts. |3.Decide to sample 400 wafers without | __+SRS from whole population |
& types of P From whole popularbion,
information] PArtiCles and 50 wafers with particles l'z. @ fixed, ® (2&) ﬁr:%
m
zz:zm 4.Scheme 3 and the 450 wafers must also include, | _Bouakion |
! lpatrics| by design, 334 good wafers and 116 bad ones 2 %@mﬁ
2 |tive. o - SRS from 2.
3 |lesser { » Note 1: the first three schemes are all plausible Sub- ”
4 |mation | @Note 2: scheme 4 seems less likely in this 4 000 Fixed
e example; such a scheme is more attractive {f Xi.Xa Independent:
ﬁ“vﬁ when one level of each variable is relatively X,
experiment ~ X R
(Noz | rare and we choose to over-sample both Al ]2
Recall casa - levels to ensure some representatlon\“nih%%g [REAEAER
» Scheme 1 velabed o dim( (¥iys)) «— 2 | Yo | Yoo | Vo
. | y: fixed; Y: random; red square: free Y, | Yy | Y.
» Model: |2 - N
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@ inden.—— > Uix. Uz Uas Recall. Paisson. 55
-Respons Y;; ~ Poisson(4;), i=1, 2; j=1, ;"‘r Prxcess. (WNp.4-3)
SRS~ — eg . averyge yield S Yis ~Bisson(t)
= For a random sample, can assume ,L_Iw— tXTT;,
where ¢ is an unknown value of a size variable l
_____.TX ; XLam Note. Yes =543 Y(j ~Raisson(t) '
heck =m 1) an =9) are covariates .+ Poi : W,
JBiEy * 0 (50 and X, Gt Y-l 278 0
@ > Suppose the data (frorn an IxJ table) is| xg=2¢| +2= o
d 2
fitted with a Poisson GLM with log hnk—-jto= (n-U2) - (22 - 122)

eca|| —uZ 22
Tmade.l - When TG,=TG, 1L (X and X independent), | = '23( Iu,:rru )_ 1

=r+odi+Bj 77117’ = log(pij) = log(tmij) = log(tmiy my;) *Maineffects
dr=9 —= T — of X3 (3-1
BI=0 .M(;pa:;cmetm) log(t) + log(miy) + log(m+5) pamnTlreterlsj
—— Mﬂl&gﬁﬁﬁ XL - <
——————— (I-1paramebers *.* 3°{ Wp=1)" +3 -} dumay var _E 21 ed

I-1
.WhenEj:EiE_jandﬂli_ _ﬂ-ii (OI' Wil__ _J)

*l = corresponds to a main-effect model, i.e., Y, ~ X+ +X2 =5
dumy vy, =

[- —\&—m dist.—*
=T+Bale—ij = log(t) +log(my;) (or B = log(t) + log(m;y)

B;=
= corresponds to the model Y X, (or ~ X)) =V+ 0y
- dl.-.g 2
= When TG #TT, TG, (X, and X, not independent)—l"ChE“k[ LNp5:-3 »-5¢

™% "] = add interaction XX, - UE=ba=D m Qy;;] Aigxl fora
Ui=Y+ou * [; X parr of (4.3
+B3 +aB) |~ May consider Y ~ Xt Xt X X, =L (saturated model)

oig = -  without: or with inferactions <=
B§=g Q: what type of 'T[ S eorresponds ndenendent or dependent
E(aa)u_g Wi to the following models? Mﬂmtormﬂ} maln effects <&
'(“B);]-Q V; r non-uniform :
Y. ~1 Y~ X+ XX, Y.-~X+X:X e
U-1-Telfagg) —Y — el Lij T A2 _l_T_
» Recall. For a Poisson GLM with lo hnk X'y=Xx [ =
For models without interactions, "'3 42 table = Ya 2 ¥
sufficients 11a Y_Yu ¥ya| Ve
.;j__atg-\‘:-‘cs = X'Yis only related to marginal totals igg s
—> the fitted values [ is a LYHS Yed's Y.u Vir's Y_;s h.qmm!,c;n-

ii= + 2-way
dij=t Tg function of marginal totals »Mj=exp(;;) = exp( r+& 3;) ANOZA madel
=t W, T,; = for example, for main-effect model ¥;; ~ X, + X, UiaR0E

<.,0 hA Y,

=t 2t Uix > _J:iﬂa., ,u_j — Y++ i+ 7T_|_j = H— Y_|_]/Y_|__|_4—'[1TJ-Y?;:”
y D To test whether TG, =TG, 1L, (HO) = Hy: Svs. Hi: L\S |1tsthe

— ~ also called Gs-—‘ 9 - _f*(uv,,y 5) ‘-’f-‘-ﬁft?SHW.S.

= Deviance based: Dg — DL ~ X(I=1)(J—1) = "L is saturated > D=9

made by S.-W. Cheng (NTHU, Taiwan)



