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e Posterior risk of assigning an observation z to the jth class: posterior
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e PR(j|z) is minimized for that value of j such that &(¥):marginal— sum=1(?)
Bayes vuleJ—Lo|x (© = 0;| ) is maximized, i.e. Jnaximize f& &0 8 Foint m—
, (reasonable") mode of @IX X |p.ar
for the class that has maximum posterior probability. X Bayes rule
. . . . : use mean
Example 10.11 (waiting times between emissions, 2" Ed., TBp. 582) %rm& ?
e Data: X = (X1, Xo,...,X,) = n waiting times between emissions of alpha
particles from a radioactive substance. === H > time

0 X Xa X3 Xu¢
e On the basis of X, a decision is to be made as to whether to classify the

particles as coming from substance I or substance II.
e Statistical Modeling: N={61,062}:2 classes
., X, are i.i.d. ~ E(#;) if particles came from substance I

exponenfial—%;?assumed known
, Xp are i.i.d. ~ E(62) if particles came from substance II

% — prior: m = mp = 1/2 Q What f we treat it as a.tul:ug,proﬂem"

- e.
loss function: 0-1 loss 3 ﬂc_‘; mE;S'g') Vsl IﬂA E(©2) N
<:I “'LR& 0 77( 00 ] 0 Wh i< ...,_..,:, yle unde nd Edition, 5, p.32
25 posterior probabilities: iy ?gxpggcﬁg‘,
91' an €ex —Qi - X4 '
h(&lx) _ »a f(Xl_) _ 0 p( 0; D= )

Bf(x[01) thf(x|02) 01" exp (01D ;x;) + 02" exp (=022, ;)

e QNotice that = decision: d0<)=_Q_;] r_g_&sgotn'l:'———l Fx10) S fx163)

Jecision:| h(01]x) > h(fa|x) < 61" exp (=01 > x;) > 0" exp(—by >, ;)T

d(m=ﬂ -l < nlog6) — 60 Zj xj>n log 65 — 65 Zj 5 'g/gz knowr:‘?bWhy not
ermine (2}

takt‘ug log & (02 —01))_;z; > nlog(f2/61) mmhlz_?j ngﬁcance.ylevel o ?

= 2T ore nflog(62/601)]/(02 — 61) %&Teé%%is
o 2)=Ya 62-0:>0 63-9|<O T-—known L(exercise)

° The Bayesian classification rule is thus based on the size of > " 2.j=1%j- ..pl;g e

determie “more extreme”

* Application of Decision Theory: Hypothesis Testing s@;:iﬁisﬁvel .

Hypothesis testing can be regarded as a classification problem with a constraint
on the probability of miscalssification (i.e., the probability of a type I error).
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Risk funchon (9 _e ‘_‘-_'!e_§2__| Q:ijecg 2 classes Lcii Both ﬂ@_l_ and
__Ho class | n’ type IL errors are
gl: Ho deClSIOn d, > dlsjtf(:l‘:‘n;jlon ir(l(c;)r on
QZ_} Eisi Ho decision d, S
_________ g_ "1 adecisiond splits S S Q
into tions :
0-1 loss ‘ m B
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e Recall (Frequentist approach for simple vs. simple hypoﬁh?g%ﬁm.ﬂ) Yoy Ko B ET)
— Hp: X ~ fo(x) vs. Hp:X~ fi(x) (e4,|Ho:|0=01 vs. Hy:0=062
— Likelihood ratio (or MP) test accepts Hy if 0fHo{0= _Q; vs. Hy:0=6) )
determine wluch fusually <1 ¢
data X is mo fox) - P2 —<f0(x> >1 fq_ x| en)
gxtreme f1(x)

filx) —F c

. . 5i: $(x|62)
and rejects Hy otherwise. use signifcance level g_]

— The constant ¢ is chosen to ‘control' the probability of type I error.(under Ho)

e Bayesian approach: '

— A Dability to Ho and H g;
—‘fO_TCSSIgn a pI‘lOI‘ pProboa i1 Y (0] 119 an I1A: class) K
classiftcation] P(F,) =z, and P(Ha)=1—.

== — risk function at Ho
— Posterior probabilities are: @: how about under 0-1 [oss (LNp30)
B=Pyu (type Lerron)
P(Ho,x)  P(x|Hy) P(Ho) P(x|HA)P(H)
P(Ho|x) = P o) and P(Ha|x) = Do)
— The ratio of posterior probabilities: How can Bayesian approach

TR e i _y (G S e
Tule doeta|P(HAK)  P(Ha) P(x|Ha) " LL|[S@ ||T 00 8

> in prior,

— SOlP Hy|x) “’m [II (x| Ho) /> P(Hs) _ 1-m _ d cf
N DD SE P(Hl) ~ nmptm Px|Ha)| P(Ho) _m = »
@

2nd Edition, Ch15, p.34

’ PIT likeli hoocl ml:u >C
Let o d* be a test that accepts Hy if ;02 ) J‘ f = n:gﬂmgmbm
RR(rqecl:m region)=AR < AR (acceptance region)-,, 1 :p(mzz:g;tda.ss «[Ha)
* be the significance level of d*, and*"'m Enguic: =f€((8.8.zl_t§)l )
ﬂrc E—m

e d be anothel test that has significance level a < of. |58 =power
level-ot= test ) msf-‘ggg;egﬁd
Then, the power of d is less than or equal to the power of d ..I i

Proof. Let 1/¢c=x/(1 —m). Then d* a'.cl'cepts if i fo(x) - Jm“,'f;w
set T=je  do={ "3 w1 - /() "%
andfd* is thus a Bayes rule for a cla881ﬁcat10n problem with prior probabilities
m (=1/(14¢)) and 1 — « for Hg and HA respectively, and with 0-1 loss} So,

Freg, M0 B, 5. dso®
kcaw : min 1;;.,.(,.1)3. 0=1,if XERR ) < B(d). *Bayes risks '%%&lﬂéﬁ%t'm)l H?
But, B(d)—B(d) = = {@L@dj(xm —ﬁx[uﬂo,_(X))}} 4T
—L&ﬂ_agﬁgﬁatﬂa ] — ‘eg._l’,-f&e AR =P(type Lerror|Hy)=8 |
n
[—ﬁim—u: ka0 m) {ExlilH, (X)) - Exli(Ha dX))]]
= P({ype I error|Ho) = LN
=zl _g)+(1-m { Ex(i(Ha, @ (X))] = Ex[I(Ha,d(X))]} 0
20 R <0
Thus, Ex[l(Ha,d")] < Ex[l(Ha,d)], i. eR P;d* reject HO'\HA) > P(d reject Ho|H4).
i =z *——— power—F >
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Example 10.12 (hypothesis testing of exponential distribution, 2" Ed., TBp. 583) pamme'ber

e Let Xy, Xo,..., X, be Li.d. random variables following the exponential(§)
distribution. Consider Hy : 0 =601 vs. Hy:0=109 I = Y+o)

if T=lae> C=1
&> o= ? (exer)

e Likelihood ratio test rejects Hy for small values of

if o4=0.05 <> C=7(exer)
f(x]61)  (01\" I- T
_g_ > f(X‘GQ) = (g) exp {(92 = 91 ] ;xa. ﬂ nlg(Oa/e.[ lan_Gn

> 82-8 7 62-01 * 1£02<6:

e The critical value c¢ is calculated for any desired significance level by using

the fact that >, X; follows gamma(n,6:) distribution under Ho. (reasonable ?
tost shatiski e —

< Reading: textbook (2" ed.), 15.2.3  Xi, =, 'M 28 E(6) » 1: Xi ~@'amma(n, ') <-nu|| dist.

=l

Future Statistics Courses 4iatEs (MATH2820)  [EH 1 e
Filz —I 4= ORI (STAT2622, K E2) iy
4 g5 M (STAT, KEE)
4B sm (STAT3875, KE)
R MEBT (STAT5410, fH)

y 3

v

BHigist (STAT5110, HE) JEFH 2% 5% & /7M1 (STAT5191, 1E)
15 e e 41 o0 Afr (STATS210, 1)
JERIE R (STATS230, 1H)

made by S.-W. Cheng (NTHU, Taiwan)



