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e Suppose the prior dlstrlbutlon of K is Binomial(21 p Then’-probab«héy of

generati rga

&

E(K) =21p Var<K>:21p<1—-p>, E(K?) = 21p(1 — p) + (21p)’ ’*:f%e
own

e The Bayes risks of dy and d3 are pouse
rB (d1) = —20+3x E(K) - (2/21)E(K?)
= —2043x2lp (2/21)[21p(1 —p) + (21p)?]

Qisgone|  _  _20+ 61p— 40p® < quadratic polynomial
LB(dy) = —20+ (40/21) x 21p A -

40p — 20 <= [inear polynomiaj ds betker s d) bettor
e Figure 15.2: Bayes risks versus p, da has a smaller Bayes risk as long as
p < 0.5. (If the product is fairly reliable, may prefer ds.)

% Reading: textbook (2" ed.), 15.1, 15.2, 15.2.1 5/20

* Posterior Analysis --- A simple method for finding Bayes rule

; ; . ist
Definition 10.3 (Posterior Distribution and Posterior Risk, 2" Ed., TBp.578-579) Em ‘m

e In Bayesian procedures, we have Tn eskimabion (cn_Lg) and Testing @)‘
9 a| — ©: arandom variable with a pdf/pmf ge(0) "’-’"e.&_OE_Pd?/B of X (dota)

I¥=2)

Conditioned on @=
random variable
>a fixedvalue ©

W:T_:i go(0): prior distribution of © == % Eﬂ.ﬁ BP.
™0 fx|o(z]0): pdf/pmf of X, conditional on the value 0 of © «

@ 2nd Edition, Ch15, p.11
e Joint distribution of X and © is = $x0(%.0) < the conditional
Tcation Tl x0(@,0) 2 fx10(19) 90(0) | gistringion under Bayes
.CHI~b, p.23) ——— N _LT_ esian
e Marginal distribution of X is / (®:random ), iS

law of +total ‘—"*(")"; { fine) (x|0)ge(8) dd, if © is continuous H»e!i/jgin_ Et-E

probabili x(x : .
(LN, cm:f}; 23)| ¢ 29, f(@|0i)g(0),  if © s discrete 47X discussed

e Conditional distribution of © given X = x is cf distribution in CH8 & 9

) [B= o et | | (o fid
( p3) h fX@ (,0) foo(wie)gew) —1, if © is continuous @uetd:isi:,
Pb) @[X I fX( )-newm?a fX|®(J3|9 go (0) . .
Boyes' Thm oot - '._'izg Txatnge@) O i discrete Q30 o
(LN CHI6, pIB)F—L o to f@lx \ in Bayesi
which is also called the posterior distribution of O. <+ %—1&%@(}@ inferenc

=@ Given observed X = z, define posterior risk of an action a (=d(z)) as

a Sunction I"dm] [1(8,a) h(8]z)dd, if © is continuous ameséwéae
oFQ e oo X [K@ a)} a > . U(0i,a) h(0;|x), if © is discrete St 8%
Zony| twengeleswrt@yg | Th — _— - g ot

before data Y= after data __2E8—
Information Contains prior| * "ot corved observe data X | is observed |costains prior

on i 7
about the || foetion | “go o) T g g o) [
para paorameter | (x s in Some jnformation ———g—— | Information

about the parameter ) Sfromz |
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posterior

d601s10n d, distribution |

decision d,,

Theorem 10.1 (2" Ed., TBp.579)

Suppose that there is a decision function dy(z) that minimizes the posterior risk
for each . Then dy(x) is a Bayes rule. o Lpg(g_u_)

Proof. (for continuous case) The Bayes risk of a decision function d is

0y - (O )] — ‘ R Ix.0(2.9)5 $x10(210) 3g (6)
o - e j“E@"{EX'@[-—-—————”‘Q’d@) Q}} mulipicabion| = £ g1 612 S ()

e Lprior g0 —F T Saeri)
"""" ‘/Uﬁ@&n <wmﬂ%wwm//md ) Fxo(w,0) dzdd

. @ «—an action
z/Lﬁ@ﬂmmMWM@hg@@:/%ﬁgw&@whmwx

' (do) [} )
E{(eﬁ:_t_n ) % 6] x2) posterior dist. L posterior risk (LNp.I)
Since fx(x) is nonnegative, B(d) is minimized by choosing d(z) = dg(z). N
@ 274 Edition, Ch15, p.13

Algorithm for finding the Bayes rule (2" Ed., TBp.579-580)
Step 1 : Calculate posterior distribution h(f|z) for each x.

Step 2 : For each z, fix )g = x. For each action a, calculate the posterior risk:
[1(0,a) h(8)z)df, in the continuous case
E@|XI — [M] DY [(6i,a) h(0;|z), in the discrete case
9. 1y = 7 )

Step 3 : The action g¢*(z) that minimizes the posterior risk is the Bayes rule.

Example 10.6 (steel section (cont.), 2" Ed., TBp. 580, LNp.6~8)

e prior distribution: g(ﬁ) = 0.8, 9(0_2) =0.2 I
e Suppose that we observe X = xo = 45, the posterior distribution is
0 0.3 x 0.8
A z2) Jlaalflon) __ - ~ 0.86
Call ! fxa,\-zz L f@2]0)g(6;) 0.3 x0.8+0.2x 0.2 "q_
h(f2|z2) = 1— h(61]z2) =0.14 |

e The posterior risk (PR) for a; and ay are
PR(ai|ze) = (01, a1)h(01|z2) + (02, a1)h(02]|z2) = 0+ 400 x 0.14 = @:ch
PR((ZQ‘Q?Q) = l(91, ag) (91]LB2> —+ l(@z, CLQ) (92|$2) = 100 x 0.86 + 0 = 86 '

e a; has the smallest posterior risk, and is the Bayes rule for :132

e Apply the procedure to any other possible observed data (x1 and $3)¢(ngrc|5e'
% Reading: textbook (2" ed.), 15.2.2 Check the d3 in LNp 8_l———/ Qx é‘]

v
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« Application of Decision Theory: Estimation @——— Recall Ex10.3 (LNp.4)

Estimation theory can be cast in a decision theoretic framework. Aleernative :
e action space A = parameter space 2. /;4 LB-norm
e a decision function d(X) (= 0: S — Q) is an estimator of 0 =16-8l
e square error loss: [(0,d(X)) = [9 d(X))? = (0 — 0)? « L2-norm 4———’
(other loss functions, e.g., [ , are allowable)thheCk Thm!0.3 (LNp.16)
= Yar(d)+[E6)-0)
e Then the risk is R { ] {(9 9) } =MSE ——<j
§—{idenkicall} minimax estimator { Mi oeny MSE)
> o ;lrvl\ 9: arameters i N {2/9/ —
@ﬁa /f ' i Q: what if a prior 1s available?
R UMVTE <&

e The Bayes rule minimizes the posterior risk, which is MSE %ﬂ B a' d'ﬁ%"ﬂ-é
@EMSE = variange + (bias)” (LN.CHI~b,p¥2,item5) R @ B 6% 0
Pol@= X =a] — Varg(O]X =0)+Bo(®1 X =2) e
rior tagt(a.dnon N i g ” Junctio
ﬁeibuﬁon when COﬂdthOﬂa irrelevant to 9 of minimized by ggtn i.-l
onX=2x best: predictor in G3 <> § = gy (0] X = 2)# mean
(LN _.CHI~b. p.54)
@ ~doit 214 Edition, Ch15, p.15
i X ]
® Thus, Bayes rule is - (\/)' JOh@|z)dd, in the continuous case
mgan I is the bes reasonable ? -» , .
prediction of a YV, decision Funckion e~ >0, 0i h(bs|x ), in the discrete case
under MS (an estimator) =

e In the case of squared error loss, the Bayes estimator (i.e., Bayes rule) is the
g/ o|ean of the posterior distribution.

Example 10.7 (Throw a coin once, Bayes estimator, 2™ Ed., TBp. 584-585)

e A biased coin is thrown once. Estimate § = probability of heads.
e Suppose that we have no idea how biased the coin is :j pror
= for , can use uniform prior: g(f) =1,0 <60 < 1.

o Lot O Yague prior —* {

1, if a head appears

s —
L 2.8 0, if a tail appears
Then the distribution of X given ¢ is Bernoulli(6):
9, =1
-"MSIS'U'Ier;FO:Fx (CBIG) 1—6 =0
in ‘g& Sg =Yg @\
e The posterior distribution is 76
opditimal  PEOO_ 0 o
OIX —=n(lly) = TN Lt} B9
Mg’mlx_ro 33[9 ><1d9 foll;HdQ - N
| =
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