NTHU MATH 2820, 2026 Lecture Notes

2nd Edition, Ch15, p.5-1

Decision theory and Bayesian Inference EIFiE—

e Set forth a unifying framework for theory of statistic.«-includirg estimation &
e Deal in a systematic way with problems that are not amenable tc__s_l:mg_
to analysis by traditional methods such as estimation and testing i“s’?ﬁf" l

Example 10.1 (Sampling Inspection, 2" Ed., TBp. 572)

e A lot of IV items, n (n < ) of which are sampled randomly and determined
,' to be either defective or nondefective. n, N: known.
@'M}: proportion of the /V items that are defective (parameterj-~o<p<1

— p: proportion of the n items that are defective (observed data,
known— the distribution of p depends on p) _é_*r “’,?"l‘:m" deefzgl:ed items 3> B'=X/n
~ Y:V. ~ hypergeometric/binomia| Trv.

For any lot, the manufacturer has two possible actions: depending on p. '
sell the lot, for a price $M with a guarantee that if p > pg the manu-

. fact.urer will pay a $P penalty,«return policy msit f o Foixed
junk it at a cost $C. m| vﬁue.,

=—State of Nat 11 k
e The loss function is wnlL— Rlienl s | Bk
i.e. minimize loss :d.%ﬁn ¢ P > o $P  $C
o For best profit, how to make a decision (sell or junk) based on
the observed data p? N
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Can,\avz MOY2. than 2SSO
Example 10.2 (Classification, 2" Ed., TBp. 572) <—9f->hypaH:ms fesﬁtg pmblem
e On the basis of several physiological measurements, a decision must be made
concerning whether a patient has suffered a myocardial infarction (MI) and
should be admitted to intensive care

— patient status: {MI, no MI} (parameter }unknown

decide
‘—e X physiological measurements (observed data, the distribution of X de-

pends on parameter)—iﬁ'—l* MI no ML

actions: {admit, not admit} X
e loss function: l._..patiemt status | o) da admin not admit
unknown MI | correct subjective
no MI | economic costs correct
o How to make a decision (admin or not admin) based on the

observed data X”so that the loss can be minimized?

> distribution | > prior
f(z|6) parameters 0 9(0
ol 23 ¢
Tlppotatit\ ¢y ¢ | 5
. “likelihood
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Summary and Definitions (Decision Theory, 2" Ed., TBp.571)
e Making decisions in the face of uncertainty. comes From data also $rom

aeA a: an a.ction . | T m_t_'a_n_l. e\‘:.er
—<——— A: action space, the set of all possible actions used "30 in Bayesian
e The decision maker chooses an action based on :m:: appro2<
— observation of random variables, or data, X.
— X € § (S: sample space, set of all possible data values). d:S—A

— d: statistical decision function (decision rule), a map from S to A_.—f
usformeios. (Note: d(X) is random, given as a = d(X))
R S— e e

~)

jon
X~ -
e The probability distribution of X depends on
— a parameter 0, called the state of nature < unknown

— 0 € Q (Q: parameter space, the set of all possible values of )

e A loss function, [(0, a), is a real function defined on  x A.
e Under a decision function d, by taking the action a = d(X), A
[random

the decision maker incurs a loss I (Q, d(X))

random (" X is random) —* Na) ) == '
e The expected loss of a decision d < defined on QxS -

is called risk function: R(9,d) = Bx {1(97 d(_X_))} T::;age
(Note: the expectation is taken w.r.t. distribution of X, which depends on §.)

e Good decision function d should have small risk. T gﬁf,‘,‘,t‘;dm‘; i‘é’% b

@ 21 Edition, Ch15, p.5-4

Example 10.3 (Estimation, 2" Ed., TBp. 573)

e X = (X1,Xo,...,X,): arandom sample, distribution of X depends on 6.

e Goal: estimate v(0) ‘m‘;‘n d:S>A ‘;aramuén

—
e d(X): an estimator’of v(0) (Note. A=, and d(X) : S — Q)

e quadratic loss function:

1(0,d(X)) = {u(e) _ d(X)]Q.

e The risk function is then

) »  [Recall GMVTE:
R(0,d) = Ex [v(0) — d(X)] m?:imizes MSE

which is the mean squared error.-e— among d: unbiased

e A good decision function d is one that has a small risk smallest risk VO €L

d) R(0,d) = Ex[l(0,d(X))] Ion. any e N

R

di— Difficulty 1: R(6,d) depends on 6, which is unknown:
“da— Difficulty 2: There might be two decisions, d; and d2, and two values

8
0 * of f, b1 and Oy, such that - po 41y < R(81, dy) —
gHm'L'. Transform a function of O )

into a single value R(62,d1) > R(f2,ds) =
Question: how to confront the difficulties to make a good choice of d?
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Definition 10.1 (Minimax Rule, 2" Ed., TBp.573)

1. For a given decision function d, consider the worst that the risk could be
a function of @ > & single value |—>— 112X R(0, d) =-largest average loss of d

2. Choose a decision function d* that minimizes this maximum risk

Why not -L-ak:rg ave :
or W;et’_%g_ avemge 7 %[ %1688( R(Q d> } a decision

ion.
3. Such a decision function d*, i

, if exists, is called a minimax rule.

Notes (Minimax Rule)

e weakness: very conservative, places all emphasis on guarding against the
worst possible case, which may not be very likely to occur.

e A rigorous statement is to change max — sup, min — inf —

© (parameter)
: unknown
1. Consider Ex10.1 jn LNp.|. Whod: rF theve are many lots? Each [ot Tixed value

has its own p , and these p's iﬁv_-_gnt»The of a random
| randomly chosen lot is o mndom vari £ :

variable 4
2. Emmuﬁoﬁom ,Qgst_gxpg_ng_ng we may know what value of p
——1is more possibe ysiS? | when taki

appear. How to Include this Infoma&con in

Definition 10.2 (Prior Distribution, Bayes Rsik, Bayes Rule, 2! Ed., TBp.574) —
1. Assign a probability distribution, called prior distribution, to 0¢ Feget:

L

©: a random element of €2 drawn according to the prior distribution

D
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2. The Bayes risk of a decision function d is

afuckin i _dl—p d) = Ee [R(Q, d)]‘,— average risk, with weight $rom

where the expectation is taken with respect to the prior distribution of ©.

3. Bayes rule: a decision function d** that minimizes the Bayes risk B(d).4—

e Bayes risk can be interpreted as the average of the risks with respect to the
prior distribution of . —» check the ngh in LNp.2.
e Bayes risk is a function of decision d only, not depending on 6.

Example 10.4 (steel section of firm stratum, 2" Ed., TBp. 574-575)

Benjamin and Cornell (1970): As part of the foundation of a building,
steel section is to be driven down to a firm stratum below ground.

e Two possible states of nature (parameters):

01: depth of firm stratum is 40 ft;
e Two possible actions:

ay: select a 40-ft section;

e loss function I(6, a):

02: depth of firm stratum is 50 ft

as: select a 50-ft section

ai a2
6] 80 $100
unknown 6, | $400 50
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e Data: .
— X 40 f f
X = depth measured by a sonic test, T = 40 b (O_g t) 16, (05_2 t
which has probability distribution: & Lo = g ﬁ 0:2
sum=1 x3 = 50 0.1 0.7
e Consider the following = = —
four decision rules: |71 (=40) z2 (=45) x5 (=50)
always 4o0-§t section»d, | a; a1 a1
do not use the | @ az az
information in data d | @ a - d: S—>ﬁ
always 50-ft section>dy |  ay a2 a2 {ana}
e Risk functions: For j = 1,2, and i-th decision function d;, i =1,...,4,
R(0;,di) = Ex |U0;,di(X)| = S5, U8), di(aw)) P(X = 2k |9 = 6).
e Thus  R(f1,di) = 0x0.6+0x03+0x0.1=0
R(61,d2) = 0x0.64100 x 0.3+ 100 x 0.1 = 40
R(#1,d3) = 0x0.64+0x0.3+100x0.1=10
R(01,d4) = 100 x 0.6 4 100 x 0.3 + 100 x 0.1 = 100
Similarly7 R(0_27 dl) - M? R(0_27 d2) - @7 R(QZ? d3) = ma R(9_27 d4) — Q b
<:I 2 Edition, Ch15, p.5-8

e Minimax rule: dy is the minimax rule since

max R(0;,di) = 400, max R(0;,d2) = 40,
J — j — -

max R(Hj, dg) = 120, max R((gj, d4) = m
J - J -

e Bayes rules: g (§ixed unknown constart) —> @ (random variable) | may come f{om
— prior distribution: g(61) = 0.8, g(f2) = 0.2 4— past experience

~ Bayes risk: B(d) = Eo [R(O, )] = R(61, d)g(61) + R(62, d)g(62)

- Thus, Mocomesy” B(d1) = 0x 0.8+ 400 x 0.2 =80 ‘
Lol B(dy) = 40x0.8+40 x 0.2 =40 J@:W/m‘b if
B(ds) = 10x0.84+120x 0.2 = Q‘E {3(0:)=o.2,
B(dy) = 100x08+0x02=80 $(82)=0.8 ?

— Thus d3 is the Bayes rule corresponding to that prior. < reasonable ?

Example 10.5 (sampling inspection, 2" Ed., TBp. 576-577)

e A manufacturer produces items in lots of 21. One item is selected at random
and tested to determine whether or not it is defective.

e Two possible actions: (1) sell the remaining 20 items at $1 per item with a
double-your-money-back guarantee on each item, or (2) junk the whole lot

at a cost of $1.  m: # of defeated items sell  gunk
unknown—3  in the ining 20 items loss| —20+2m 1
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e parameter: kK = number of defectives in a lot of 214 k=0,1,2,..21

1, if the tested item is good k-l, if X=0,
) . @M=

0, if the tested item is defective K . If X=1.

e For a given value of k, the distribution of X is Bernoulli(1 — &£/21):

P(X=0]k) = k/21, P(X=1]k) =1—(k/2L)

e data: K:{

e Consider the following two decisions: d: S=>A ;”‘;‘: g::fhz informacion
dy: sell if tested item is good, junk if defective; da: sell in either case
o The loss are —20+2xk, if X =1,-m=k
=20+ 2 x k, if X =1,—»m=k
100 = { 075Xtk 1), i X = D Mk
e The risk functions are R(k,d;) = Ex [l(k, d;(X))]. i;::;.?,::: e '5 =
= » B
R(k,dy) = (=20+28)[1— (k/21)] +1x (k/21) . :;‘?g;’zﬂ"‘;‘s‘ R
— 20 + 3k — (2K%/21) < quadnatic ol
R(k,dy) = (=204 2K)[1— (k/21)] Polyromial = | /0
+[—20 + 2(k — 1)](k/21) [/ minima. rule:dy
= 20+ (40/21)k i i PO » m BT
+ (40/21)k <= linear polynomial o (& ey
e Figure 15.1: the two risk functions. d; is the minimax rule. b
¢| 2" “Edltlon Ch15, p.5-10

e Suppose the prior dlstrlbutlon of K is Binomial(21, p). Then probab«h
& [generating a dq,%wm
E(K) = 21p, Var(K) = 21p<1 —p), E(K?) =21p(1—p)+ (21p)° -Lssume
own

e The Bayes risks risks of dy and dy are

k as a function of p: The solid

[»B (di) = —20+43x E(K) - (2/21)E(K?)
— 20+ 3 x 2lp (2/21)[21p(1 —p) + (21p)?%]
Oisgore| — 20+ 61p — 4052 « quadratic polynomial
B(dg) = —20+ (40/21) x 21p S
= 40p — 20 @ [inear Polynomid da better 1o d) better

e Figure 15.2: Bayes risks versus p, da has a smaller Bayes risk as long as
p < 0.5. (If the product is fairly reliable, may prefer ds.)

% Reading: textbook (2" ed.), 15.1, 15.2, 15.2.1 I5'/26l

* Posterior Analysis --- A simple method for finding Bayes rule

Freguentist

approach
|

Definition 10.3 (Posterior Distribution and Posterior Risk, 2" Ed., TBp.578-579)
e In Bayesian procedures, we have
~al — ©: arandom variable with a pdf/pmf ge(6)
Qd . : o . 9 0 < """‘A
%E_u_e ge(0): prior distribution of © % A7 B
=0 fxjo(z|f): pdf/pmf of X, conditional on the value 6 of ©

T eskimabion (CH8) and Testing (CHY),
the Joint pdf/pm§

Conditioned on ®=
random variable
>a Fixedvalue 6

made by S.-W. Cheng (NTHU, Taiwan)



