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Question 5.

;_?_q

® In the materials taught before, we usually assume, in the statistical mod-
eling, that the data follows a particular joint distribution which contains
some unknown parameters of finite dimension, —e. 9., normal with 3
e The statistical inferences, estimation and testing, parameters -&‘-—\ﬁ—-z
are then based on a formulation of these parameters.-»eg., A= Uy - Uy
Q: What if we do not have any knowledge about the
particular form of the joint distribution of data?

Consider the problem of 2-sample comparison.

F. G : any continous
e Let Q) be the collection of all continuous distributions distribution

e Only assume that F,G € Q Recall QQ
e Thus, the statistical model is: casg (a) —L»
parameter | 1st sample:  Xy,..., X, ~ iid. from F

<« independent
nm‘ieséce 2nd sample:  Y3,..., Y, ~ iid. from G L Q)

() This model contains paramete

S e e 188 o
infinitely many dimension because cd§ : o ndecreasug )

. 012-:Q-
— dim(Q) = oo (why?) mgf MI(£)> kth moment = M“"(o) k=12
tN:CS Under this model, a 2-sample comparlson examines the null and alter-
case (Q) native hypotheses: Hy:F=G vs. Hy:F+#G. R—no
— — = = difference

suchasnonnalc" . p.28

Definition 2 (nonparametric models and nonparametric methods) # expone ccq
e Nonparametric models do not assume any particular dlstrlbutlonal form
T:': wark Nonparametric models can be viewed as having infinitely many parameters.

data from

@t . s . .
(<—> parametric models: parameters are of finite dlmensmn)

Statistical methods developed under nonparametric models
are called nonparametric methods.

Revie order st and r appear in nonparametric method °
mpirical|® Let X, Xy, ..., X,, be random variables. We sort the X;’s and denote by

?#Bf 3m)~ X @Z_X_é) < -+ < X(n) the order statz’stzct_s_ l'l%gféﬁl; notation, .
o TBp.1b5-107 | Xq) = min(Xy, Xy, ..., X,) is the minimum, median is a
17

* ®,CHI-6.p3Y X = max(Xy,Xo,...,X,) is the mazimum. function of h

h order statistics

{:"F?«:. Let R(X1,Xs,...,X,) = (Ry,Ry,...,R,) such that X; = Xg,, i =
Vo = £ & == = — =

Xerkor b 1,...,n. Then, (Ry, Rs, ..., R,) is called the ranks of X1, Xs,..., X,,. No-

tlce that | ift>0
oot Kl = 5 506 X, where 50 ={ § 20
complete —~data X, X, X, X, X, :
lgmafnon transformation i —— o -— o o ""' i__

* R exlst?

in X, anq-order statistics: X@ X@ X@ X@ X@
ranks: “R,=1 R,=2 Ry=3 R=4 R\=5 | Bs= 3
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Theorem 8 (sufficient and complete statistics for nonparametric models) ancillary

Eata‘)

Let Xi,...,X, beiid. from F, where F € Q. ~dim=00 prdatol
£ Then 1(X X X)) is sufficient and go‘nj—lete g TeMoving informakion in
T g ALy L@ © © 2 59 2 (i) COMPIELe-=" (R.-- .Rn) (Why?+.iid)

- (<i> Xi,..., X, ~ild. N(p,0?) = (X,s%) is sufficient and complete.)
g (T X X Siid N gy (0%
Pl)"(oof. Denote the pdf of F' by f. The jojﬂ pdf of X(1), X(2),..., X(p) I8
—‘l’. I TBP'Ob o
g f L 3 v - oint Of X
_x_m le(l),X(g),...,X(n) (_x}ljﬂ’ Fie 7%) - ﬁ' X f(xl)f('%'?) cU f(@?so;éffﬁ'm‘z
(O---0) for z1 < 9 < --- < x, and zero, otherwise. but (X%, Xn)e/R"

int 1
;,'o‘ Pﬁfof'& ability of Xy,..., Xy given X(qy,..., X(y) is —, which is irrelevant to F'.
qointpdf (x| & 0 TBpz05—%
doirtpdfof T | The proof of completeness is omitted (out of the scope of this course).
X3 Dte ome notes about order sta and ra
|§ X Order statistics and ranks are defined precisely, i.e., no ties, under the condition
P(X; = X;) = 0,4 # j (Note. this condition holds when Xi,..., X, ~

The proof of sufficiency follows from the fact that the conditional prob-

("—ﬂ ii.d. from F and F is a continuous distribution).
X=Xy, ynder Q, the dimension of data (i.e., n) cannot be reduced without losing the
percentile information about F' (€ Q). rcambine information
? |e Under l-sample model, ranks + order statistics = complete data
e ‘Order statistics are intuitive estimator of quantiles, e.g., median. £, 5% guarrtfle
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e Ranks are invariant under any monotonic transformation of data, i.e.,

R(Xy,...,Xy) = R(H(X1),...,H(X4n)),

if H is a monotone increasing function and

E‘X-.--;Xn) R(Xy, .., Xn) = (n41) = RH(X4), .., H(Xs)), g lzn Riz n

(R on) if H is a monotone decreasing function. (<i> z- or t-tests may change signifi-
(L, L) i =N -

S cantly under monotonic transformations of data). 4—:@*,9”*%:)
(® Replacing the data by their ranks also has the R 1 23z 5
Wﬁ effect of moderating the influence of outliers. R 12345
graphs

- INp25 e Many nonparametric methods are based on order statistics and/or ranks.
in Np. anes

e Q: Why are many nonparametric methods based on replacement of the data by
T8p.63 ranks? What information of data are contained in their ranks? nondecreasing
(exercise) — Recall. Let X1,..., X, beii.d. from a continuous cdf F', and let U; = F(X;),
TBp.I05 i=1,...,n. Then, Uy,...,U, are i.id. from U(0,1).
(exercige) — Recall. If Uy,...,U, ~ iid.

ol slope & more X;
g | o UL, the pdf of the ithorder - Socborelpt e X0e
G u (:.3 statistic Uy;) is mi
obs i obs. ! - . T(0.1)
Beta (L
n-t+l) for 0 < u < 1 and zero, otherwise.

Note that E(Ug)) = i/(n+1).
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