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e In the following discussion of this topic, we consider Ng < Ng
the without-replacement case, but neglect the finite population correctione
Actually, this is equivalent to the with-replacement case. qssume Nne's € R

Theorem 24 (optimal allocation of the sample size n in a stratified random sampling)

Ng=Nx
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Ng 4 Ne

[ | ues of n;’s in Thm. 24 (LNp.69) for the variance of the stratified estimator Xg

N LNp.59
Neglecting the finite population correction, the subsample sizes ni,...,nr, -
¢f. | that minimize Var(&) subject to the constraint ny +no +--- +ny =n are
Zg(rv.)e [?'.,w,?'.,} o Wio; W0, su;n ovler 2_g_ > egual 1
— ny=mn X ——— =n X 5 L= L, 4..., L,
L Wi WL _LL%_Z 3 S Wyoy g
E(Zg=¢. R == minimize Tar(Xs
where 0 = Zﬁ:l Wyop is a weighted average of oq,..., 0. subject £o
Zs = Proof. Introduce a Lagrange multiplier A, and minimize = (+ - +NL)-N=0
Yor(X|2) L wyr2 2 L
- W/ /
inWNpbl | L(ny, -+ ,np,\) = Var(Xs) + /\<Z ny — n) = Z MaEd] +-A (Z ny — n) .
taget function—F =1 r— M U=1
Setting the partial derivatives equal to zero t Thm22, [Np.6bS
2
o % nlg ) 2 ) ) =y @ LIJl’—l
we have Wiag .J-—.n!“wnsl + I
———————y U] — \/X 5 _:17"')L = ﬂzzllzl—l \/—Zl, IWZ’UV
Thus, n 13 . W [mmmhe
= =1 |
VA ZlLf—l Wi oy Zl’ 1 Wro Size s alocated
Note 18 (Some notes about the optimal allocation scheme) eh7, p70
e This theorem shows that those strata with large Wjo; should be sampled
heavily. This makes sense intuitively because
— W, is large = §; contains a large fraction of {2 = sample more
subpopulﬁon;al is large = x;;’s in §; are quite variable = a relatively large n; is re-
parame quired to obtain a good determination of P «—TVar(Xg) o< Gf /ng
_:@ This optimal allocation scheme depends on the within-stratum variances o2,
cannot . 0%, which generally is unknown before sampling.
%ml e If a survey measures several attributes, it is usually impossible to find an
alloca-| allocation optimal for all attributes. ® Xis.$iS,3is, 00 xs%60.y's50p3s% |
tion

Definition 23 (optimal stratified estimator)
® This optimal allocation scheme is called Neyman allocation.
e Denote the stratified estimator under this optimal allocation scheme by

Data from scheme1 — ;ngg - X 0-‘__’

Theorem 25 (variance of the

optimal stratified estimator

)

Neglecting the finite population correction, and substituting the optimal val-

of u presented in Thm. 22 (LNp.65) gives us
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<:| Definition 24 (Proportional allocation and its stratified estimator)

® Proportional allocation. A simple and popular alternative method of
allocation is to use the same sampling fraction in each stratum, i.e.,

optimal gy ey ML 2 _ L _ ML _ ( )_gPNe!? =1,

NNy, N T n=30p=PT Ny -pN
which holds iff ny = n(N;/N) =nW, for [ =1,--- , L. > p=N/N

e Denote the stratified estimator under the proportional allocation scheme by
—=$Data from scheme2 — F WeXg = X . |

(Note. X Xs0 and Xg Xg,p are the estimator X, X under two different allocation

‘12 schemes (dlfferent n;’s, different possible samples (LNp.62), different joint
- distribution of data (LNp.64)). They are not different estimators.) Ne N°f¢’3'

n
Note 19 (Some notes about the proportional allocation) [baseI on M 23

e Compared to the optimal allocation schemes, the proportional allocation
neglects the difference in within-stratum variances o;’s. ~Same nNg's

o If 0y =09 =-.-=01 = 7, proportional allocation = optimal allocation,

and Yg,p and X, have same variance (accuracy). [chec — ¢
— — INp 65| X in S.T.S. J

e Under the proportional allocation,

Y L W 7 L n 1 ny ':1
ﬁ_i—l—l_zlzl(z) (ﬁ k=1 ) zl 1Z
which is the unweighted mean of the sampled data. Lt:%“(ﬂ Welg,h'bs

Ch7, p.72

Example 21 (optimal and proportional allocations, cont. Ex.20 in LNp.68)

Consider the population of 393 hospitals. The sampling fractions of the 4

strata are Stratum A B @« D
optimal allocation 0.%96 0.210 0.250 [0.434| <= Wioy/(O>_; Wion)
SDITHA Y LA 4Rl
proportional allocation []0.249 | 0.249 0.249 [0.252| < W)

Theorem 26 (variance of the stratified estimator under proportional allocation)

Ignoring the finite population correction, and substituting the proportional

allocation, n; = nWj, for the variance of the stratified estimator Xg of 1 pre-
sented in Thm. 22 (LNp.65) gives us E(ZS)

_ L 2 L W} 1
Va?“(XS,p)?lelﬁ(%) :Zl 1 n al :i(zl 1EU_ZU-

Ng 4 Ne

Ignoring the finite population correction, from Thm.25 (LNp.70) and Thm.26,
— 11 N1 1L o
Var(Xgp) Var(Xs,) ~ — (Zl Wio )— —j ZWl(ﬂ —0)* > 0.
Note that accumte: I E(_qr_)‘-i LLE(__G_)]_ [_ - Var(ze)

Jo If 0y = 0y = --- = oy, then Var(Xsy) = Var(Xs,,). —the impack of [W.-.

LR
e _The more variable these o;’s are, the better it is Zg(rv)€ A
to use (if feasible) the optimal allocation. E(26)=8 E(23)=?Vor(Ze)="?
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Example 22 (comparison of optimal and proportional allocations, cont. Ex.20, LNp.67)
e Consider the population of 393 hospitals and the 4 strata.

e Under the sampling fractions given in Ex.21 (LNp.72),

Lecture Notes

Var( Xs|o) + Var(Xs,) S Wi(op —7)? Var(zq) cv?
Var( X, E—Varfis,g_)] Var(y ) =1+ l ‘,_/\-_ 1+ 0 218 (ched:;isrzlf

e Under proportional allocation, the variance of the stratified estimator & of
 is about 20% larger than it is under the optimal allocation.

e Q: When can a stratified random sample based on proportional allocation
But, not perform better than a simple random sample? Note that

g:—f;%fwzl — under proportional allocation, Yg,p and X , where X is the sample mean

1 — i

random of the data from a s.r.s., have the same functional form, Notelq (LNp.7I)

i:l:plmg, a s.r.s. has more possible samples than a stratified random sample (check
Thm. 21, LNp.62

Seccosly|  Thun. 2L LRD62). - S.1.S. - same estimator X (= Xs8) .y

biased |® Recall. propOrl:gonal allocation— _

samples

— Under a s.r.s. without replacement, neglecting the finite population cor-
rection, we have Var(X) & 02/n (check Thm.3, LNp.18). l-v-ar E(XIZ)

— From Thm.20 (LNp.61), r'nxVbrfxsp) M
(22 [Efarx: E[M&lzﬂj of = Zl_ Wik + 30 Wil

Ignoring the finite population correction, from Thm.26 (LNp.71), we have

‘—

Theorem 28 (variance difference between s.r.s. and proportional allocation) oL
Ug's 'nﬁ
egual
> ()

ng&K n_n n —
n!: <xg t _E(warxiz) L Wa[E(x12)]

Note 20 (Some notes about s.r.s., proportional allocation, and optimal allocation)

Var(X) — Var(Xs,) ? z ! <ZZL:1W1012> — % [ZlL:lWl(Ml - N)2]

e Stratified random sampling with proportional allocation is better than s.r.s.,

ever
'L'ermys which is a result of excluding some unwanted simple random samples.

=0

e

9 Comparing the equations for the variances under s.r.s., —
S . . - Var(X)
proportional allocation, and optimal allocation, we see that

> Var(X
2(2)»60(25) o° 1 > Var(Xsp

= > Wiot ko Y Wil - kP | 2 Ver(Rsy)
- b e S,
zc(ﬁ’é{?lf“.?.‘ n_ (Thm2b) 1 =1——*_ = o

Wi W, 'rE_Q‘ T JL'L_E(A’:) ., 1\ . .E(_u)—l
(Q‘E"’le(h) = oI5 _ Wila—37)" + i Zl_ Wi — p)?
X

_n_ *
Zy e € (- ~L —= dh Y g ]
o) (55 | He) & | Wz [ S x| Vartza)
vd 2|[ 50| (hmas) |52 T 450 |(Thm27) 2| (Thma8}
dependsfon | — | X — X5, | Xs, much better than X if y;’s are quite variable
the construc- | = — . _

tion of skrata| — | X5, — Xs,| Xs, much better Xs, if o;’s are quite variable

I—-P@ The gain from X — Yg’p is often greater than the gain from Yg,p — YS,Q.
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e Q: Which one is a better way to form strata (i.e., to partition

Ch7, p.75

7 —7 YS’B

the population)?
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+ Reading: textbook, 7.5 e ol dggharses
¢ Further reading: textbook, 7.6 (systematic sampling, cluster sampling, practical difficult)
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