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Lecture Notes

@

e Statistical modeling: Regard Yij as a realization of a r.v. Y,J ch im0

Fori=1,...,.;j=1,...,J,

parallel lines in interaction plot]
Y —M+@Z+/BJ+EIJ7 (é— _MEM) i)

where (= 5. orant mean '%:b model (D) in INp 45° e@]

— ay: effect of the ith treatment («— main interest in RBD)-—J
IL|— B;: effect of the jth block («— no interest in RBD)] 2;0q=0

%."9 ¢;’s (random errors) ~ i.i.d. N(0, 02) 2;B4=0

e Q: Why no interactions (i.e. 5ZJ s) in this model? gimmension of them=1J
all There is not enough degrees ees of freedom to study interactions

bservations| (Note. If the model contains interactions, after'f, a;’s, Bi’s, b;;’s are

estimated, there is no degrees of freedom left for &;'’s.

r@i.i under model (Q)] = all the re&duals by = Y Ym =0—=4L= 3 =0

— In practice, it is commonly Seen that there is no interaction between
treatment and block factors due to the nature of block factors.

Example 8 (Examples of randomized block designs) L’MY‘_"& exP'éa’ units
de To compare effects of [ different fertilizers, relatively homogeneous blocks

of land are selected and each is divided into I plots. Within each block,
assign the fertilizers to plots at random. g _g_d-m block, aplot»an ’I,-al ik

alitter é To compare effects of different I diets on experimental animals, select I

ananimal|| 2nimals from each of several litters and randomly assign to the diets.
-’a?i lre If an experiment is to be carried out over a substantial period of time, the

Ch 12, p. 66

blocks may be stretches of time. g‘;‘,‘éﬁ"un"f_‘H—I;H'—l—H—”—I# time

e In industrial experiments, the blocks may be batches of raw materials.

Consider the model (¢) in LNp.65. Under this model Thm 15 (LNp 50)

Thm 16 (LNp.51), and Thm 17 (LNp.53) still hold, because this model is a
sub-model (%) of the model (CJ) (£) in LNp.45 for 2-way layout. Thus, (pr

'I'Ei-& J. adding constraints Q:' @ J Inl-woy lavout, 82-= (SSAi‘SS‘a)/(dfﬂ*dea)

—tié

| | o= &% = M85 = 585/ = )(J ~ 1)

{® (from Thm 15 in LNp.50) SSpor = SS4 + SSp + SSap, where
SSap plays the role of SSg since all §;;’s = 0. t +}%’ (* one obs

e (from Thm 16 in LNp.51 by setting K = 1 and all §;;’s = 0) ing cell. K=1)

g/

ssp) 258 = J(Zl-cﬁ)ﬂu)a_? < B(MSy) = 7 (Z;0f) + o2

m:e — E(8S5) = L(Y,; 8]) + (L=1) 2® = E(MSp) 7(2 8?) :‘;
p-52) JT ——‘1.‘9_
PO E(SSu8) = ([ -D(J 1) 0* = E(MSsp) =0’ =
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Ch 12, p. 67
<:I e (from Thm 17 in LNp.53-54)> Note. Q:C N
— B o, (ifs=0) 0
— Under ié—) rap == oy =0 (Note. H_fﬁ 3@\&(()—)% =S e
SSa~0o’x, = SSA/G_2~X21;1. 0

— Under H{® : g = -+ = B; = 0 (Note. HP : 0*\H(®),

8Sg~0a’x%, < 8Sp/o’~x’,

— Under Q* = iéé) U E_(AA) = Eéﬁ) uﬁéﬁ),c- all dijs=0

tfs:atm 8848~ X(unw-y = S5a/0° ~ X{nu-y)-

factor|[ — Under Q*, the 554, SSp and SS4p are independent.

E-@ Test iéé) rqp=---=0g;=0 vs H%) : at least one of ;s is not 0
istic 7 — =4 SSIUY e
— test statistic f4 = = === : A AB
= MS SS =1 = -
MSg in Np s6ece_o 104z S5ap/lL= DU = D] i 1p.66
— null distribution: under EO(A), ~ 22 (under HA) =>Iar£r EA.»
T more extreme

~=(55,/a3 /(1 - 1)

independent Fy= N, e ~ Fr1a-nu-u
a ﬂ%/[(l — D/ -1)]
Ai-13-1) (under L) ~ —
— rejection region at level a: reject H(g—) if Fg> Fr_1, -1u-n(e) |:>
<:| Ch 12, p. 68
B.?rq\‘G)Test ié@ pi=e == s Hj(f) : at least one of 3;’s is not 0

MS SSg/(J—1 jushification same

blockll _ et statistic Fy = ——= = 55y/(7_ 1 "las that for Fa

factor MSE in tNp.56 oSt MSap  SSap/[H -1)(J —1)] '

— null distribution: under Eéﬁ)

i (under HE®) $M EB-’

: r.l’_’_i—“'za‘ l exk
in e —

Z-ng-) (under L) '—"_F_ﬁzﬂsﬁ/ﬁi/[(1~ D=1~ euue-y
(1-0@-1) (under ~

— rejection region at level a: reject Héﬁ) if Fg > Fy_1,g-nu-1(a)

#4| e ANOVA table for RBD (K= 1 <}5> ANOVA table for 2-waylayout (Wp.57)

12 Source [ 55 df MS (=SS/df) E

EI Gesmed) A | 555 | — L LyEoifo 550/ )—SOPMS,/MSp
I (block) B (&FSSs @—J/-1%3BIF0  s5/(/-1) B MSa/MS 5 |

BEHeron AB || “55,p | MU -DU -1 r SSap/[( - DU =D | Geg same

HE Total [&*SSror --1_. 2 |L=3g2e,s2 standard [

Example 9 (Drugs to relieve itching, Beecher, 1959)

e Five drugs were compared to a placebo and no drug with = treatment

factor A, L = 7 <— of main interest (358)]) of no interest (?-ﬁfi']):]

e 10 volunteer male subjects aged 20-30 = block factor B, J = 10
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a1 Ch 12, p. 69
M*‘L e Each volunteer underwent one treatment per day, r treatments 1, ...,

1 and the time-order was randomized. _
Z . | blocks ——subject | ‘.;; .
toform le The subjects were given a drug ,__i__ . N
- Mihin or placebo intravenously, and then : anexptolunit- §
|(check JPREEEO) o 2l < 3eneous _
Mi;; itching was induced on their fore- | within, | -Subject 10 ’ q
>82 arms with cowage. The subjects _3.‘:.51‘39’“"5 &tween treatmemsl
becomes : b :
larger recorde.d the dl.ll‘athIl of the itching.  pote Vari S of piecks sti ”
inthis |e Analysis of variance table for RBD appears in these boxplots
case — —— (cF.. graphg in LN, CHIl, p. )'

eatment) Drugs (A) 53013 8535 g 2.85
5 (block) Subjects(8) &OBQSO‘& ? 114764 W
# (error) Interaction 167130 54 3095 but not interested T
Total 323122 Le69= 70‘1_f.32

drugs have half-widths of variation of sub_ied:s has been removed
T /3005710 —
1L (LNp.31~34%) for J-way layout ~> ¢7,54(0.05)(s /v J) = 4.31+/3095/10 = 75.8,

Only papaverine achieves a reduction of itching over the effect of a placebo.

? E(MShe) > 92 > Fal

;—'-@ Connection between the ANOVA for RBD and the paired ¢ test (Thm 18,

Ch 12, p. 70

Note 9 (Some notes about ANOVA for RBD) at least one of Sijs¥ O
e From Thm 16 in LNp.51, if there is an interaction between A and B~
0 reject HEY " 1

BMSa) =+ Fopyg =) (2:5:%) >0

and the actual probability of type I error will be smaller than desired.

5
~ |

LN, CH11, p.53-54): the pair ¢ test is a special case of the ANOVA for
RBD where only two treatments are being compared (I = JHere are
some hints for a proof (exercise): check the g_tgdlé in LNp.63

— recall: In pair ¢ test, the data is n pairs of (X;,Y;) and D; = X; - Y}

~ D J

— Let 2y, = X;, Zy; = Y}, and consider the model (¢) in LNp.65 for Z; ,’s.

7. Z.- X+ V)2 md Zy = (X, + ¥))2

D — 2 n
— MSs=3%1(Ze~2Z. 2= (X-Y)*/2and MSup = ;17 i1 2521 (Zis—

Lecture Notes

Zi~Z;+Z. = 551 Sal(X; —Y)) — (X =Y)]* [reject if ITI>c
= = — Tl ) F @ 2
— Then, L'DJ. > L=> RazCl |

=

Fa= J\]f;: B <~1-1—Z [(& (H)]zf (%)2:?‘
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* A nonparametric test --- the Friedman’s test --- for RBD .
Kﬂfﬂ_’: e Consider the model () in LNp.65. == no m{:erad:non (dijs=0)
g?;!?h(io e But, assume that all the errors €;;’s ~i.i.d. F(x d;m(ff-'})_
blocks) - where F(z) can be any distribution with mean zero (or median zero).
?3’.—.';‘; o Then, Y ~ F(z - ,uw) = F(z—(fi+a;+ ;) and all Y;;’s are independent.

@_-.FNU Papa- Amino-  Pento-  Tripele n' No Amino-  Pento-  Tripelen-

{——b r—wd:hm-block ranking = Can remove block effects

e (Replace Y;;’s by R;;’ ) Wlthm each of the J blocks, the observations are
ranked. Within the jth block, j = 1,...,J, let R;; be the rank of the

I observation pertaining to the ith treatment, s =1,... 1, i.e.,

3_,5 ixed le RIJ areythe rasks of Ylj,--- ,Yil
Yijs—»Rig’
e An example: rtteal'menh (dl.) /.__“‘

S

Subject ~ Drug Placebo verine Morphine phylline barbital  namine Drug  Placebo  Papaverine  Morphine ~ phylline  barbital ~_namine

like 1-sample data—r* Y1, -, Y ~ Lid. F(z— (F+5;)) =y

" * The J collections of ranks {Rll,.. ,Ria}, -y {Rig,...,Rrs} are

BG 174 263 105 199 141 108 141 BG 5 7 1 6 3.5 2 3.5
. E 224 213 103 143 168 341 184 JE 6 5 1 2 3 1 4
blockg¥ % e n 1 b e 211
: TAF o o s s e iss 5 23 L)
(Bl) GM NTOT 37 33 g7 36 E o1 h—-)g_i z : : p 3 3 ) D
e SS 100 102 133 120 222 134 129 SS 1 5 3 7 6 4
T o am w m e m an i 3 ; > % i s
Mo [P0 Wi 2 w0 ey 65 192} A |0 40 2w a0  im  aw iz
TV, (= 5Sa) T (= SS2) Oy
<:| Ch 12, p. 72
e Null hypothesis: there is no effect due to the treatment factor, i.e.,
i(()é) : al —_— ... = &l — 9
e Apply sum of squares decomposition on R;;’s:
C R) . (R)
=agastontl 5ot _ 5B} 55i0 1 558 ss§ ag 15 @ function of SSy
if nfotie | —5— —+:= 0
o Test statistic: SS(—) JZZ (R —R.)%+(Q: Why not divided by S5 —)7)
(R)
e Null distribution of S S(A_) ’—Q’C.-?e—" SSa” = more extreme
= Unider Héé) , the exact distribution of SSz(i_) can be calculated as follows.
* When oy = --- = a5 = 0, for the data in block j, j = 1,...,J, we
have _t— g_ is fixed

p -
di 7
= For any permutations riy’s 'sof {1,...,1} F?"Ma-s (blocks)

- same dist. for different 3 (blocks)
%’t P(Ry; =ryj,...,Ry; =1p5) = 1/(I! )—»nrrelevan-l:tol:&_ﬁg_s_

independent.———- joint dist. = , #h marginal dist
* From the null distribution of R;;’s, the exact null distribution of S S (&)

can be enumerated. |:::T~
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Ch12,p.73
— Or, we can use this asymptotic null distribution _ _® p I(I+l) ,2
TWhy Check SSa = ZF M
12)55® — e
al- Wall; 0 A 12J R, _RE 2
test stot. m - - p=1\1ti. — 0. )= & X1 -
INp. 24 ~25 — I+ IZ+1)

Note 10 (Some notes about the Friedman’s test)

—(¢) Connection between Friedman’s test and the sign test for paired samples

(LN, CH11, p.57-58): the sign test is a special case of Friedman’s test

where only 2 treatments are being compared (I = 2) (exercise).

e For your information, there is a nonparametric test that generalizes the

signed rank test (Thm 19, LN, CH11, p.58-61) from 2 treatments to L
treatments. It is called Quade test.

[ . . .
3=é 3'—'& se e 3=L
[-_-1__ Y,_l-t Ry=2 Y,_E-b Ra=1 |oee Y’-l-. R,j-_[ ¢§L=u,_x(3-u_g+gx&]/;
v A A
l:=_2. Ygl-’Rm:l Y2£¢Rzz=2 eeoe Y?lz"R?J:z »F&=[£‘&+3(J'&)]/J’
D;>0 Dy<0 eee | D3<O ..&2#{Dj32}

+ Reading: textbook, 12.3.3, 12.3.4

SSa”>C e [Ne-F]>c*

¢ Further reading: textbook, 12.4 (factorial design, fractional factorial designs, incomplete block
designs, assumptions in ANOVA)

. sign test
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