NTHU STAT 3875, 2018 Lecture Notes

- N g Ch 11, p. 56
« A nonparametric method - the signed rank test [ Ol0ws dist. with %?: ol ’
e Let Q be the collection of all continuous distributions‘l: dim(Q)=00

e Consider the nonparametric statistical model: Dy, ... D, ~iid. F, (V)
where F € Q. CP(D>d)=P(D<-d) ¥deR X
“L,@ Let Qy = {F | F € Q and F is symmetric about 0} (P(D>Q)=P(D<Q)=Y2
Mo=0] — 2 C Q and dim(Qy)=00 + odd-order moments =0, even-order moment € IR
-t;x-u — If I € (), then the median of F' is 0. But, F' with
median zero is not necessary a distribution being symmetric about 0.
e Under the model (V), we want to test the null and alternative hypotheses:
Hy:F €l vs. Ha:F €O\ (oymmeFric about 0

Q: Why add the “symmetric” condition in the null? = red:
— = — %< iean=0
always exists —

a Question 8.
How to use ranks to examine “symmetric about 0”7 What data are “more

extreme,” i.e., cast more doubts on Hy?

ck Intuition. FeNo
rank sum Wy or Wy |-
test (INp.32): |
Ho: E= <f

This explains add 1 Lues

S zmmetr (C ttion ks: . P8 o o
‘ e 13579 10 |
@ e A brief comparison to (2-sample) rank sum test (assume no D; = 0) ©" "™

— similarity: if in the paired case, f-W’x,W-, (Wp.32) E"'E is continuous
. = & the data (=D, | D; < 0} is treated as the 1st sample AP(D>0) % Y=
g{#xﬂy) + the data {D; | D; > 0} is treated as the 2nd sample = P(x-Y>0)

. : . : =P(X>Y)
sy * then, the Calculatlon‘fo'r the paired case Is equivalent 1 P(x<Y)
A=0 to the rank-sum statistic in the unpaired case =p(x-Y<O0)

(Recall.  — difference =p(D<0)% Y2
T in Lp36) In 2-sample unpaired cases, the sample sizes m,n are fixed numbers.

What cf In the paired case, the sizes — —
informati Under alternative,
‘g%ﬁ N_=#{Di<0} and Ny=#{Di>0} [, = ==———
. (0:>0].°-*, 1(2n>0]

in N+ & N-?| (Note. N_ + N, = n) are random variables. iid .

Indicator | * Under Hy,« F (s symmetric about O - == Bernoulli(1 - F(0))
fFunckion: | - Iip gy, Ip,=o) ~ id.d. Bernoulli(1/2) =) cdf of D
Ttoemal 7N, = S 1 ~ bin(n, 1/2) and N- = n— N, ~ bin(n, 1/2)

-1, Diz0

0. Di<0 |® When conditioned on N, (or N_), the null distribution of the test
N-EN- statistic in the paired case is identical to[the null distribution of

are known rank-sum statistic in the unpaired case. -conditional
SE———— T _ . - C.E
e Alternative test: sign test (TBp.461, problem 12)e=» Mann-Whitney test

— Consider the model (V) in LNp.56. Ux. Uy (Np.38) B
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@ — Let Qf = {F| F € Q and F has median 0} cn 1, p.58

x Qo < O < Q and dim ()= < symmetric about 0 => median= 0
— Under the model (V), test the &H and alternative hypotheses

Hf:FeQy vs. Hj:FeQ\Q
r——o@ Intuition. ‘ I T
Ts this good enoygh for Ho: o7
Note W5 & W= use more —
o T oo mute| ||| emniems o

— Null distribution of N (or N_): bin(n, 1/2_)

4
Theorem 19 (Wilcoxon signed rank test) md & =2 I[p;<o] (:%) El i=17

Consider the nonparametric model (V) in LNp.56. [PlIPdIDiDsIDAIDy Dl 105l 124

L  n(n41) ﬁ'.._m_._ﬂ_l_l..

e test ststistic W (or W_ = == — W) T
(1) Let R; = rank of |D;|,i=1,...,n. ~12 3456 7 Séf—i
(2) Restore the signs of D;’s to the ranks R}’s, i.e., let R; = sign(D;) x R;.

B (3) Wi =>"= Iip,>0 R}, i.e., sum of the ranks R;’s that have positive signs.
i — —

e Q: What values of W, are more extreme? If there is no difference between
the two paired conditions, we expect Ls more support for Ha )

Ch 11, p. 59
@ LB

— about half the D;’s to be positive and half negative (median= O7§'-n°

;rh:;;‘f positive R}’s and negative R}’s similarly distributed (symmetric’e-Q o _n_
U\‘I;Sé and W, will not be too small or too lagre Lﬁ"s"g;;m [572]—1 I(0:>0]
= data with larger or smaller W, are more extreme = tend to reject Hy
T e Null distribution of W p(Eg)L. P(D<d) P(IDl<X) = 2 P(0<D<2)
same U W, €{0,1,2,..., 22} | =P(-D>d).¥d | |= 2[P(o<z)-p(o<_)]
_ Under the null Hy @ symmetric about 0) =2(E)-Y2)

< ([ip>0); |Dl\) and D; has the same distribution as —D;

D,, ~ iid. F(z)ecdf

2D T2
haad 2 |Dy|, ..., |D,| ~ iid. 2F(z)-1,2 >0«
indepgn- - -
dent
— I[D1>0], 4 ) Ipﬂ ~ ii.d. Bernoulli(1/2)
;—1;Traévan-l- to E
R, ~ 7<check Wp.32
indepgn- {17 2o ,n} randolmy assign to B
dent - e o of ]
| Ra, LR, fo| (Bu..ky)  |[FR)

s EJ DJ i r—beach outcome has

(egual) probability Y/n: E)
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Ch 11, p. 60
<:I % Any particular assignment of {—, +} signs to the integers 1,...,n (the

ranks) is equally likely.
Prob. | (R{.Ri.R3) . come W [+ = 1/2
5(2_:,.2)...2 239 [1"'; 3; =) & g
(222 31) > v S, 2 )
V(23«3 te(2, 1. 3) 27 {Rist={ = 2, ...,

V(232301 (2. 3. 1) | [Prob.= i— T_ Tt t 1

V(22«3 ( 3. 1, 2) |/23 ' ///;»—T

V(22230 1+( 3.2, 1) — = Prob, = —— = n independent
2.xn! 2

* There are 2" such assignments and for each we can calculate W, =
obtain 2" values (not all distinct) of W, , each with probability 1/2".

*x The probability of each distinct value of W, may thus

1/2 1/2
1 I
- £ n

7

n
heck be calculated, giving the desired null distribution.
< [ W.
r Wp33e (Two-sided) rejection region Recall. Wi +W- = ﬂ‘;’_—*ﬂ %T W
«exercige) — The null distribution of W, is symmetric around E(W,) —s 1(4"_.\‘_2

;C—F""G—) Reject Hy when min(W.,, W_) is small, i.e., min(W,, W_) <w

m‘ﬁ’g;’ — Table 9 of Appendix B in textbook (TBp.A24) gives critical values w
tn . _

e Ties

— Tie between (X;,Y;): If some of the differences D;’s are zero, the most

rDi =0

common technique is to discard those observations.

Ch 11, p. 61

— Tie between |D;|’s: If there are ties, each |D;| is assigned the average
value of the ranks for which it is tied.

— If there are a large number of ties, modifications must be made. See
Hollander and Wolfe (1973) or Lehmann (1975).

Example 9 (Smoking effect, signed-rank test for paired data, cont. Ex.7 In LNp.52)
en=11,W_=1and Wy =[11(11+1)]/2-W_ =65 = min(W_, W) =1

e From Table 9 of Appendix B (TBp.A24), the critical value for two-sided test
with significant level a = 0.01 is 5.

e Since min(W_, W, ) < 5, reject Hy at o = 0.01 (consistent with the test result
in Ex.8, LNp.55).

Note 10 (A comparison of one-sample ¢-test and signed rank test for paired data)
e Unlike (one-sample) t-test, the signed-rank test does not depend on normality

assumption. good for data with outliers (< Cauchy dist.)

e The signed-rank test is insensitive to outliers, whereas the t-test is sensitive.

check ? When the normality assumption holds, the ¢-test is more powerful.

box- [Te However, it has been shown that even when normality assumption holds, the
Pé%‘t signed-rank test is nearly as powerful as the ¢-test (relatively efficiency of
Di's signed-rank test statistic to (one-sample) t-test statistic ~ 0.95).

e The signed-rank test is generally preferable, especially for small sample sizes.
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Ch 11, p. 62

Theorem 20 (means and variances of W, under H)

e Consider the nonparametric model (V) in LNp.56.
e Under the null hypothesis Hy: F' is symmetric about 0,

n—l—l) +1)(2n+ 1) (same

EW,) = and Var(W,) = o ) <v_aatlru:mce

(& EW.) = [n(n+ 1)]/4 and Var(W_) = [n(n+1)(2n+1)]/24

Rl since W_ = [n(n +1)]/2 - W, )
5 | [Proof.
Raf 1700 1, if the kth largest |D;| has D; > 0,
Il'ndep. Fork=1,...,n,let [}, = 6 i herie I :
= 0, rwise. [D7>0
59 . E_1¢= oz l
¢ Under Hy, order satistic of Itois0). . ljos>0) \Dsl IDSI1DA[DSIDaA D5 1Dl 1Dl D]
—O [;,..., I, ~ii.d. Bernoulli(1/2),«+—<&
— B(L) = 1/2 and Var(ly) = 1/4. 123456 78 [9cn
2! Write : —— '712“436 7 8 | 9cRr
— W, = Z_‘_l Iipso) R, = Z"_lﬁl_. 4>k@):rv. | £ 5
i — 7 depending on Ris| |~ _
e Thus, 1=7
BV, = Y kB =5 (3 k)= —F—
1)(2n + 1)
24
Ch 11, p. 63

Theorem 21 (Asymptotic null distribution of W)

e Consider the nonparametric model (V) in LNp.56.

e Under the null Hy : F'is symmetrlc about 0,
if the sample size n is greater than 20, the null distribution of W, is well

approximated by a normal alstrlt)umom Thmi3 (LNp.41)
W+—E(W+)2N01 VV——E(W—)QN01

~ N(0,1) or ~ N(0,1)].
v Var(Wy) v Var(W_)

Hint for Proof. Use the expression W, = > | kI to find the moment

generating function of W, and show it converges (after standardization) to
#2/2

<—let n>oo
My, (£)= E(et¥)= E[et(Zklx)] [— I« ~ Bernoulli( Y2)
—— - )T B k)L LB i
E[T e .ﬁ]_gl_;_:[e L] 2 7 L(1+etk)

T— L1, In indep.

the moment generating function of N(0, 1), which is e"/*

+ Reading: textbook, 11.3
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