NTHU MATH 2820, 2026 Lecture Notes

<:| Ch9| i.4-43

1. There is a distinction between Oy,...,0,, and Xy, ..., X, (especially

for continuous case) e case) em ""‘-° cdf (textbook, sec. (0. 2)

converge to true cdf as @ If X, Xnare i.id.,
e Xi,..., Xn :>X(1)7"‘ X(n) = O1,...,0nm order statistics Xay.. Xun)

rdcscmte (possible) — i iid. are sufficient Sor any
® Ol,.. O jX(l),.. X(n) ?Xl,.. X € distribution.

L continuous ‘!-——u{lnabi { fi -l --&m@wﬁn’ﬁ
X, ---, Xn
dlscrdz rvs e , conkinuous 1v.'s
to £ ta ta " -h_
2. The MLE of 6 based on Oq,...,0,, can be dlfferent
from the MLE of 6 based on Xl, . ¢ Note In Ex7.I7, £is are
3. Different choices of (¢;_1,t;], i =1,...,m, can | not Furctions of data, i..,
cause different results. (Note. The choice "tl‘;stafe '}0" staistics,
54y should not depend heavily on observed data. LEXVS, Ee==X).

4. It is recommended that O;, E; > 5. <aresult guamnkeed by large n ;5'%'"1”5'7“6

o n = 1029, the cell probabilities are (1 — 6)2, 20(1 — 0), 82 under the Hardy-

TTAA Ao taa

Weinberg Equilibrium model and the MLE of  is 6 = 0.4247. N
@ (o o‘l Ch9, p.4-44
T

)t(b"'oxlozq >mulbinomial (L, iR, Ps) Blood Type
M MN N

I e
01, 02,03 ~muttinomial(1029,7,P2,) Yi 5

intuitive
E;, 3406 502.8 185.6—" conclusion?

e Consider the test: how to get this 2 eg. 340.6=nH(§)=I027°(I-0#2@
Hy: (p1(8),p2(0),p3(0)) are specified by the Hardy-Weihberg modej

Ha: (p1,p2,p3) do not have that specified forﬁl(—h()_ P+P+Ra=1
e Pearson’s chi-square test: [atm(ﬂo)=1 dim(N) ﬂ

E nu ! T-1a)

X2 — - +— Y2 under H,
2 g E’L - Losaiq 284
rmm l ‘h=(029 l dla”l(n-) ‘dIM(-QO)

2. Set o = 0.05,1Thus, reject Hy if the value of X? statistic exceeds
critical 3.84, the 95%-quantile of the X_% distribution.

[N

2
3. Since ‘41 W'
342 — 340.6)> (500 — 502.8)% (187 — 180 6)? .
X2 = ( = 0.0319
— 340.6 i 502.8 i 185.6 ’

Hj is not rejected.
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2. Why a = 0.057 Will conclusion be different if we choose other a7
The p-value is more useful: X
p-value = Py, (X? >'0.0319g = P(x§ > 0.0319) = 0.86.

. T——more extreme
Ho If the null model were correct, deviations this large or larger would

occur 86% of the time. Thus,|the data give us no reason to doubt
the null model. las extreme

LNp42 paf of 2i"

e Likelihood ratio statistic is \ermore extreme m 086 0.06
2logA =252 Oilog () =0032 (2 00319=X). | -3
— =t 0.0319
The two tests leads to the same conclusion. meam‘né?l,c/,eck A in LNp32
Note: A = exp(0.032/(=2)) = 0.98 =1 (0 < A <1). Hardy-Weinberg
model is almost as likely as the most general possible model.

Example 7.20 (Bacterial Clumps, TBp. 344-345)

e In testing milk for bacterial contamination, 0.01mL of milk is spread over

an area of 1cm?. 400 counts of bacterial clumps: Xi,--- , Xuoo dd: POV
sample size [+ — I

number per lch’ o 1 2 --- 910 19 rOl,'".Om
‘XL.--,quo! Frequency |56 104 80 --- 3 2 1 possible stetistical modeling

) Sor Xi,-+=, Xuoo ?
e Hy: The data are from Poisson P()) for O1,---,0m? N
<:I Ch9, p.4-46
e MLE for the A of Poisson model (H;) is4—Note. The MLE X s the MLE
. T based on Xi,---, Xq00, Ot
Y=}:QX®+1X&4+”'+QX122.44 the MLE based on O,---,0m,
. 400 ' But,inthe case, their MLEs
giving the expected frequencies £; in the following table. are identical.
number per lem? | 0 1 2 e 6% O, ---,0g ~
@iz O: (Obs. freq) |[56] 104 80 § - 9 "‘620 "“ﬁf‘{‘f’f““'/,‘:;"'
E | E; (Exp. freq.)«|[34.9] 85.1 103.8/7-"- 10.2 [*5.0 Vool
" {J 128 42 55 --- 0.14 [45.0] £ AN f®

(how to get T2 critical valuel
e The chi-square statistic is X? = 75.6 > 18.55 = x§(0.005).|So, p-value

Wh% < 0.005 and the goodness of fit test rejects the(Poisson model (Hy) .2%:” %
1. bacteria held by surface tension on

dim(Q)="T, dim(o)=1
How lower surface of the drop may adhere New stzkistical modeling :
mnRBisson|  to the glass slide on contact.

Poisson —> Negakive binomial
Wolata 2 2. film not of uniform thickness. (LN, CHS, p.3-68)

Example 7.21 (Fisher’s reexamination of Mendel’s data, TBp. 345-346)

e Mendel crossed 556 smooth, yellow male peas with wrinkled, green female

peas. @_J ﬁ‘\g %% aa bb

aA
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{ b8 i l."" "a/A\55p -FPi,ta,r3.Tq,
{ }x b} Type Observed Count | Expected Count Probability
LL—Smooth yellow | Oy 315 G——q- E 312.75 Pi09/16

{@a}« { }4]— Smooth green | Oz 108 |~muttinomiad E, 104.25 ggbwfo Pao3/16
Wrinkled yellow | Oz 102 | (5%6.P.-, E3 104.25 [F) 1, o] Pao3/16

{wz}x{bb}«——Wrmkled green | O4 31 P4) Ey 34.75 ~ Pyol/16

 D={(p~ | PrR+R +Pe=1}

dim()=3, dim(Q)=0

|w
¢|-

32 o=
e Lor the data, Lo P ib' R=1ER=T P
__qlnNA__r)T“l '@ T vy
AlUéll—éZ_Jz 1ilU5\
A= 0.618/2) = 0.
A = o= /2) = 13 . e .
less than 0.9. (Peason’s statistic is X2 = 0.604.)  null distribution : X3 (n=556)

e Fisher pooled the results of all of Mendel’s experiments:

\ 4

— Two independent experiments give chi-square statistic T‘l, Tz

with p and r degrees of freedom under Hy. 5‘5'6
— Under Hy, T1 + 15 ~

Xp+r < p=r=3 .m'Hu.case [5:"0""' differods da:faseE]
— Adding all the chi-square statistics for all the

independent experiments gives p-value=0.99996! <too good to be true

e The best explanation is perhaps that Mendel continued experimenting

until the results looked good. The statistical analysis here assume n is
fixed before data are collected. Then, n is ayandom variable <—

@ Ch9, p.4-48

e Dorfman (1978) studied the goodness of fit of the intelligence scores of

fathers and sons to a normal distribution (Hj) using Pearson’s chi-square

test. The p-values were greater than 1 — 1077 and 1 — 1079, respectively.

+ Reading: textbook, 9.5 too good to be true?

 Application of GLR test II --- Poisson dispersion test

Question 7.16

e Recall the insect counts example (Ex. 6.31, LN, Ch8, p.68), the Poisson
model did not fit well.

odel assumptions: ~ > > ~

Poisson model assumptions: ™ T Ty, . . X, ~iid. P(})
. The rate is constant. 4 4 4 4 v

1
Brzez| 2. Counts in one interval o - P()\)

are independent of counts in disjoint intervals.

e For counts of insects on leaves, some assumptions may be violated, e.g.,

— Leaves are of different sizes and occur at various But, still assume

> ° _ ] o X| 27", Xn
locations on different plants. Hence, 1. may fail. are 1

— If the insects hatched from eggs that were deposited isson..

in groups, there may be clustering of the insects. Then, 2. may fail.

e How to examine whether the rate is a constant for the insect data?
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- Example 7.22 (GLR test for Poisson dispersion, TBp. 347-348)
e statistical modeling for solving the question:

Ch9, p.4-49

<fF] ok .H. e.AtA
— X; ~P(\),i=1,...,n. & Xi,~,Xn are independet.-» joi pmf 18 -
( Z-:so) Q_:{()\l,...,)\n).)\Z>O,z—1,. .,n} ﬂdlm(ﬂ)mn.
— Null hypothesis Hy: the counts are Poisson with common parameter \.
b poo 20 = {(A1, .., An) s Ay = =)} = dim(Q) = 1.
— Alternative hypothesis H4: the counts are Poisson with different rates
)\1, )\2, 500 g /\n, i.e., QA - Q\QQ
e Under Qo, MLE of ) is A = X.
e Under (2, MLE of \;’s are X;’s, denoted by JYND TR O.:<—>)_C_.,
e Thus the likelihood ratio is Eizwx
no 3T N n _ : test statistic
A Hi—1~A e N/z{f _ (_@_)“emz_}: in B0 | [
tfb I ) D e e N (Lhp.40) |
c n mn
5(‘7!8 i _ X
(LNp.4 1) —2logA = 22{&10_{; (:) + (x; — m)} = 2 Z:{:Z log (§>
CA NS0 g =1 - L =1 ‘
Proo in n no
LNp.42 iEé iy (1 —T)? = s reasonable ?) vanance N
¢| . Y D 1 . he km Ch9, p.4-50
R : chec
i P(;) 6%/T: measure of clustering < ‘graph in LNp.48 .Y;pé?)Y)-l )=
(AL~ . - - » - 3
Lprsy Null Poisson model: AT T o IF Yi, - Ya dieds POA)
Alternative Poisson model: variance>mean. vz ﬁy\)
X = (]
z)) —| (asymptotic) null distribution: x? , (check «§
c 3
= (d+E0D) /£ ) dim(Q) - dim(sy —F (LMp39 é(‘/“'\?) — T
: : : = Var(Y)
® Poisson dispersion test (for goodness-of-fit)
— has high power against alternative that are |@g Xu,--=, Xn 208 Lhd
st | overdispersed relative to Poisson, (LNegg‘tge :‘g;”i‘zz
01,--,0m e van)>>HY) :
—sO often used when there is not enough data - Xi,--, Xn —>0),"~*,0m
to be accumulated into several cells. (better to have 0:25)
e For the data in Ex. 6.4, LN, Ch8, p.9, n=23, < not large <
n6?/T =137 (zi—%)? =26.56; —2log A =237 | z;log (&) = 27.11
o dim(Q) - dim () = 23 — 1 = 22 - asymptotic null dist: X3, < Fiesonable
e p-value for 27.11 is 0.21. So there is not enough
evidence against the null hypothesis.
e Note. Sample size 23 is small and the test may have low power. >
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Ch9, p.4-51

Example 7.24 (Bacterial Clumps, Poisson dispersion test, TBp. 348-349)

e For the data in Ex.7.20, LNp.45, n=400.
_ " no 400 x 4.59
z =244, 0° =4.59 => = T T 9ad = 752.7
The e i s.@fkaftesu = ’
e The p-value is: RR of test2 O N0.2)
ps — 2000 752.7 — 399
pvalue = P(TZLQV&): ( 5 )
7bw X /2 %X 399 V2 X 399
‘g\gou:. LLr:ibj ~ 1-9(125) ~ %’ ;,q;;i?s-inal approximation to x?2, _ 399‘—_]
e Thus, there is almost no doubt that the dim(£2)=400, dim(o)=1

- y 7o%8
Poisson distribution fails to fit the data. A ~Y= : 3.1- -+ Ym CLi ——> Norma.

Question 7.17

e Compare Ex. 7.20 and Ex. 7.24. They test the same null hypothesis
Hy. Why are the test statistics in the two examples d1fferent‘7(dw<@,,,m,ﬁ

— In Ex. 7.20 ~—goodness-o§-5ot test.  (Qiz Ec?|palowngindep.bt
- Keao Q790 = {X; can be any discrete r.v.’s

bl PO R iontest | Variance
— In Ex. 7.24«f isson dispersion xmean ? 7.24
5oed Q X, ~P(N\),i=1,.
spec r" 7.24 — { T( ) } QO
@ Ch9, p.4-52
e [s it appropriate to use the test statistic in Ex. 7.20 to test the Hy and
H, in Ex. 7.247 How is the opposite?
e For same data set, which of the tests in the two example would be
expected to have smaller p-value? Why? <) 8 € g3\ (i) 0 €20\ 21724
Note. If one has a specific alternative hypothesis in mind, better power can
be obtained by developing a test against that alternative rather than against
a more general alternative.
" Readia: 5/14
% Reading: textbook, 9.6 =
* Some concerns about hypothesis testing pds of % e
® : Suppose modeling is correct. For 'stze
IO S : ize
H()' 9290 VS. HA‘ 97590 S/ 3
when Hj is not rejected, does it mean we accept 6 = 6p? | /1 ig-_
HDM-OL_-'g-- Yi,..., Y ~ N(u, 0 )7 o known, Yo = =10, no'l:rqect—l_,_ “\",Lﬁ=Yn
Al ~ 0, but not zero, reject Hy if 1,reject 1
— :UJ ~ Y ) 1'€) 0 Y_om-_ 3“ C'i’
» Y—0 v _ o _ p—
e v I fujz_g,.‘;;‘ > c D =cy/Var(Y). Power
-e_xpt Consider the two cases: m%”"’i S (
Y 1‘,—2-1& (i) n=10, and (ii) n=10000. m}e‘&.
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