NTHU STAT 5191, 2010 Lecture Notes

Organization of Multivariaté Data $%%
» Multivariate data arise whenever an investigator select a number
p (>1) of variables or characters to record. The values of these
variables are all recorded for n distinct items, individuals, ...

| Orga@rtjéati}l/ obseyred value (&ﬁ> XJ‘,Q ( random, vaniable )

> = measurement of the kth variable on the jth item

p.1-1

» n measurements on p variables can be displayed as follows:
y Q//?l&( <) Variable 1 ~ Variable2 ---  Variablek -~ Variable p

‘; [ x X x X1
m a / 11 12 1k Q
X21 X22 X2k X2p
Popu/ﬂﬁbn/ : : :
Xj X2 Xik *ip
{ Xn1 Xn2 Xnk xnp

» The data can be displayed as a rectangular array:

—_

acolumn: @ VoL [x1 x2 o xk o Fp | popefit
0 Yow yeyesding o e Bl ) waliAedpe oppralion.

ov e X =L L s o x, @Q‘eowwfmc nuaGion, -

Ll Xn1 X2 "7 Xpx " Xpp

Example: a se ctlon 4 receipts from a university bookstord ™
From a, oG zwwp”
= SO able %ollarsales) 52 48 58
VarmbleZ (number of books): 5 4 3
42 4 ’C Aol
" . 5 5 meo y a/)%
X = 48 4 random. voniable

58 3
« Some descriptive statistics (summary numbers)

(H> sample mean: x = — 2 Xy < measal 7g, W//omjz,.,

mj=1
VW““H“ > sample variance: 1 &
P %_Skk—_z(x}k_xk) wme of
S unt =(\/a4mbli unit) Spreawl
» sample standard deviation: /sy

= it uses the same units as the observations
» sample covariance:

2 == (x;; — %) (X6 — Xi)
\/WW e, Si E 2 ji i jk ;{ 2
J/ = it measures theassociation between 2 varlablesby units
= it reduces to the sample variance when i=k Scales.
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- . aﬂh ve ©n _ _ p.1-3
| sample correlation: (,- i fre ) R nme
Al - U Vs Ve [& "
Sao X1 “ 21 (x;; — %) \/E (xjx — %)’
~ <

= it measures the strength of “linear” association _ -
» —1 <7 <1;r=0= no linear association 3jt= Xf;;‘—_n‘ %j&’%
= 7 Can be viewed as sample covariance of st ized data

= 7 remains unchanged if the variables are linearly

L transformed—>eq. {ii=aXjith, ﬂjv cXetd . o

» Arrays of basic descriptive statistics varkt

2
vaable

x
) Sample variances S =
Sample means xX=|. and covariances i
Xp
( Sample correlations R =

+ Reading: Textbook, 1.3

Geometry of the Sample
» A sample of size n from a p-variate

. . X111 X2 7 Xip

“population”: collection of measurements X {x;, X2 o x;p}
P 1 (nxp) : : ) '

on p different variables taken on(n) ot e

D

ems/trials
Samplzﬂ(‘

» Approach 1: rows of X as n points in p-dimensional space

X = X21 X220 Kap)|T= X2
(nX p) ; . L : rft
| *n1 Xn2 " Xpp X

» scatter plot of n points in p-
dim space provide
information on the location

WA~~~

& variability of the points
,‘m wxwation

aw w ﬁ 5”, amm SN

MLARN
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di
m

4.m haws~  Euclidean distance (Note: the coordinates represent

2Ry e agnitudes)
Ik, scolag -4

p.1-5

» distance: most multivariate techniques are based upon the

concept of distanceé—rqo/asmt?g "Similmity it between rtems.

= Q: how to define distance between 2 multivariate data
points?
b " Euclidean distance of two points
) P=(x1-,x2,...,xp) Q=(y1>h&**':yp)

g, 4P.Q) = Ml =y (= 3)* + -+ + (5, = )

o unsatisfactory for most statistical purpose because eac
coordinate contributes equally to the calculation of

anits measurements subject to random fluctuations of differing

o Q? how to account for difference in variationp Z=d} |=
Ans: weightingée— stadandizing —— "\ 4S5/

= statistical distance accounting for difference in variation
& the present of correlation

p.1-6

odifferent variation & zero correlation
+Values which are given
deviation from the original
in the =, direction are not as
“surprising” or “unusual” as
> are values equidistant from
the original in the z,
direction

L 4 _ 2 - 2 — 2
dP.Q) - \/(xl o GO C S G
S11 522 Spp
«+ all points with same distance from the original form
an hyperellipsoid R
2 2
X X
had 3 + -2 c b

LI—’: 5 .

5 s 75
major axis/minor axis | —<

= (511/555)12

"-(0, o)

o If 5;y=...=5 , (*)=Euclidean distance
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p.1-7

aodifferent variation & nonzero correlation

T o5 « the points exhibits a tendency to be
large or sn}m(all together

£y

Pod
Sy, o Q: What is a meaningful measure of distance for the
case? Ans: rotate coordinate system

row | o] %\= x, cos (6) + x,sin(6)
= —x; sm ) + x2cos(f) / Sll —L

§y§‘/’£/ru 0.0) 522
f X %3
3111 3222 01 x? + 2a;5x1x; @'

« the appearance of 2a,,z,x, is necessitated by the
correlation r,% 0

d(P,Q) = \/011 — »)* + 2a12(x; — y1)(xz — )‘z) + aya(x2 — W)?

« all points that are a constant distance from the point” "’
@ 1s an ellipse centered at (). Its major and minor axes

are parallel to the ¥, and %, axes.
2 _ .2

a13(x1 — %)% + 2a15(x — m)(x2 — ») + aza(x2 — pw)* = ¢

+ In general, for p-dim points

d(P,Q) = \/[all(xl - J’1)2 + ax(xy — y;_;)2 + o+ app(xp - yp)2 + 2a12(x1 — 1) (x2 — )
+ 2(113(x1 - }’1)(x3 - y3) + -+ Zap_l,p(xp_l - yp—l)(xp - yp)]

1/2
1 — Y1 !

Tp — Yp

« the matrix [a,,] Is related to the sample variance-
covariance matrix
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