NTHU STAT 3875, 2018 Lecture Notes

Definition 4 (w& the model (L) in LNp.38) L
£ ® expression 1: Let €, = Yip — pij - Then, for i = 1,...,1,j = 1,...,J,
INp.2 — . (2@ 2 — —
&N, E=den By l‘ﬁs;)l Yz‘jk = [ij + Eijk, and&m variables)

CHIL.p2|  where €;;;’s are independent errors and €;;1, . . . €5k, ~ iid. Fi;(z + pgy)

— If p1;;’s are the means of £;’s, then

* E(e;;,) = 0 for any 1, j, k, and

* if we further assume that all Fi;’s have same shape, then
— ¢S ~ i.i.d. from some F' with mean 0 dist. of

I - Ejk’s
— If p;;’s are the medians of Fj;’s, then dist. Fi3's JT:
* all €;,’s have median 0, and S

* if we further assume that all Fj;’s have same shape, then S o
- - median

—» €;;;,’s ~ 1i.d. from some F with median O

cf. (@) expression 2 parameters
] I v
— Define i = 77 Zl_:lZl_zl pij = grand average of all ;s

— Fori=1,...,1, define (for A)
i

Iz =73\ 71 == - = T L .
(£ 5F=0) F=5), wu and 0=F—F (= B =F+0).
; : the main effect of the ith level of factor A |:>
<:| Ch 12, p. 41
* Zizlﬁ = (Zﬁ;l_z-.) —If=0 —> oiS: I parameters,
o
— For j =1,...,J, define (for B) but, dim( "S)_LI
I __ o\ - I _ _
(FERFT) Fi=72tay o fi=Fy—F (= B =P+ fy)
B the main effect the jth level of factor B By 82
83
& Z 1BJ = (Z'=1 ,u,-) _iﬂzg*_& : J parameters,
rf_i.ﬁikfﬁ = L= but d:n(B 5)=J-1 Ty Taald.y T2
o U —Fori=1,...,1,5=1,...,J, define” == d2)=J-3 73
.1_'. &S Qa.'i 51 = A== i+ 0 " 's:
. = (Mi_j_ﬂ)_[(ﬂi_ﬂ)+(ﬂi_ﬂ)]:ﬂ_ By — Bt
(uijtoi-g3-B) (= piyj =0+ o+ B+ 6ij)
* 0;;: the interaction (effect) between the ith level of factor A
parameters —e L Al £
and the jth level of factor B = ZJ‘_ 82"3_‘:0
* For j=1,.. JZ —(I,ui—lu) I B =0jand
. T T T dijs: Ir] parameters
00 g =1 T 21:1 = (U DS e = U dim(8¢45)
— Then, we have the model: ﬂﬂ..[ Al =1J-1-J
1-way layou'l,“i» YZ;JE = M + €k = B+ az + 53 + 0ij T Eijk, =:.I-IXJ-I
where €;;;,’s are distributed as above. In this model, Pﬁ%
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Ch 12, p. 42
<:I | there are I different o;’s, but they are of dimension / — l’_T
QL”I of *| there are J different §,’s, but they are of dimension J — 17—
M | there are I.J different d;;’s, but they are of dimension
1J—1— J+1~]J (I—1)— (J—l)—l—(]—l)(] 1)
dim(U4iz’s)
— connections between the parametersLd.m(a.s)id.m(&_) l.d.m(g_)

table ifje<Es B Ay, -5,
o3| 4 1 | 2 e T = tjy-Gia
1 p

) T - L

averdge| 7 +[ar}HpL 5u.u+-+ﬂ2+a 7iHon ﬁ__+ 7 +or

7 =0 | +
- |05 Mro = = = D

- BroHBHuHE+ar+ 52+ Btar+B5+40r
ﬂ'«ﬁ-ﬂg’_z —

ORI !T
=6iBhafe=|—efiy]- 7 HA] | Ea-E+[% ﬁ_f—z+

Example 6 (Interpretation of the main effects of A and B and their interactions)

Consider a 3-level factor A (I = 3) and a 4-level factor B (J = 4).

e There are 3 x 4 = 12 level combinations = 12 means (y;;’s)

e Consider the following models (1)-(5) and t—l 2 samples |:>
<j Ch 12, p. 43
compare the interaction plots of their u;;’s Acl2.3
1.sample ﬁ-)(l) Yijk = B + €iji (e all a;’s =0, all ﬁ] s=103allN. si="0) -—r-—-—-
data.
— dim(E(Yr)’s) = 1

[}
,;oocr'e, 1-—4:‘ =0+ o5 + €k (@ all 5;’s = 0, all d;;’s = 0) &'&“

1-way dim(E(Yiy)s) =1+ 3-1)=3 —
Iaout'd(B) Yije =0+ B; + e (& all ai’s = 0, all §;;’s = 0) uﬂ'
— dim(E¥y)s) =1+ 4-1)=4 @l e
— = o
Yijk =0+ o + ﬁj + €5k (= all 0;;’s = 0) =
: - 3
Fweix L (B0 =1+ (G- + (-1 =6 @
L - - .
and — This model is called a main-effect(-only) g-_‘:
the le model (MEM), a simple additive model
. . . 2.
.L — Under a MEM, the lines in the in- O(.;'s{F. o o
teraction plot of y;;’s are parallel. — \[7=.

— Under a MEM,
* Qpy — Q= Piy. = Fiy. = Piyj — Migj for any J (add 3
. =1
ﬂ]Q e :U“L ML /“Lljl :u’iﬁ fOI' anYl Pasgii.&'s

inkera¢tion l«—o g How to modify the MEM to allow for nonparallel
lines, an indication that the effects of A depends on B?

||~
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<::I(:Iz) (3) (5). Yijg =B+ o+ B + i + €ij
' — dim(B(Yip)s) =1+ @B=1)+ (4=1) |
C%D H-(4) + (3= x(@-1=12 | I W
¥ —(5) 1 2 3 48 2 3 ¥
(1)e Note. Model 1 c { Modelie) } c Model (4) © Model (5) |add 2%3=6
2)n(3)—F | Model 3) ((1-:)(1-1)7‘

Definition 5 (Interaction plot based on data) parameters

e Notice that p;;’s are parameters which are unknown in practice.

o 1 i
e Because Y;. = Z ’ Ymk Mij, We can replace j;; by Y

e If the lines in the interaction plot of YQ 's are nearly parallel,
it is an indication of no interaction between A and B.

no effects if treat 1J samples as 1-w 1-way layout
Define rWhenallHaeB conditions hold => all Uijs= I (model (1)) “_—j

(of factor A has no (main) effect on Y’s

< ﬁL:“':ﬁL:E < al:'”:al:g(o@:uz‘;—u-)
o| factor B has no (main) effect on Y’s

& Oy=-=py=p < pfi=--=P8;=0(Bi=Wi-T)
o] factors A and B have no interaction on Y’s <« all 9;;’s = 9 |:>

Ch 12, p. 45

Definition 7 (balanced data)

In the two-way layout, a set of data is called balanced if all the IJ samples
have equal sample size K, i.e., J.. bri ing n
Ky==Ky==Kn="=K;=K- “orthogonality"
* Normal theory for the Two-Way Layout between the SS 5
Consider the model (V) in LNp.38. Jor auis. 93-—‘

e Assume that

— Fj;’s are normal distributions — F;;’s have same variance foid
I].<l<J1 ]C\Kij,

<1<
E sza_ allow di “g
£ | for different salnples

# of parameters = IJ + 1, including all ;;’s and 02
oo gl sl ® G fai e

Thus, the statistical model is: for 1

(£.3)th sample —

and all Y;;;,’s are independent.

o Alternative expressions of thismodel: for1 << 1,1 <j < J, 1<k < K,

— expression 1: Yy, ~ N(u+al+ﬁ]+5”,a ) and all Ymk s are independent,

— expression 2: Y =|ﬁ+ @i + [3] + 523 + €k, and €;;;’s ~ 1.i.d. N(O o )
where L L{__.jpj*%
* Zle O‘izgand Zj=1 61 =0, |:>
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Ch 12, p. 46

« 36y =0 fori=1,....Land ¥ 65 =0 forj=1,...,J

brug in
“OYHIQO

(in these two expressions, # of parameters = 2+ I + J + I/, including

llt‘?:" o, all a;’s, all B;’s, all d;;’s, and 0_2, but they are of dimension /J +1)

(Balanced condition) For simplicity, assume that any sample sizes K;; =

K. Then, the number of all observations is N = 311_, >/ i1 Ky = IJK.

Theorem 13 (log-likelihood of the model ([))) Rl g8 (ZITQ_)%'QXP[ Q—a 53 ):l

Under the model ([]), the log-likelihood is proportional to (exercise)

IJK
log(a” 20—22Z 121_ Zk 1 ”k ’u”

- 2 IOg 20’221 IZJ lzk 1 Z]k M+MZ])

l(ﬂ,...,,u['],()j) O

o) o, [ 5o - 3,70~ I v

e (IJ + 1)-parameter exponential family d'mi;f_J

Note 8 (Some notes about the log-likelihood of model ([ ]) in LNp.45)

e The log-likelihood can be written as a function of i, a;’s, 8;’s, d;;’s and 0_2
by substituting @ + o; + 5; + 9;; for p;;, but note that the «a;’s, 8;’s, d;;’s
must meet some linear constraints (given in LNp.41). |:>

Ch 12, p. 47

e From the log-likelihood, we have ﬁg,_n_d_l_._g
ol 1 K
—forany 1 <1< 1,1<75<J, auﬂ :EKZE_ YZ]k) —KXMQ]—O

N
ol K o . ) P
- @ - 202 * Ezi:12j212k:1( ik — 'U’ﬁ)_ =0—> GMLE

o Let Ry = Zk e fo1"1<z<]1<‘7<<]7 and R, ZZZkY2

1, By, Bo) LNp 46
S e P AT | N AT S TN A T T L ey T B [ e e
15> dDuUlliCICIIL allu bUlllpleU \111 1iu. k J _]_ .L) pdd.d II1IETET U)&pUllUllbldl 1 llllly

S K
N
By the invariance property of MLE, we have @ £,9 g(e)
(O The MLE of 7 is |_check WV.CHI0.210 »| 3 MLE of 3(6) isg(é )

LNp.4p B=5EX i) = pr(T, X Yar) =Y = cl_:be:gtagg%m]

L@ The MLE of i, is ;:%,-( i hy) = 72 (0 ) =Y, i=1,...,1

TheMLEofoziwsal-:ﬁi_ n=Y,. _37;,2:17_'_,£ﬁi~:ktableinJE>
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