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i — dist. of data in entist
e Consider the data X = (X1, Xo, ... Xv)”;vﬂ}éesl;ge A d;{: ;’::'?"m Baye;j‘
— X1, X, ..., Xy are iid. N(u, 02), where y is parameter and o2 known
X8 — the prior dlStI'lButhIl of p is N (po, ‘70) Bost estimate F'regue ok
o Let f =1/0% and & = 1/03. assumed of U bgfm:e‘ estimator of
e The posterior distribution of y is L observmgdaka ll’F&«&."f&«Eri‘I
normal with mean Bayes Eopro + néX &o .-L. né
p=2S = Ho +
né + &o

T &

évery obsevation carries estor[~ /71 — £o
a certain amount of precision | |2F 4 hiased est‘or@idi_r%w né + &
and precision &1 = n{ + o (i.e., variance 1/£7). sum=1 j ifala ]
E— 5 ., - iy Soan
Proof. The posterior distribution of y is —< $o=60‘ U !
: N n o, ¥ 1 3
- h(plx) o f(xl,---,wnlu)g(u)mexp{ 552 (& — )7 X exp ---2—(g—_o)2]
Fisher & g 5 a0
I"F."'m' Its a 1 b\? n__. 2 —
tion Pdfofll X exp “Qa__l m—= i ) ‘=|(x:-%) Samtlarform fol’ll
where a = né + &, and b = &opuo + néz. xex
x posterior o<
ng>>Ge likelihood
X prior

For large sample size n, X 2 _J-o pos't'enor likelihood
S N(x 62417 %L item5. LNp 23

prior: mingr influence ; likelihood : domi
the information in the sample (data) largely determines the posterior distribution b
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Example 10.8 (2" Ed., TBp. 591-592) JRTYCAALGICHD B r ay realization of U
: - Pr"or FIGURE 154 — unknown
The prior density of (solié line? and the p0§lerior densities after 2 (dotted line), 4 (short-

v i

® Suppose prior Of E 1S N(Z’ ;4> and(f, dashed line), and 8 (long-dashed line) observat
X1, Xo,..., X, are i.i.d. from N(Z,‘l). bub:ér?etd 12 f'\—""'s .
m 2 10 / \l Pwte-
pammeterd-l ¥ rior

ate
—n=2 x1 =359, 10 =552,

p1 = 0.89 %9 + 0.11 pg = 4.27, & = 2.25¢f
—n=4, x5 =393, 14 =4.71, alx.,x;—J e

g = 09474 + 0.06 pug = 4.29, & = 4.25]

- : rg — 3. 14 alu M @j{ 2 3 5 s
p%u_ 0.97 Zg + 0.03 pp = 4.19, g1—825.;;‘wm "
e Figure 15.4: TF'reguenhsi: estimator f(ulx. ,xe) o flxs. xela) 3(a|x.. - X4)

%, -Xa Prior density of y (solid), and posterior densfcy of ulx
Uit Xa g o (dot), 4 (short-dash), and 8 (long-dash) observations. on U,

— The prior density is quickly dominated by the data.
— The posterior density becomes more concentrated, at the true mean

as the sample size increases.

% Reading: textbook (2" ed.), 15.3.1
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‘ j similiar form
e prior distribution of p is Beta(a,b), i.e., [for l;?;,epcll;c'?z;m Sor p
P il
Then, the posterior distribution of p given X = z is
o b’
pdf of p
ate—l(] — pyntb—z—l fif nluge
e The posterior mean is before 0'59-"'5'5 dﬁﬁg :__ LGSﬁmm‘:Or of P
’ T e T . _I_
estorLbMpost @ - =F @ a+b+n a+b a+b+n y
N. CH1~6,p.7, y
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—=@® X ~ Binomial(n, p), i.e.,

[ dist. of data in Freguestist g(p) < p*H(L=p)* !, 0<p<1—
Beta(a + r,n+b—u)),ie., h(p|2) pa?fx (1 —p)”“ﬁ?l_x_lq_
Proof. The posterior dlthlbUthﬂ of p is

biased estimator under XI1p (admissg'ble)] I ) R lis n_smj_

1“'3‘&(“ -8) | | Bayes at+x  a+b a n -i-a

kP sum= || x
n

Consider the data [sample random—l [fuxed
z|p) = ()g (1—-p)*=%, =0,...,n
0 <p<|, parameter —
cond’'nal dist. of data in Bayesien  yandom ——F ot
i a
v ., _

Thsisale np|z) o f(z]D)g(d) x [p=(1—p)"2] {zf 1 p)t!]

Notes (2" Ed., TBp. 594). T =

()= Ty - T

which is a weighted average of the prior mean +b and sample mean Z.
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If pg is the true value of parameter p, then (LN, CHI~6,p. 3) y

T—l“"k"o“”‘ B I = po, asn = oo. < by Law of Large Number M"ﬁe’
Similarly, " (Bayesion)
-0

p L9 n*>00
hat if a+b>>n? Hpost —* Po, 88— 00.= weights - a+b+n géectcve
hat does it mean ? ;;%;7 = 1| probability

e The posterior variance is (a+z)(n+b—2) (Frogueatist]
posterior o< likelihood (a+b+n)2(a+b+n+1) [Z-Betat@.p) l (check #,Wp.8)

which tends to zero as n — oo, i.e., the posterior Var(z)'-&m
becomes more ‘and more concentrated about po. (LN.CHI~b6.pP.73)

~® When @ = b = 1, the prior of p is Uniform(0, 1), which expresses an indiffer-
ence about the possible values of p. T nonmform{;we prior

@de.daﬁg XorY, is mmmﬁmahm’

Example 10.9 (2" Ed., TBp. 596) N

e (Thomas, 1948) A cofferdam protectmg a constructlon 81te was des1gned to

withstand flows of up to 1870 ft3/sec (cfs). @: What if we use

e An engineer wishes to compute the probability p that this data to peform
the dam will be overtopped during the coming year the analysis ?

discrete -—, St 5 & year. (continuous)y» Yi. - -, Yas ~ 5416

e Data X. Over the past 25 years, the annual maximum flood £cg10)

levels had ranged from 629 to 4720 cfs, and 1870 ft3/sec had l{ M P y

been exceeded in z = 5 out of the past 25 years. (Xi= Temo.m (Y2)] 28770 b
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e Statistical modeling: assume a constant p over years:.r—

|What
— model the 25 years as 25 independent Bernoulli trials X; ~ B(p), {ifnot
Bayesian —

i=1,...,25. Then, R
Ppro“}DP"sbenor«hkdahwdﬁ = .21 X; ~ Binomial(25, p) [ Aierackir modeling!

use a Uniform(0, 1) prior for Q*Bef:a('»') (X«. Pi). i=1,-,25. are
e the posterior distribution is Lnoninj%rmaf:ive id. with )I(; lﬁé ~ B(Pi)
' . e _ _ P ~T(0.1)
Beta(6.20—h(p|z) o pE(1 —p)*=t = pS=(1 — p)== .

small weight —,, large we;gh‘l:—\' ;"'—"'— Freguentist eshmm‘:ej differeat: even

e posterior mean = 2+225 'l - 2+25 o o 2T "Bayeswm estimate %:ﬂ;ﬁ

De 0 | onjugate prio d E(d Bp. 596-59 The jointdisl:ribuﬁ’on OF_-

Why | ¢ G: family of prior distributions g(6) for © <f. |data in Fr‘ve&aenﬁst approach

:eh;d? e H: family of conditional distribution f(x[6) of data (X) given @_E__H_J
G is called a family of conjugate priors to H

if the posterior distribution also belongs to G. --r

=

i.e., prior and posterior belo
to "same type"” of distribution.
Example 1. Normal prior for the mean p of a Normal data (u: parameter)

L Thmi0.b(LNp2¢)  H: normal dist.  G: normal dist. —» posterior is normal
Example 2. Beta prior for the probability p of success in a Binomial data

'(l;l;;nlgg (p: parameter) H: pinomial dist. G Beta dist. —= posterior is Beta
D. - —

% Reading: textbook (2" ed.), 15.3.2
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