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Definition 8 (sample mean)

— @ function of data

Ch7, p.13
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The sample mean of X;, Xo,..., X, is X
labion mean: 4 of F, Cdata

_JIn x'o..‘c XLI,_, Obsefve
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e X is clearly a statistic, and G M: (a . ) times
hence a random variable. Gm l E.(n* ) &imes

why ?

o In the dichotomous case, we have . = p and y—population,

Bof 1's = X is the sample proportion
mHnsamplei_J— b POb O-QFJ

> =Xk N 3:(—4-):' f“

proportion

e Consider the population of N=393 hospitals.

e Suppose we want to know the sampling distribution of X

Example 3 (sampling distribution of sample mean, cont. Ex.2 in LNp.4)

Q:What is the
Source of
randomness

in X ?

of a s.r.s. without replacement of sample size n=16.

_AJ’ random samplui

the possible samples along with their probabilities.

Qo 2 e There are (393) possible samples. Note that (393) is of order 10%° !

e Sampling distribution of X is formed by the (sample) mean of each of
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sampling distribution of X

Note. If Fj is unknown, the sam-
pling distribution of X is unknown.

=
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<:I * (16

e To reduce computation, we can use the
technique of simulation to understand
the sampling distribution of X .

) = 10% is too large

Count

perform | _ randomly draw many (say, 500)
an S.r.S s.r.s. of size n - .
on the | compute the mean of each sample E

(393 s| — form a histogram of the collection

———+——  of these sample means

Why" This histogram will be an approxima-
"'l tion to the sampling distribution of X. z
S

e Figure 7.2 (textbook) shows the results
for sample size n=8, 16, 32, or 64.

—=O All the four histograms are cen-

3 tered at 1=814.6.

18O As n increases, the histograms be-
come less spread out.

-13Lo Although shape of Fy (population

-30 distribution) is not symmetric about

1, these histograms are nearly so.
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sampling distribution of X

Ch7, p.16
Theorem 1 (expectation of sample mean)

(1) Under simple random sampling, with or without replacement,

The kit
Note.

h observation

X ~ Fo and

-*
E(Xy) = p
[}

VCW'(Xk)

rl population vo.nanc_ék—l
populafion mean je—

(2) Under simple random sampling, with or without replacement,

BE(X)= 5%
So, X is an unbiased estimator of i, le.,

X is centered at . 3
dat i Recall. graphs in Np IS~

parameter

the sampling distribution of

Proof: Under simple random sampling, no matter with or without replace-
ment, the marginal distribution of Xj, is Fy. Thus, we have

m m 1 m
LNp.” E(_k)jZ_JP(X’f_CJ):ZC_J(TZJ/N):EZ&Q :tﬁ'
Var(x) - (XD - [P L (Z_Jc_f) g L
d SV Definition 3
. . . in LNp.5
BE)=E| -3 %)= 13 B = ) =
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Theorem 2 (variance of sample mean, s.r.s. with replacement)

Under simple random sampling with replacement, we have
Var = o’/n rameter n->4n
X) = */n, Aprender}—  [n>un,

and the standard error (st.e.) of X, denoted by 0%, is 0//n. Ox "zs?c
Proof: Under simple random sampling with replacement, n 6%
we have . ] 100 32

) Xi,..., X, Fy. - I -
*; independent = SEREE Fo. < LNp. 300(400 16> 16
Thus, Cov(Xg, X;) =0 forany 1 < k <l < n, and -moo(,boo 3}'8

Lk AU T J T = Q
. 1 & = m\,' 1, 5, o

Var(X )= Var - ZXk =— ZV@T(Xk):—Z(@a_):i.

Note 5 (Some notes about the st.e. of sample mean, with replacement)

® 0% = o/y/n (a measure of how spread out X is)

— @ same n -»same precision
ﬁ%?‘ measures the precision of the estimator X . ifrelevant to N
accurate
i | ® 0% 1s determined by n and o, but not V. _o_rs.egi o sample a certain
eskimator Y (.,e n/y) of the
e 0% is inversely proportional to Vn, ie., in P°P"'“""‘°"*°"¢“¢h same precision,

order to double the accuracy, n must be quadrupled (the contribution

of each observation to the accuracy of X decays with the increase of n)

Ch7, p.18
Theorem 3 (variance of sample mean, s.r.s. without replacement)

Under simple random sampling without replacement, we have

Pamme{:er

What; if - 2 (=1
n=N? 5t Var(X) n<1 N_l)JavaluebdmmOmdl

=
and the standard error of X , denoted by o+, is (o/ \/ﬁ)\/ = 11 <

..J
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Ch7, p.19

Then, .
= 1
Var(X) =Var _ZXk Note. 1<k <@ gn
i
= ; =0 in with repl. %
1 L 9 n-1 n
Wh = 2 VarXh+-—5> > Cov(Xk,Xl)J $_ghneL, L
4 = o1 L . ~G}/ -6/
7 (wi T e n N
6;(:;_&@4&) 1 £ A1) — . nos
< O (with) 2| = ﬁx<éa_)+ﬂx_,Z_XN—l:E l_N_l .
/ Note 6 (Some notes about the st.e. of sample mean, without replacement)

e The variance of X in s.r.s. without replacement differs from that in
s.r.s. with replacement by the factor (1 — N—) which is called the

finite population correction. (Note. 1— % — 1 when N — oo}o
—p ————— - =

e n/N: sampling fraction (% ﬁ In most cases): l-— unsarnpled
$raction

® 0x ~ 0% = 0/+/n if the sampling

fraction is very small (i.e., n < N).—— When n<<N,

e oy also depends on n and o, i.e., THLCEZZ ZI;%

oxlasnt and ogxTasof,

and ox depends on N only through the sampling fraction.

Example 4 (st.e. of sample mean, cont. Ex.2 in LNp.4)
o NN = 393 hospitals. Consider s.r.s. without replacement of size n = 32.

e Because’s = 589.7 (of 393 hospitals), we have
b'4 o n—1

X: u n Lst.d, of Fo, usually ynknown, ox = —= 1— ~ 100,
in m need to estimate using data Vn —1
survey where finite population correction 1 — 33912 ~ 0.92 makes little difference.
e Most of sample means differ from the 814 %200 Z ~ normal(Uz,62)
population mean®814 by less than =(§lﬁ"ﬂﬂ) P(2Z € Uzt 2:G2)
2 X 0% = 200 (see graph (c) of Figure 7.2 in LNp.15). = 0.75

Theorem 4 (mean and variance of sample mean for dichotomous x;’s)

In the dichotomous case, X = p (sample proportion), and | _. : ®_ |
check 4@ under s.r.s. with or without replacement, E(p) = p 1 variance ] o © o |
Nd‘l - ‘s a e o o

|

p(1 — ) Sunction |

LNp6 #(@® under s.r.s. with replacement, Var(p) = of mean = = == —

_on_
and np = Z Xy, follows binominal(n, p) dlstrlbut1on{:;er?:n::= np(i-p)
#of 1gink—T o Xa 254 Bernoulli ()]
» ? . p( - p) n — 1
e under s.r.s. Wlthout replacement, Var(p) = ——= |1 - 1)
n J—

e il G

and np = Z;_IX . follows hypergeometric(n, Np, N(1 — p)) distribution
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Ch7, p.21

Example 5 (st.e. of sample mean, dichotomous case, cont. Ex.2 in LNp.4)
e In the population of 393 hospitals, a proportion of ’3(9 = 0.654

had fewer than 1000 discharges. parameter—3 v Fo
o y; = 1if z; < 1000 and y; = 0 if z; > 1000 |Indicator fynction | . gggl
Data: X1, -, Xn. - Fora set A, Udhm
For kemtonn, Ye=ILionon)Xe) |'g 0-{3 26l =
e For an s.r.s. without replacement sample 175 L RE——

| 5
Y1,..., Y, of size n = 32, the estimator of pisp =Y Y and I ’
Xx:uw n
mg""‘,,p,”;t [p(1—p n—l \/654>< 346\/1 31 _ 008, L
survey 32 302
Definition 9 (estimator of population total)

Because T = 3 =, x; (population total) equals N 7 L known value
an intuitive estimator of T is T=N
v

) U
T X. 1—parameter

Note. T is ot 34, X = 3 X (o] Lo0mAR

Theorem S (mean of population total estimator)
Under simple random sampling, with or without replacement, we have

E(T)=1. E(T)=E(NX)=NE(X)
That is, T' is an unbiased estimator of 7. =Nu=T

Ch7, p.22

Theorem 6 (variance of population total estimator)

2
e Under simple random sampling with replacement, Var(T) = N2 (U—l
N Var(X)

e Under simple random sampling without replacement,

cf i'he i X 2 _ Var(T)=Var(NX)
Faipr | Vorm =2 (2) (1-2=1). = N2 Var ()
6 mLN 19 i < Var(X)

L—bNote. The precision of the estimator T' does depend on population size N.

. . . . 2 nip. N2 ) s\

« Estimation of population variance ©*= E‘ﬁ{w& -u)'= Eg (%i-4)
Recall. When Fj is unknown, the ¢ in the stan-
dard error of X is a parameter, i.e., it is unknown. histogram

Q: how to estimate o or 027

823
Definition 10 (sample variance) ";{'g‘l

The sample variance of X, X5, ..., X, isdefined as 6% =

L« a function of data « @ rv. e an estimator
Theorem 7 (expectation of sample variance, s.r.s. with replacement)

1 .
Under s.r.s. with replacement, we have E(5%) = o* ( n )g-nol: unbiased
— n —
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