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Question 7.14 (examine distribution assumption in statistical modeling = goodness of fit)

e In statistical modeling, we often see the statement: [detemine @&“};@

Xi,...,X, areiid. from a distribution with cdf F(-|©). | zea- sufFicient

statistics
e Suppose that the independent and identical assumptions are true, can

we examine (using data) whether the distribution assupmtion (i.e.,
F(:|©)) is reasonable? o293 dim(TA
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e Observe data Xi,..., X,. (I(tg,tg(lj\. I‘fj.tjﬁ&)»'":hﬁl&l,ﬁ{]‘(‘xﬂ) SUM OveY 4

1 o Let O;,i=1,...,m, be the number of Xy,.7., X,, that fall in (¢,_1,].
e Then, O1,...,0p, ~ Multinomial(n, py,...,pm), <

| ransformation | —
where p; is the “red area” in the graph when {Jq is true.

Example 7.17 (GLR tests for goodness-of-fit, TBp.341-342)

e (2: the vector of cell probabilities p = (p1,...,pn) that are free except

for the constraints that p; >0, > " p; = 1. Assume m-| > k
— Note that dim(€2) =m — 1.  Recall. Hardy-Weinbes Equilibrium, (LN.CHB.p24)
o Hy: )y C ), Paa=(1-9Y*, P&‘Zﬂ(l-ﬁ) Pw=6*
— = eq '

% = {p©) : p(©) = (p1(©), ..., Pm(O))}

is the vector of cell probabilities from F'(-|©), where © is a k-dimensional

unknown parameter, i.e., pi(©) = F(|0) — F(t;_1]0).
— Note that dim(€) = k.
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e Goodness-of-fit tests judge plausibility of the models in Hj relative to
Hy: Q\Qp using data Oy, ..., On.
e Likelihood ratio test
— The LR statistic is

MaXpen, {% pl(@) Pmn(©) }

= pi(©) >_
= = —
ERG =0 (% Pt 'pmgﬂ) H ( Pi

resbricked  WHeETE T multinomial Joint pm§
Pp=Pi@«_* O is the MLE of ©, and —~MLE based on Oi,---,Om, rather than
* D1, P2, ..., Pn are the unrestricted MLE, i.e., X1, Xn.
pi=oi/n,i=12,..., use rakio
— Then, since O; = np;, to compare

= np; - O;
—210g =2 —— =2 Oilog(—),
Z:: ( np;(©) ) 2_ i
where

* O; = np; is the observed counts, and
* I = np;(©) is the expected counts.

— H, is rejected if —2log A > c. t—b’hen Ho is true

the test statistic
in Ex.%1b (LNp38)

Ch9, p.41

— To decide the constant c, since

@_L.dim(ﬂ) —dim(Qp) =m -k —1,
under Hy, the large sample (i.e., n is large) distribution of —21log A
is X2 . g, le,c=x2 . (a).e (,-a).%um{-tle of 7{,2,,.,<_,

Question 7.15

Compare e the 0y and Q in item 3, LNp.5, and <—data: Xi,---, Xa
dim=k —T T dim=oo

e the Qy and Q in Ex.7.17, LNp.39. <~ data: O1,---,0Om.
dim=k —F T dim=m-1

Are they different? What and Why different?

Example 7.18 (Pearson’s Chi-square test, TBp.342-343)

e For the same HO vs. Hy and data Oy, ..., 0y in Ex.7.17, LNp.39,

Pearson’s chi-square test for goodness of fit:usediference \
— The test statistic is: 2 | Q Why diided by E:?
determine L___ X2 Z (Oi = Ei)* | Gonsider the 2 cases
what cbservations E; D O:=2,Ei=I
“Imore extreme! (rea.samble." _14._. @O“ . EL |

— Hy is rejected if X2 > c. f "-_ v=1000
when n->00| when n= 5000

— Under Ho, X_2 ——> Xm f— 1§J—asymptot¢c null d! b\rb:on,
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e Under Hy, the X* 2 statistic is asymptotically equivalent ( - n — 00)
to the LR test statistic given in LNp.40 because:

X? -2,IogA

_210gA — 2@2]51 10g< 2&,\ ) @ undel" HO

M A N A 1 N ~ 72
':Zsl £=1 - 2”2 [_Z—pz(e)]+sz(é)[pz"pz<9)j| +
m . =1 = O: 7=1 1
& R®)=1 2
_l i (sz = @2%(9))
L 0+ -
under Ho[—3 = _n_L_pi(H) ge
= 0+X° =E¢
—( by Taylor expansion of xlog (/) about xy
11
f(z)=zlog(z/z0) =0+ (x —20) + = — (x — 20)* + -
2 %o tro.$22%
— and, the fact that when Hj is true and n is large, p; ~ pl(é)

e Note: Pearson’s chi-square test is more commonly used than the LR
test, since it is easier to calculate.

Ch9| i.43

1. There is a distinction between Oy, ...,0,, and X1, ..., X, (especially
for continuous case) empirical cdf (textbook, sec.10-2)
I‘FXI Xn are ( d

® X1, . ,Xn = X(l)) . X(n) = 017 e Om order statistics Xy, X(n)

discrete (possible) ‘—-——IF c.i.d. are sufficient for any
@ Ol,.. O = X(l),.. X(n) j Xl,.. X, & distribution
2__ continuous ‘!——I-Fnotc. id.

X., -,
tl

t’thtta

2. The MLE of 0 based on Oq,...,0,, can be dlfferent
from the MLE of # based on Xl, o X Note InEx7I7, tis are
3. Different choices of (¢;_1,t;], i =1,...,m, can | not furctions of data., ..,
cause different results. (Note. The choice t’s are not statistics,
58] should not depend heavily on observed data.) Aot Yv'S. )
4. Tt is recommended that O;, E; > 5. <aresult 9uaran£eec( by large n ‘,‘;‘:{,’“”E"” i

Example 7.19 (Hardy-Weinberg Equilibrium, TBp.343-344, or Ex.6.15, LN, Ch8, p.24)
e n = 1029, the cell probabilities are (1 — 0)?, 20(1 — 0), 82 under the Hardy-

”_LAA .“LAQ'A ao
Weinberg Equilibrium model and the MLE of 6 is 6 = 0.4247.
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