
NTHU STAT 3875 Midterm Examination Nov 28, 2017

Note. There are 5 problems in total. For problems 2 to 5, to ensure consideration
for partial scores, write down necessary intermediate steps. Correct answers with
inadequate or no intermediate steps may result in zero credit.

1. (12pts, 6pts for each) For each of the questions (a) and (b) given below,

• determine whether the data is paired or two independent samples,

• write an appropriate statistical model for data, i.e., give a statement about the
joint distribution of data,

• for the problem of interest, determine appropriate parameters to formulate the
problem into a hypotheses testing problem (i.e., state the null and alternative
hypotheses).

(a) A study described an experiment where 21 patients with panic disorder were
treated for one week with a placebo and one week with the drug Inositol. Each
patient recorded their number of panic attacks for each week. The objective of
the study was to know whether or not Inositol decreased the number of panic
attacks suffered by the patient on average.

(b) Fumonisins are toxins that have been found in corn and associated corn prod-
ucts. A study collected the fumonisin levels of two different corn meal types,
partially degermed and not degermed corn meals, each with 50 observations.
The objective of this study was to know whether partially degermed corn meal
has a mean fumonisin level that is different from the mean fumonisin level of
not degermed corn meal.

2. In a survey of a very large population, the incidences of two health problems are to
be estimated from the same sample. It is expected that the first problem will affect
about 3% of the population and the second about 40%, Ignore the finite population
correction (i.e., regarding it as a random sampling with replacement) in answering
the following questions.

(a) (4pts) What are the distributions of the two estimators and what are their
variances?

(b) (8pts) Given the information available, how large should the sample be in order
for the standard errors of both estimators to be less than 0.01? What are the
actual standard errors for this sample size?

(c) (6pts) Suppose that instead of imposing the same limit on both standard errors,
the investigator wants the standard error to be less than 10% of the true value
in each case. How large should the sample size be?
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3. The value of a population mean µ(t) increases linearly through time t, i.e.,

µ(t) = α + β × t,

where α and β are unknown parameters, while the population variance σ2 remains
constant. Independent simple random samples drawn with replacement, each of size
n, are taken at times t = 1, 2, and 3, and denote their sample means by X1, X2,
and X3, respectively.

(a) (8pts) Find conditions on w1, w2, and w3 such that

β̂ = w1X1 + w2X2 + w3X3

is an unbiased estimator of the rate of change, β.

(b) (12pts) Give the variance of β̂, and show that the values (w1, w2, w3) = (−1/2, 0, 1/2)
minimize the variance of β̂ subject to the constraint that the estimator is un-
biased?

[Hint. Introduce two Lagrange multipliers.]

4. Suppose that two independent samples X1, . . . , Xn and Y1, . . . , Yn, each of size n,
from two normal populations with the unknown means µX and µY and the known
variances σ2

X and σ2
Y are to be used to test the null and alternative hypotheses:

H0 : ∆ = ∆0 vesus HA : ∆ = ∆1,

where ∆ = µX − µY , ∆0 and ∆1 are known constants, and ∆1 > ∆0. Suppose that
the probabilities of type I and type II errors are to have the preassigned values α
and β.

(a) (4pts) Show that
(X − Y )−∆√

σ2
X + σ2

Y

n

∼ N(0, 1),

(b) (2pts) Use (a) to suggest a (one-sided) rejection region at significance level α.

(c) (8pts) Show that the power of the rejection region in (b) at ∆1 is

1− Φ

zα − ∆1 −∆0√
σ2
X+σ2

Y

n

 ,

where Φ is the cdf of N(0, 1) and zα is the (1− α)-quantile of N(0, 1).

(d) (8pts) Show that the required size of the sample is

n =
(σ2

X + σ2
Y )(zα + zβ)2

(∆1 −∆0)2
,

where zβ is the (1− β)-quantile of N(0, 1).
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5. (median test, a two-sample version of the sign test) Let X1, . . . , Xn be i.i.d. with
cdf F, and let Y1, . . . , Yn be i.i.d. with cdf G, where F and G can be any continuous
distributions and X’s and Y ’s are independent. The null hypothesis to be tested is
that H0 : F = G. Since the two samples are of equal sample size n, in the combined
sample of X’s and Y ’s, n observations are less than the median and n are greater.

(a) (10pts) As a test statistic for H0, consider T = the number of X’s less than
the median of the combined sample. Show that T follows a hypergeometric
distribution under the null hypothesis, i.e.,

P (T = t) =

(
n

t

)(
n

n− t

)
(

2n

n

) .

[Hint. (i) Let R1, . . . , Rn, Rn+1, . . . , R2n be the ranks of the combined sample
X1, . . . , Xn, Y1, . . . , Yn. Then, under H0, P (R1 = r1, . . . , Rn = rn) = n!

(2n)!

(Lecture note, CH11, p.33). (ii) T = #{Ri|Ri ≤ n, 1 ≤ i ≤ n}. ]

(b) (2pts) Show that the null distribution of T is symmetric about n/2, i.e.,

P (T = t) = P (T = n− t).

(c) (6pts) Use (a) and (b) to determine a rejection region at significance level α for
this test.

(d) (5pts) Assume further that F and G have same shape, i.e., G(x) = F (x −∆),
where ∆ is the difference between the median of G and the median of F under
the shift model. Explain how to modify the rejection region in (c) to test the
null hypothesis H∗

0 : ∆ = ∆0, where ∆0 is a known constant.

(e) (5pts) Explain how to use the answer to (d) to find a 100(1 − α)% confidence
interval for ∆.

(f) (extra 5pts) LetX(1), . . . , X(n) be the order statistics ofX1, . . . , Xn and Y(1), . . . , Y(n)
be the order statistics of Y1, . . . , Yn. Show that the confidence interval in (e) is

(Y(w+1) −X(n−w), Y(n−w) −X(w+1)),

where w is the critical value (an integer) obtained from the hypergeometric
distribution, i.e.,

P (hypergeometric(2n, n, n) ≤ w) ≈ α/2.
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