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2nd Edltlon Ch15, p.5-10

e Suppose the prior dlstrlbutlon of

E(K) = 21p,

Var(K) = 21p(1 —p),

K is Binomial(21

, p). Then ¢probability
-r___jP rggadqﬁdzm

E(K?) = 21p(1 — p) + (21p)*.assume

e The Bayes risks risks of dy and ds are
[bB (dy) —20+3XE(K)
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0 is gone

B(dz)

(2/21)E(K?)
—(2/21)[21p(1 ) + (21p)?]
—20 + 61p — 40p” < guadratic polynomial
—20 + (40/21) x 21p
40p — 20 =~ [inear polynomial
e Figure 15.2: Bayes risks versus p, da has a smaller Bayes risk as long as

FIGURE 152

known

da beﬁbo.r <+
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p < 0.5. (If the product is fairly reliable, may prefer ds.)
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di bel‘:l:er

% Reading: textbook (2" ed.), 15.1, 15.2, 15.2.1
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* Posterior Analysis --- A simple method for finding Bayes rule

Definition 10.3 (Posterior Distribution and Posterior Risk, 2" Ed., TBp.578-579)
e In Bayesian procedures, we have

— ©: a random variable with a pdf/pmf gg(6)

TFre

Qa

entist

mo.ch;

H |
ed
value

— go(0): prior distribution of © ==

JITh

In eshmadnon (CH8) and ‘bES*L‘lrQ (C___‘Z)
the joint_pdf/pmf of X (data)

Conditioned on ®=
random variable

O fx|e(z|0): pdf/pmf of X, conditional on the value 0 of © ¢ | S5 Sivedvalue &
<:I 2nd Edition, Ch15, p.5-11
o J'(ziriﬁist{;hugio—n of X and ? is = "J":;’ e@((i:)e) < the condibional
iplicati w 2£
'Z‘“mf”cl,,,,éf:zf;a) M / Z(E<x 0) 90(0) distribution under Bayesian
e Marginal distribution of X is l A approach (@®: mt;'ﬂ")w%
law of total “""‘(—)‘j 1l fxje(z|0)ge (@) do, if © is continuous e Joint
probability x( : s
ovaierzs] 22 | To [@l0)gB),  if © s discrete ’XM&%M
° Conditional distr1but10n of © given X = x is cf. distribution in CHS&? < ck
n) o e | | (8 Fiad)p
3, hl Ixe@.0) | [[lxeGmsw@a) !9 oMo fyagmg
_Jtoxtie) 5 )| [L1oCPhet0)
fX( ) i le@(, | : o) , if © is discrete |core I
Bayes’ Thm update t }f 20 fX[o(1|9)g@(9) c.ompment
(LN CHI~6.p2- 23)T"" do to hgix in Bayesi
which is also called the posterior distribution of ©. *%ﬁﬁ@ﬂﬂ inferenc
o® Civen observed X = z, define posterior risk of an action a (= d(z)) as
a Sunction l"m] [1(8,a) h(8]z)dh, if © is continuous by
of & & Lo x_ @[l<@ a)] = T g%msm
X only m@ﬁ >0, 1(0i; ) h(bslz), if © is discrete | apout !
- , , e{~ g'ﬁ:?
i bgﬁzm data X= g&b_ T S—
Information || SO™Rins prior] 7" ohserved | observe s observed | contains prior]
about the || Sfomecion | © gg (o) —3—@}——>£ o
meter out the ® ®|x(6|x and the
para porameter | in Some — ¢ | information
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Suppose that there is a decision function dy(z) that minimizes the posterior risk
for each z. Then dy(z) is a Bayes rule. w trr(alx)

Proof. (for continuous case) The Bayes risk of a decision function d is

oo B Fx.6(2.9)z5xe*16) g (6)
Eg[R(0,d)] = Eg {EX!O [l(() d(X)) @]} ““.‘ lication| =
_tpnor 3@(9)_‘:}" -__f §Xl®(x'e) m p! n ﬁ@lx(elz)'s-"x(x)

/[/( Jd(z)) fx ('0)(11}}0 dO://Z(Gd ) fx.o(z, )(ﬁ)
l"'_’?.‘*—an on
/ [/Mh@lx(é)lx)dﬁJ fx(z)dr = /LO,L U0, ()| fx(x) de

[:é;alx.) 2. 26122) £ postarior dist. ! L posterior risk (LNp.Il)
Since fx(z) is nonnegative, B(d) is minimized by choosing d(x) = do(x). N
<J 2" Edition, Ch15, p.5-13

Algorithm for finding the Bayes rule (2" Ed., TBp.579-580)

Step 1 : Calculate posterior distribution h(6|x) for each x.

Step 2 : For each z, fix X; = x. For each action a, calculate the posterior risk:
[1(0,a) h(8)z)df, in the continuous case
29_ [(6i,a) h(0;|z), in the discrete case

Eo|x=z [M} —
L —%

Step 3 : The action g¢*(z) that minimizes the posterior risk is the Bayes rule.

Example 10.6 (steel section (cont.), 2" Ed., TBp. 580, LNp.6~8)

e prior distribution: g(ﬁ) = (.8, 9(9_2) =02 e
e Suppose that we observe X = x5 = 45, the posterior distribution is
0 0.3 x 0.8
CAED, f(z2l61)g(61) x s
- fx(xz)-}:, f(22]0:)g(6;)  03x08+02x02 ‘ |
h(f2|z2) = 1— h(61]z2) =0.14

e The posterior risk (PR) for a; and ay are
PR(ai|z2) = U(01,a1)h(01|z2) + (02, a1)h(b2]z2) = 04 400 x 0.14 = @jcf
PR((ZQ‘ZE’Q) = 1(91, CLQ) (91!562) =F l(@g, CLQ) (92|£U2) = 100 x 0.86 + 0 = 86

e a; has the smallest posterior risk, and is the Bayes rule for :1;2

490
e Apply the procedure to any other possible observed data (a:l and Jf3)¢(exerc|se,4)
% Reading: textbook (2" ed.), 15.2.2 ChecK the d3 in LNP 8-'—————’ R
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Application of Decision Theory: Estimation €——— Recall. Ex10.3 (LNp.4)

Estimation theory can be cast in a decision theoretic framework. Alternative :
e action space A = parameter space (). /A LL-norm
e a decision function d(X) (= 0: S — Q) is an estimator of 0 «>|6-8|
e square error loss: [(0,d(X)) = [9 d(X)]2= (0 — 6)? «L2-norm <———J
(other loss functions, e.g., [ , are allowable)-"CheCk Thml0.3 (LNP[ 16) of
e Then the risk is R { ] CE 9 "'MSE —j
§—{derbicall- minimox estimator im"“ 9' o MSE )
> & ;;rvl\ 9: arameters i ] {g(‘H/
@m : ' 1 Q: what if a prior is available?
B B UMVUE <<

e The Bayes rule minimizes the posterior risk, which is MSE %ﬂ A n(m.qg? ,0;
@[:MSE—TW+(blaS) (LN,CHI~b,P3-42.ttem5) PR ® P (9-6)’; ®
E@,X_(?_%_\X =z] = VarQB((@ | X =2)+([Boix (0| X =1) - Qﬁdm?
posterior - [r.V.) [@ constant (ackion)) M - N e
dfstribution when conditioned irrelevant to 9 & - minimized by C&ﬂdi-l
on X=X best: predictor in Ga <> 0 = gy (0| X = )4 mean
(LN, CHI~6. P-54)
@ ~dn it — 2" Edition, Ch15, p.5-15
] X
0 Il 1Bepes Tuls i (V)' [0 R :1,:) df, in the continuous case
s the best | reasonable 7+ ¢ ——= , ,
p’rseccbonof arV. | odecisionfincioneT” | 2o 0i h(0i]z), in the discrete case
under =T ——

\ N

Thg|lean of the posterior distribution.

e iags) (an, estimator) . ' .
e In the case of squared error loss, the Bayes estimator (i.e., Bayes rule) is the

Example 10.7 (Throw a coin once, Bayes estimator, 2™ Ed., TBp. 584-585)
e A biased coin is thrown once. Estimate § = probability of heads.

e Suppose that we have no idea how biased the coin is IT prior
= for f, can use uniform prior: g(f) =1,0 <60 < 1.
3 —— > O
o Let O Yogueprior | if a head 1
Dota—> X — 4 & if a head appears
0, if a tail appears
Then the distribution of X given 6 is Bernoulli(6):
|
0, z=1
This is the pmf of X =) =37_0 -0
in CHR &CHI - Y =
e The posterior distribution is 70
condibional  doint (Q‘X)"L. flz]0) x 1 fl%dg =
BIX—h(0|z) = =\ 16 _
matgnalx-ro f(@]9) ><1de Jo1=046 L
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