NTHU STAT 5230, 2025 Lecture Notes

= Normal approximation might be too much a stretch P-34

when n,;’s not large enough or p,=1 or 0 ->Recall. LMdata With response

having upper/lower bound,
= Some of these problems could be corrected g many observations of the

by using transformation and weighting response are close/egual
eem(&zchm-me Lo for { A0=t01stant; yariance Loformn_mnshnt to the bounds.

2/
enerallzed Linear Model for Binomial Data .

e Recall: linear model (0.4 .} Y- 2&% "“P""SC ~B(nx, p)

B model description 1: X—Xg-F & €ON(O 0_2/) _
Lo model description 2: ¥ 7N (XS, ¢?l) & j
mndom a7  — pamm gtezs bbl'é F\XP) ;:::M
{ aﬁg% I;-U/V(,Ql,,,c, 2.) , Uy €(-0.c0) ;‘t_x_«! values ) =
3! Coefcients (puaneters)— ,—&m functions (base functions)
Xp =

KIE S 151 (Xl,... X )_nx(ﬁ) a function of X

build th § motrix 2 — T with a [inear

& Xg Hw Q:I:a “=x canbeas nedafumﬁmofx i’s' & %S'
L———r (with p.emsggteé)uesm %
Q: which description can be generalized to binomial data?{or

in re ression >

&

4 p. 3-5
3 components in a generalized linear model (binomial example) l—,,,

fzgdbut knowa, values | » J'E(L) &E_a—ﬁ_
-"éyw L B(r, p'T"mm—‘m ‘f-‘ﬁ" Op=Tarl4)NR(i-p) [Tuction

ED_..J.J = [ Us(x=Lhx)] /ng < (ocf;m) .
L@ X 3 = Z 1 Bi-h (le---X )—%(ﬁ)ekml iy
inverse funckion g exists «——— _ dixed? T alinear structure btwn £is & Bis—
&lmk function gonrgﬁonotone and differentiable such that

e
.79(®,) = p,=g9~X(12,) [for binimial, g:(0, 15'_:"(—00 0o ]
ofg{#fi WME € can'be rpurded as a¢ aCdf (Up3b)e) @ Uini= Pi=2"(20)=27(XB)

. Common choices of link function for blnomlal data a npn-linear function

relationship btwn L&EX
Logit: 17,= log(p,/(1-p,))~~1gistic | B 2= | - e any more
ﬁs mids —— Ingistic = Iogit™ @i:&e:em:.cbm&t?fa
> Probit: 17,= ®(p,), where P is the cdf of N(0,1)) results 'ﬂ_ﬂ'z%afng

XY thendﬁof-é&lngﬁh.;aremm about O o~1 interpretation
Suff, >Complementary log-log: n.= log(— log(l—p,r e =
03%% > Note. f“”sﬁﬂdsfw_dfmﬂnheavatﬁd ==~0 TR SR
- ] %

(check .
U'p%)y Logit is close to the compf mentary

log-log when p, is small s #dl8s<al.n %ﬁmﬂéw /

a [mear | ™ LoOgit is close to probit when 0.1<p <0.9
]
i’,%,",if"""“‘| (exercise: compare the 3 functions)
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» Recall. leehhood based approach for estimation and testlngql
widely > Estimation: maximum tikelihood-estimator (MLE) tgen"nib”nd'f; A

p. 3-6

appli-
cﬁ%le » Testing: likelihood-ratio (LR) test, Wald test

a_mdmcpmmrbes
* Log- hkehhood of the bmomlal GLM (use logit link as an exampl )*

ﬁiﬂ 1B i flun, @ - ”lﬁlofm(ll mmam+ ((me)> i % %ﬁ:‘;’_j{%@
link gﬁ [gl. Iog(, T—pr ) n,' IQ( ’-I-Iog(n;)] 7

L.

g 3

o T
der] § [yz 1og<pz<5>> + < ni — i) log(1 = pi(8)) +1log () || 2R =
a . c(-p) = e?:
s ——* = Lo-pyH] vl
» Estimation of ,@ LNPZ-"T pmf of Baipny |BIWP)|  7<<o»pesi-p
(=),~.8| 2=0>P(-Dx0§

» Recall: in linear model the LS estimator of Bis also the MLE

"L (X"X)"'XTY (ood projection properties)
» For GLM, the concept of LS not approprlate any more

= still can adopt the method of MLE o_nlgneeds likelihood.
— maximizing [(/) as a function of ,@ to find MLE (But, no|: —ML

progec- in LNp3-4

» Obtain MLE by solving 9 I([3)/93=0: W tion explanation)

“ | Yr=1,--.p |:>

¢ chain mle rcatwmcal parometer in exponential family .37

art p, 9 |
class %ﬂ»aﬂr—j @%_& ‘Zi afBr_xBiR .forwlmks forr=1,-p
(%i.40) ||Uin Wp3-5 ai/ap; L @E 0= ﬁfg-a—“*g; 2 ir
for binorm‘al prf *for logit link: fOff-l. T
[} —— 1 n(P¢

B (1282 [yigincsign] | 07 3 bl

._._gg_- M o gl =t>§,(et-uox.r¢X(Y-44)=Q,

Pc (1-P0) i '
3% - = XTY= XyY(P):normol eguation
aBr‘ - é'é? ;f Bi Ri(%i) = Br(Xi)=X;r |[sefE

stat||Recall. In LM, X'Y=X"4=X"XB
{é&z oP: _ ® E'zq = el(r+et)-el. el Bl = '6 (xfx)"xf\/
Jink 3%~ Zg l+el (r+e®)* But. in binomial GLM.,
— [+e'l —>7 = P (I-Pr) a-ﬂ;-P nog (Z) noi(xa)e;xp

element-wise multiplication.
» Usually no explicit formula for MLE of ,8 in GLM [Zn L8 foron-toashni
¢F. (* B(iE)-> XB=T §12)= > 1oD=11(?) s—{a Buachion of X, with unknown, paraetzes,
wv(§)> An algorithm (related to IRWLS) to perform the

Why? Note that Tar(4x)
wX) 62| maximization will be discussed in future lecture 7(5 o Func 5)'~0§-E(3=n

Q: What 1s the estimated covariance matrix of the MLE?
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Test and Corfidence Interval «—Inference [~Qestimabefe o @ ior
« RSS (in LM) and deviance (in GLM) g |—®estimate 62 82=E554.p

.. —s_(3)d t n:
residual » Recall: in linear model, RSS play — :Effa:l CRSSa.:e .
A o e . . e u ness f
g-4;] 2 critical role in inference —® o ,3"‘555 /rss ‘

> Q: How to evaluate whether y; & ¥ are close enough in GLM?
» Q: In GLM, what is the concept similar to RSS?

Le@® consider two models L and S £.S: # of pammetersin XB

o a larger model L: [ parameters and likelihood £,

o a smaller model S: s (s <) parameters and likelihood L

o Sisnestedin L (SO Ly eg. ,"%Iﬂ;'td—"ﬂ"&'mofmmsié
dim=s ——= L. XL.BL Z Q(EI-) —
span(Xs)c [= L™ —“”Ep_ AB
likelihood sﬁn(')i)) ‘[ } & Ho: ABL=C : =L
ratio — §x3525 3(Pg) +——— Ho |oppraximately
S 3 or
-2l0g (2 (BL )|o To test Hy: S (say, AS=c) vs. H:L\S, likelihood %ML;&
T methods suggests the likelthood ratio statistics: ‘3= =
2[J(BL) — UBs)] = 2log [ L(Ar = Xp Br)/L(Ns = Xs Bs) | ~ X%,
ing-ikelihood where d f, =dim(L)-dim($)=I-s. {wd m_.] ?‘- N

€ = Suppose that the larger model L is saturated. ?Nnu@m maa!o;l P- 39
«For 8 cowviate classes with distinct Xi's, [conTreely o " Wﬁ

a.sghmtgd!ghasﬁpammeters in B, ("o XQx , saturated
[0 ]2 ]”“"‘2‘ o o35l 220
saturated 1lfsf  Lpg ‘ !
X*, span(x*)| We have Ui, = Y; under L, and the LR test statistic becomes:

Q =nig'(Bi),i=1, B
=span(x) fWW"“kS—L ¢f. soturated LM. G =T (rote 1.4 in Lcovaviate class)
*Ds—ZZZ 1{yzlog Yi/0i.s) + (ni — y;) log [(n yz)/( —9i,9)] }

E E-zl,if C#O'F ~1 if

Z(I(Bg) Q(Bs)] . Yie 5&5 ﬁ_zg_;; Sailure) |n;- gb._,,u g_l ‘z :
(check L. }blwhere Ui, S 1s the fitted values from the smaller model S.

&"PL S
small Ds T D . is called deviance of S, which plays a role similar to RSS
better fit| ~—heck in INp3-8—*
Yie Y | = Since the saturated model fits as well as any prefer S with small Ds
©+RSS  model can fit, the deviance D Dg measures how l-& fewer parmmeters
S (g -G close the (smaller) model S comes to the

Ia LM, can use
(i) §2= BS¥p.p

erfection (i.e., D=0 under saturated model). | |y o3= I- 885

cando 7SS
test !/ ‘-a)Dewance‘can be treated as a measure of goodness-of-fit

¢t
 compare § Compar;e;§ wtc{’:h.sd:umhd mode| «£> compare.S with mtircgpt_-nl_ﬂymdel N
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