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Ch7. p.64

Statistical modeling of data collected from a stratified random sampling.

e Data: (XL,LXZ,L .. 7Xﬂ,l)? ceey (Xl,L’ Xgé, .. 7Xn_L,L)7 sampling Pmba.
— ANy _bility in Sg:
depends o:_;_l €St €Sp :

* N2's [where (Xl,b---?Xm,L)a Ll =1,...,L, is the data collected from the s.r.s.-

" Fo S | (either with or without replacement) taken within the lth stratum ;.

@ distribution of data subpopulation
check| [ — (X14,...,X,,1): since a s.r.s. is taken within each stratum, ®: What is the

Def.19 the joint distribution of the data from the stratum §; is as %Qﬁ
zj a

P( X2, ,Xng, 2)i

that given in LNp 11-12, with Fy Fo replaced by Foz

Wp28)| _ total 7;: estimated by subsample total Tl N, YL
1 n _
[T*O variance ‘712 estimated by i = —— kl_l (g = &)2 under with
(unbiasrd) 1 L =
vars mec'e replacement, and by (1 — E)i under without replacement
Ch7, p.65
e (whole) population Q: under a stratified random sample,
— mean u: estimated by the stratified sample mean
ny
— 1 L — 1 —
= — - X W, X —
128 T DT WEis 5 3 g (LX),
stratum Nell —
Zng since p = ) Zz Wi 'Cz cF.l weights <amolin
G Note. X5 # % 312y Yjgey Xkt = iy o X in general, | Srackion,
weights| they are equal only when 2= % & l=1,... L. tn &4
— total 7 (=N p): estimated by T = Q& @ %"‘%:' “'"P'"gﬁg;ﬂ.‘I
2

— FYI. An intuitive estimator of the population variance o“ can be devel-
oped, based on the relation between a and pu’s, 0 (Thm 20, LNp.61),

by using the estimators X;’s and s ’s (or (1 — —) 12’5).

bz Theorem 22 (mean and variance of the stratified estimator of population mean)
small
' e Under stratified random sampling, with or without replacement, F (&) =

(® Under stratified random sampling, I—2 strafum N2 | unbiased
: - L o( %1 \ (Fraction N
— with replacement, Var(Xs) = Z B %( )

2
_ L o 1
— without replacement, Var(Xg) = l_ . Wl2 <:l) (1 — ]T\Lfl 1)
- - = =1 — nl ] —
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Proof: The expectation of the stratified estimator YS is (Thmz0, LNPH s oo

7_ <Z Wl Xl) Z Wl Z VV[ ,ul Sr.S.

F<——ineach
indep. Since the data from different strata are mdependent of one anther, the stra'l:a

LE subsample means X1, X9, ..., X, are independent random variables, and

S (X1, Xa,0, . Xnn, l)ﬁ__ﬁ I I

=82 (X12.X2.2. . Xna 2) Var(Xs) = Var(z W, yl) :1 Z W2 Var(X).

V,S.,"(Xl.;.Xu.‘-.Xn.,,l.) — — \==l— =l ————
Since s.r.s. is taken within each stratum, the results follows from Thm.2

(LNp.17) and Thm.3 (LNp.18) respectively for with and without replacement.

Note 17 (Some notes about the mean and variance of the stratified estimator of L)

e Under stratified random sampling, Xs is an unbiased estimator of 12

o If the sampling fractions (i.e., (n;/IN;)’s) within all strata are small, then

with replacement ~ without replacement, [similar

I3 o2 | ha 2 probabilities
S L L))

=1 BUANT N1 =1

e Under stratified random sampling with replacement, since 512 is an unbiased

estimator of o, the Var(fg) can be estimated by "*S.XSin each
— 5 - ?NEf« zg- strata and
[3

L 5 AR Thm9 (WNp.24)
2 m P.
ased- s = W7 ( ) ( =
°Xs 2121 ny JS— estimsted standarderror of Xg
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e Under stratified random sampling without replacement, since (1 — N%)s% is
an unbiased estimator of 012, the Var(Xs) can be estimated by = S tls  each
d 2 L %% 5 1 1 1Mz 1 Thm9 (&’:dz“)
unyased— 5%, = Zu Z(E)( —"N[>(_Nl~1) .
) sampling
- — - — Frocti
Ne Zl 1Wl (m>(1 Nl) in 1y

Theorem 23 (mean and variance of the stratified estimator of population total)
Since Ts = N Xg, we have E(Ts) = N E(Xs) and Var(Ts) = N Var(Xs).

o E(Is) = N pu=r1,ie., 15 is an unbiased estimator of T

L 9 0‘l2 2 = . .
Zl_l N; <—>, N*Wp if with replacement,

ng

o Var(ls) = . >
_— (o
Zl—l N? <n—ll) (1 — K,l—ll> if without replacement,
with
Wl'fhou-‘.l'}NOte‘ The Var(Ts) can be estimated by % = ]_\TZ% ( v, STy = M_S_X_—ﬁ)

> (orrel with

Example 20 (stratified random sampling, cont. Ex.17 in LNp.53)

e Consider the population of 393 hospitals. extra information (useful one)
e Assume that the number of beds in each hospital is known, and 4 strata are
determined by the number of beds from small to large:
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Stratum IV, W =NeQ, 1y increasing o1 < &
YTy A 98] 0.249 ¥182.9 *103.4 « smallest good strata?
in sampling B 98|about 0.249 |about *526.5 204.8 Check “Recall’
survey C 98|egual 0.249 [egual *956.3 *943.5 in LNo.63
D 99)] 0.252 *1591.2 *419.2¢largest =

—a®) For a without-replacement stratified random sample of size n, suppose we
choose n1 =ng =ng =ny = n/ 4. Neglecting the finite population correc-
tion, we have ® ' Ne<<Ng, n<<N

268 4
g X 2 _ =
cf | (Thm22,Wp.65] (/) *Xs — \/ Zl TS = v _|@]- ZZ:JI =l Z-:

—-——’b For a Without—replacement s.r.s. of size n, neglecting the finite population
correction, we have (see Ex.4, LNp.20) X, *¥:20.7

population variance ‘62 = 58972 [ Thm3,Wp 18], "X ~ N
e Note that the stratification has resulted in a tremendous gain in precision:
E ~0.455 x % = 02&% / 0'2X —*0.207. The stratified estimator & based

(cf. the reduction in variance due to stratification is comparable to that
achieved by using a ratio estimator given in Ex.18, LNp.58).Np.57

on a total sample size of n/5 is as precise as X based on a s.r.s. of size Q:l

» Methods of allocation in stratified random sampling *Why?" - exclude

mang biased Samples
e Q: Why and when can a stratification produce eWhen? te., Nos="?
a dramatic improvement in precision? stroto= > _
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