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Ch7, p.56

Definition 15 (estimated standard error of ratio estimator; C.I. based on ratio estimator)

—=nasal® By Thm. 19 (LNp.55) and Def. 13 (LNp.42), the variance of Yz can be
RZnormal| estimated by 2 1 9 9
. = 1—— (Rs+s — 2R 5,,) > SR
> Vo = Uy,0%.) 5y ( ) czy
Ye = normal (4y, OF, ' Yr n N = (Def 4,
The quantity sy ( =y ) is an estimated standard error of Y r. LNp.50)

Yr

 known constant~—— C.1.05 Yay
—=@® Since Y = [l R, by Thm. 18 (LNp.51), an approximate 100(1 — )% con-

fidence interval for p, ( NN = () SV

(cf. the C.I. of 1, based on Y: Y +2(a/2)sy  in App. 2, LNp.33.
el3,[#Q: which C.I. of i, has a shorter width? under what condition?)

Definition 16 (coefficient of variation) h—-l % U2
For a distribution F' with mean y # 0 and variance 0_2 , its
coefficient of variation is defined Las CV = o/u, which

i ti fpu.  [paramet
gives g as a proportion of y meter when F ynknown o, o)

Note 14 (Some notes about coefficient of variation) LT >CV2, bal: §| 62

e In some cases, CV is more meaningful in explaining |° CV3>CVa.but CU3=CV,

variation than o, e.g., communication systems. ——Iri (average) sent signal.

andom
o C'V = o/u is sometimes called noise-to-signal ratio £ ;E(E) O-%(Eh 52)

e The value of C'V is free of unit. ‘ U+€ : received éa | (mean=u,var=62)

Ch7. p.57

Example 18 (Comparison of sample mean and ratio estimator, cont. Ex.17 in LNp.53)
e In the population of 393 hospitals, X: # of beds , 4:# ofdiscbarges
known Pg = 274.8, 045 = 213.2 ’ﬁy — 814.6,% oy = 589.7 "rxy 2.96,% Pzy = 0.91.

e For a sample of size n = 647t-paramet'ers (unknown) L _cf. 1

);;usamp,;:"; — the standard error of the ratio estimator & is (by Thm.19, LNp.55)

survey

>0y ~ \/i (1 _ ﬁ) x \/(2.962)(213.22) + 589.72 — 2(2.96)(0.91)(213.2)(589.7) = 30.0—

64 392
gl the standard error of the ordinary estimator Y is (by Thm.3, LNp.18)
When the parameters are %
gn)_:ngm,cancompareSV; ["‘"’Y‘ o ‘@ x 589.7 =075
The comparison of oy to oy, to oy, is consistent with the substantial reduction
in variability shown in the graph of Ex.17 (LNp.53). V&r~0(f_l_)
|a€] — the bias of the ratio estimator 73 is (by Thm. Thm.19, LNp. 54) Buas«.O(_'j)‘

7 is unbiased ’E(?R) — oy R 6i4 (1 - %) 272 8[(2 .96)(213.22) — (0.91)(213.2)(589.7)] = . 0<E
MSE(Ye) | which is a slight and negligible bias compared to the variation reduction.
<MSE( V)'

e An alternative interpretation of 0— / 0— Neglecting finite population cor-

assume

n
nz« N

L’rection, an ordinary estimator Yn_1 from a sample of size n, will have about

the same variance as a ratio estimator Y g5, from a sample of size ng if E:}
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— (1/n1) x 589.72 ~ (1/ng) x [(2.96%)(213.2%) + 589.7% — 2(2.96)(0.91)(213.2)(589.7)]
call.

» _ 2 2 . . .
anundas Thus, no/n1 ~ (30.0/67.5)% = 0% ,2/073 = 0.198, i.e., we can obtain same

MsE(8) precision from ﬁ using a sample about 80% smaller than the sample of Y .
>C-R Note that this comparison neglects the bias of Y g, justifiable in this case.
B This is a case in which a biased estimator performs _ MSE = Var + Bias>
substantially better than an unbiased estimator. I large Iavge =0
e In this case, the biased estimator is better because Yo small small %0
the bias is quite small and the reduction in variance is quite large.

Definition 17 (ratio estimator of population total T,)

Since Ty = E Hy = E PaTay = Tz Tay, an intuitive ratio estimator of Ty 18

f‘"“‘l@ J  — — S — 1 R —
l<n¢>wn.-T E:;_w(Y/X) = NY (pa/X) = NV

Note 15 (Some notes about the ratio estimator of population total)

e Since E(Tg) = NE(YR) and Var(Tg) = N?Var(YR), the approximate
bias and variance e of Tg can be derived from Thm. 19 (LNp.54).

e The condition for Var(Tg) to be smaller than Var(T), where T = N Y , is
same as that given in Note 13 (LNp.55).

e An estimated standard error of Tg is ST = E SY and an approximate
100(1 — @)% C.1. of 7, is Tg + 2(/2) s75, (following from Def.15, LNp.56)

% Reading: textbook, 7.4

; . informt'iou Ch7, p.59
» Stratified random sampling about ux Z X |g. |S1S. without repl: (M) samples

samplesl ¢ Recall. In the discussion of ratio estimator, extra information is used to
waHI. adjust the sample mean of a biased sample and increase accuracy.

|grrors[Te Q: Is it possible to exclude some biased samples in s.r.s.? lextra information

Some notations for stratified random sampling Lm’t g&re;_sgr;&_ciyg_

o Let Q ={1,2,..., N} be the population. population
o Let S, I =1,..., L, be a subset of {2, and r= — =
S1,...,S; form a partition of €2, i.e., | @ | | I
Si’s are disjoint and S; U ---USg = Q. | : : |
e Each S is called a stratum of €2, and the num- | | @ | @ I
ber of strata is L. assume known_j I ° | ° I.
e Denote the number of members in §; by N; I o I. .l (™) I
z(r"v (subpopulation size), l = 1,..., L. Then, — N W
w,(l I)W'2 w,|strata| ~stratum N _ + Ny+---+ Ny a stratum:
12.. -P,'/J index ) ) fraction — : 2 = a sub-population (subset)
a e Let W; = N;/N,l=1,...,L, be the fraction of the N members in the
distribu ‘@ of the population in the /th stratum. population
o Let Ty, 1=1,... ,ﬂ, L=1,...,L, denote the the population is
value associated with the ith member in the partitioned
stratum ;. into L strata
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o Let Fy denote the population distribution of the whole population 2.
|unknown” o Let FO 1, 1 =1,..., L, denote the population distribution of the subpopula-
tion Sy. @:What are st-mhmfmwons Wa=Ne/N? @2:What are sampling fractions "¢/Ne’

V

unknown (n
St “N) _— ~
.’L'A"S xi,L,S 60
J J

distinct distinct

0
_‘;—Cj’s % || B
“ﬁ l “ of l Ol 5()|()(M) 2000

500 2000 ()() '4(}()() 3500

XisC; lﬂ/ N |2 I M/ Ny r-m producug. representitive M
I .'C"Q FJ' @: Is it better to have Fpg =~ Fo,or to have
o ?.f:,r&t_J oL Fo.e's very different from Fo ? (check LNp.63)

AN LS
ANNAANRANNNN NSRS

Definition 18 (Some population parameters that are often of interest for F; and Fj )

For (2, population mean, total, variance, and standard deviation of Fp, de-
E; noted by u, 7, 0_2, o, respectively, are defined as in Def. 3 (LNp.5).

For each S;, subpopulation mean, total, variance, and standard deviation of

Fy,, denoted by 1y, 7, 012, oy, respectively, are similarly defined as above.

Ch7, p.61

— |® The two sampling schemes are equlvalent ‘_,--denhcal _sng ng probability
N J+—»[a]. Perform an s.r.s. from € to get one observation X e—same distribution
Ne I _[ils[b]. (1) Randomly select a stratum Z , say Z = [, with probability propor-
LS il tional to the stratum size Nj; (2) Perform an s.r.s from S to get an X:

e Thus, we have the distributions of X, Z, and X|Z as follows:

—3 X ~ Fy (from [a]) < marginal dist. Of X Fo << Fo.0

~—
%qin: S1Ze{l,...,L}and P(Z=1) =W, = N/N,L=1,..., L« (from [b].(1))
ISt. o m13
of(x.2)| = X|Z =1~ Fy, (from [b].(2))= conditional dist. of Xlz XIZ “;aflz
e mean: [ = i Y‘L le L] = i Y‘L Ny g =S W u;(w).
Law — N &==ltizi—== N ZHi=l—"— =l —=
total =MUo with pmbabilftym
to- Recall. E(X)=Ez|E X\|Z —_
mc q ( oo Q —Z[ X—|Z(_’_) (¢f. stratum $raction in LNp59)
(TBp.IY L Ny L L
’tOtalzl:EH:lelzi:1@: = 1Nlm Laj=1 L
v st -o
o EllEIGes O Ezlzl Zizl (ﬂ ) 'l-bgh.!‘ugf +(“2‘u)2 WGQhE
1 L

- Lo Mot 5 2 N = 30 Wio+ 30 Wi -

Recall. Var(X) = By |Varxs (K\Z)] + Varg [Em (x]2)] Y%&ﬁ%@“fl
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the s.r.S. discussed before can be ch7.pez

Definition 19 (Stratified random sampling) > & Satipe
In a stratified random sampling, to obtain a sample of size n, a 81mple random
sampling (either with replacement or without replacement, but consistent in

Note.

T.V, 5

(dota) M) is taken ind 1ndependently within each stratum Sl to draw a subsample
appears | of size ny, [ = 1,..., L, where  y —ny 4 ny+---4+nz.  allstrata with or}
after L. deéerrmned by investigators £, N7 N7 inpb0 allstratn without

Theorem 21 ( : how many different possible samples? how many s.r.s are excluded?)
Under with replacement, the number of all possible stratified random sam-

Ni+---+Nu=N
n+-—-+N=n

%g how to prove "<"?
. where N" = number of all possible s.r.s. of size n with replacement.
samples?l@) Under without replacement, the number of all possible stratified random

AQS,N_".*iL samples of size n is ( N1) ( N2> (N L) (N )
lsgm' = X ¥ ooo K < n |’

®: Are ples of size n is .
N{" X N3? x -+ x NF < N™,

lt‘sdf is
that will happen ! "2 "L

where (]X ) = number of all possible s.r.s. of size n without replacement

Q: What is a good way of partitioning the population {2 into strata?-—-‘
Q: How to choose a good sampling schemne? = How to |F'g, Fo g'sareunknownl

allocate the sample size n to each stratum, i.e., how to determine ny,...,ny7

Ch7, p.63
Example 19 (Applications of stratified random sampling)

e In auditing financial transactions, the trnasactions may be grouped into
strata on the basis of their nominal values, e.g., high-value, medium-value,

and low-value strata.
In human populations, geographical area often form natural strata.

([ ]
Note 16 (Advantages of stratified random sampling)

e It provides information about each subpopulation S; in addition to the pop-

not o ulation 2 as a whole, e.g., in an industrial application,
Feoture| ————— . . ST .
— population = all items produced by a manufacturing process;

ins.rs
— subpopulations = items produced from different shifts or lots.

@® It guarantees a prescribed number n; of observations from each §;.
Stratified sample mean can be considerably more precise «i.e.,Smaller variance

?m“:‘g‘ than the mean of a simple random sample (shown in later slides), expecially
65 —
= if the partition of the population into strata "
Xg || = TR check the graph in Np.b0
T =— — ﬁ homogeneous within each stratum, and 4 ph —
small OR S} — has large variation between strata. 'weg‘ghts(distribu:ion) 1—25 Wq g
L v L
“Thm 20 —><Recall. o2 = Z —1Wl al2 I ZZ_IWZ (ﬂ — E)z
(WNp.b1)]  [population} = —
e - stratum between- strata
variation '\7'4%'_2:{::00 Small variation large
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