NTHU STAT 5230, 2025 Lecture Notes

@A retrospective sampling is as effective as a prospective one for »*%
estimating A (provided (1) the probabilities of inclusion in D and in
D¢ are homogeneous or their ratio is irrelevant to covariates, and
.1(2) data is reliable, e.g., no problems such as inaccurate or . 22: &e

Tu=Ta= -=Tyxy
'incomplete historical records; or unreliable memory of the subject)

§@® Q: When can retrospective sampling work (under logit link)? ive

ﬁ%;f‘z.Consider a scenario: a study with response Z and covariates X and

This manipulation is not possible for other links ever mentioned.

O iable |~ AL binary response of j unit (e.g., disease present/not present)
e |5 : covariate values of j" unit in the population il /) 2

=1 if j% unit is included in the study, 0 if not|-» s [

| ate calss

J —. i cf Ate class e ol ',~';'
7. =Rl =1)=prob. j® unit included in the study %’”—‘N Sh0laad igtn,
dggg;lon = - = . . prospec- |2 covari- g :
the sam-\)> assume that (i) for j* units in the cell of ¢ Eid — :

it in 0 cell ) Fe e (S B o) X
- —J - E( Ijzl | Z:l, X:XZ) - Tfl 9 an linb:m;—;:dﬁ-y) X X X xéx

(i1) 1;,/T;’s 1rrelevant to (i.e., constant over) X,’s f;gg?‘&i“_’;ffw ﬁﬁ‘ﬁ

. . . . 3-23
> For fair prospective study, 7,,=7;,,i=1, ..., k. < C._':z'&sﬂi?z_dfp
» For retrospective study, often 7,;#Z7;; and 7;; much larger than 7,

» The probability of interested is =
= P(Z=1|X=X )‘J-descn'be how covariabes X (cases (controls, resp.)
Bi=Z i)% affect the response Z ﬁfﬂ-@(ﬁs-?m
» We can use data (either from prospective or | "-%‘—“Lg' :
retrospective sampling) to study the probability: | prospective
g, =P(Z=1|I71, X=X,) In the example in Np.3-21,they are
) £ in observed doto |Yn(x=0) & 33 (x=1) in prospective
@®1: Pi=2 §i , check this 3/ (x=0) & /3 (x=1) in rebrospective
D.2: the way X; affect p; == the way Xi offect @i (Recall ANCOVA model)

=P(2=0.1=1|X=X)+P(z=1,1=1| X=X

g; = P2l I=11X=Xi) =p(L=1]|2=0.X=Xi)*P(Z=0| X=Xi)
Bayes | CE=LIX=X) + P(1=1]2=1.X=Xi)*P(2=1| X=Xi)
Thn Tuxp; = Tig*P(z=0| X=4i) + Ti1*P(z=11X=))

T TP Tigr(1=R) | | = Teox(1=pi)+ Tan v P
(%)
B
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€ (Mﬂﬁﬁlﬁ data for p; ng& representitive for p; %
(%)=P; In prospective (%) in INp3-23| In retrospective (%)= p;
tog | Tio=Ta Toxta _|L=g
—d ., Under logit link , we have Bu?fofruﬁ_._méﬁ
g’.ja;F logit (P:) =10 = Bo+ Bifu(X)+ -~ + Bp-1 Hp-i (Xi) = £i f —
logitto [__e Then. for retrospective %; '—= prospective Z;
ol-he.rlmkg_? . 2: r(ﬂ') E"’-E"/EE PirTiali—Pr))
Lz _£3¢(3£)=Lf’3(:ﬁ)=’°3 Teo (1-P) /W)
T3 1o (Eir)  log(afir) o egtio 4
= Iog(g) + Bo* BuRi(Xi)+ -+ Bpmi Rpmt (X1) — (A)
_@_zd-diﬁgent'ﬁ £ ——same B, - Ben

inrercept: (%) [what: if log () =log(6;)=§(xi)

» In a retrospective study,

Wi ~ R
%?_d_ngm = By, ... B, (effects of X) are estimable =298 f:(?ﬁm‘ar

Xi?check |m [ 1s inestimable when no information about 7,,/7,, Idaf!ﬂ!)kl
wp3-22 | —> cannot estimate p,’s L check example in LNp.3-22 —aliasing

) Q: Why should the ratio of 7;, and 7, be irrelevant to X? ——
< Reading: Faraway (2006, 1sted.), 2.4,2.5,2.6  check(ii) in LNp3-22-—T

Reca l@—ti = . . . Nate‘d‘w‘ i IM P 3-25
mbit -Choice of link function! zmmﬁm%ha (<E, , different: ibespretation
136 LCLL, : ) B under different: dummy vasiables)
 Usually not possible to make the choice based@ - But, Var(By) usually smal
on the data alone (i.e., based on fits) becausewhen p;=0 or pi=1,e,if

Z; or P +— s e3. usedeviance of the fit ( 4i«>J;) Bi= Y/n: . [SowhenPizoor]
Gty @the fits based on the 3 links would be Y.‘L:%“ % Pz[:-%‘) =

donet have| quitersimilar forymoderate p (why?)|[basedon] £ B: ;s an accurgte estor
' different [esmuorLa_rgg “143-5)|_Bi=Pi) why need large N ?

p; that 1s close to 0 or 1, a very , =
o J Considerapti/el'. E( %):l

e amount of n; would be N =
‘necessary to distinguish them (why? Vi'(fi/&)=7;‘( P )

Recall 4ie7; | €9.,0.0]¢0.000] |large when p; =0

» A lab example Rss: 4-9; | diff=00099

—logit deviance: Y7, | ratio =100

--CL " [Seem -
---probit || similor —
N =1, A (b?eq:) 4 MW, -
Beg(go = oodl/f) S
:3-' ﬁ:ﬂ) a oz / _o._2<dp;<ﬁ ﬂ:;_

X >
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¢I . . . . . p. 3-26
» The choice of link function is usually made based on assumptions

derived from physical knowledge or simple convenience eq.
> e9., theidea of tolerance distribution (LN»3-1b) can be helpful in some cases.
» Logit link (logistic regression) is popular. Reasons to use logit: e—

— » theoretically/mathematically simpler due the intractability of <D

link

r>_-c-3'asuer to interpret — logit is related to log-odds j e3 »MM _f_
> retrospective sampling % in LNp 3-18 &19 ll:nf)f’;?:z
‘L* in INp3-21, 0 in LNp 3-24
« In some cases, harmful effects only —more extreme cases (abserved data),
become apparent at large dosages ’ which make us stark to realize.

,st_gHuzg is bam,ﬁd

» In order to estimate the probability of a B
harmful effect at low dose, it would be

comu;cteé necessary to select an appropriate link

withrare | function. check graphs in LNp3-25 %moﬂniz:est

» However, the data for high dosages will be : dtoLM)
of little help in selecting an appropriate link bemmmowém(g&

% Reading: Faraway (1% ed.), 2.7 oH.erexample: highly reliabl Pﬂﬂu(ts Upper (D Mﬂi n 2

p. 3-27

?:W?Prediction and Effective Doses  (Jensted by |

» Recall: At covariate values Xp = (zo1, o2, - - xOm)T, 0x & [9y,.0y)

9 b
Pxo o= == hxo = ho B, where hg = (1, hl(xo) o 5 Php— 1(X0))T‘T

@9 g=logit 5(0g(0.)=
Prediction of the probga‘glhty p oeéor odﬁs 0y ’—M h’&n& [ Px,Py,]
for]_or 77, ) of success for given covariate Values X, G Note. In
parame- .\ a Rebosba xﬂﬂmdhﬁ
ters in > For the MLE 5 we have é ~N(B,X). = ] forg_,mwhen -

onsistent fro
Denote the estimate of 2 by 2‘1‘ (X RX) e om '(-‘: eﬁw’fé m;;m).
lik Uz Predict 11, by ho? 3, denoted by Mo |IRWLS l same for binomial GLM 2.

in LM —=k An%!gsﬁrzx,, for Pgo.
» Predict Py, by g—l(nXO) denoted by px, !E/\; :L-ﬁ_ﬂ kg@;)

» 100(1-0)% confidence interval for 77, : G mean. — lagger as x-Tucoh be

iy £ 2(0/2) X \/ho" L ho =[1,_ T,

se(7x,) —

because 7jx, = @Té ~ ﬂ(@T@ = Txo ET

— 0 1 .
> 100(_11 )% cor_lfl'ld_ence interval fclr Px,’ P Twe [m')
1970, )9 (o) | = [P0 P | =P (Pe=g (20 14122 320
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