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Question 7.10 Ha: ,9<_?_o
I
What if we are interested in Hy: 0 > 60y vs. Hy:0 < 6y? ::,0; :;b,eme
o = =0 Hy: 0" < —0gvs. Hy: 0°> 0y | C°(0°) 1, as 0" 1
cq) = —C(-¢
?*(_) —;( ) 1, f T"(X)>c & TX) <= &c:*%c
) —cT X | sx={ 1 it TR =ceTX==c Ans NO
c*: af:na:o;ngﬁmmfg* 0, i T"X) <& T(X)>-—c ‘
Example 7.11 (UMP for i.id. Bemoulli) [LlEIEX]
o Let X = (X4, - ,X,) beiid. from B(1,0), 0 € (0,1). Then, the joint
pmf is R
§i1-6y = F(x19) = exp{ log [ —— ) S 21 + nlog(1 — 6) b oy ().
l 'E E 1-6) — ’
exp(log())] & ' J =L e—=T(X) 5 Xi=d

e Here,

e The level-a« UMP test for

(0) = log (ﬁ) is a strictly increasing function of 6.

=c+1
Hy:0<0, vs. Ha:0>6 :
is given by 1 lm}:g,\t:s;( :l:a:?)sb‘c ;} 1
rpson-lep(X) =4 2, X Xi=c S
D . e - YV

0 if ZT-L_l X,; <c.
Y, = =0 B

@ Cho, p.25

e The c and 7 are determined by

B(8) = P (T, X > e | 0= )47 P (T X = ¢ |

where )" | X; ~ Binomial(n, 6y).<— null distribution .

+ Reading: textbook, 9.1, 9.2, 9.2.3; Further reading: Roussas, 13.1, 13.2, 13.3

« UMPU tests (for one-parameter exponential family)

Question 7.11

Does a UMP test exist for two-sided alternative hypothesis?

power

er function
Eoglfd')=Pe(RP)
e P(Type T error;
N
. ; . g 0€ N, power
———— ¢:a “good” test for Hy:0 =0y vs. Hy:0# 0
Suse T -: How should the power function of ¢ look like?
< :
_ Q1 or Hoy:0 =10y (ort0 >0y) vs. Hy:0 <0
¢1: UMP for Hy: 60 =0, (or >0 H_eezl‘;:v,:z“
s ¢o: UMP for Hy: 0 =0y (or 8 < 0y) vs. Hy: 0 > 0 'beStsforg
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Definition 7.8 (unbiased test)

A level-a test function ¢ for Hy : © € Qq versus Hy : © € ()4 is said to be

unbiased if Fg(¢) satisfies powery = |-Bg N_dbe_;%vimswdztstsfor one-
oo—_Fo($)<aif @ €Q and| Fo(¢)>aif O €Ny |am ubuset

Theorem 7.4 (UMPU tests for one-parameter exponential family, two-sided hypothesis)
e Suppose X = (Xy,---, X,,) have a joint pdf/pmf f(x|f) which has the

form of the one-parameter exponential family. _ ;y 23

e Suppose that C(f) is a strictly monotone increasing function of 6.

e Null and alternative hypotheses: — @ speciolcase: 81=6a

Hy: 60, <0<60y vs. Hy:60<6;0r0 >0,

t £ known

e The level-a uniformly most powerful unbiased test is given by

est ——a N o [

s tic L, i T(X) < cor> Czjdetenmne M;l(z:)vi‘obsermérans more extreme
e o . (1) power Sunction

pX) =3 7 HTX)=c, i=12« LD i

0 fa<TM <o [EEETER

-

e The ¢, ¢y and 7y, 7 are determined by
2 eguations
Eg_l[(b(X)] = Eg_Q[gb(X)] = (r.¢{to determine
C..Ca. .M
2
<:I Ch9, p.27
e Note. When 6; = 65, Hint. -%l_og(f(xle))=%(%"%?—)
— Null and alternative hypotheses: > %f(;jeh [élg(ﬂzle)\] ftz|o)
i;mpl?‘s- Hy: 6 =0, ki%ﬁimt Hy: 0+#6,

— The form of the UMP unbiased test is the same as (1) in LNp.26.
— The constants ¢y, co and 7,72 are now determined by

b0 & T(x) Ep [6(X)] = a, %Ee(d,)lew -0 (ﬁ% plot: in

y

%;&f:& and § )
6=, 7, [6(X)T(X)] & By, [$(X)] Ep[T(X)] = & B [T(X)].

o Let X = (Xy, -+, X,) beiid. from N(u,0?), where o is known +u: paramets

e The joint pdf is np o 2np? > r
T ) —exp {5 - - EE nlog(v2n) }.
Clu)—TF  Lmix) —_
which belongs to one-parameter exponential family. Ls X ~N(u., %‘i)

e In this case, C(n) = np/o?, which is an increasing function of p.

e Null and alternative hypotheses:

Hy:p=ypo vs. Ha:p#po
where pg is a given value. Eknown B
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e The level-ao UMP unbiased test is given by a continuous 1. v. under Ho

{est statisticl’ 1, if X < c1 or > o, [-@ Why not use o
P(X) = 0, if e < X < o rondomized test?

e The ¢y, cy are determined by I_. N(ilo, f) under
Buolo(X)] = a,  Eyy¢(X) X] = a Epy (X) = plo By (#06) = Ey o $65)]

e Further derivation: I——»?E [¢(X) (X-Mo)] =0
— The ¢(X) can be expressed as = e A (X- Lo
- Euo [ $(x)- I Xt) |0
test shatisticH ¢ VA(X—po) (X 1)”
17 if < Cl or > 027 =27
PR =) ) < T a 22
Q, lf Cl p <cC 2 o=¥ +‘cl 3:;,;6 d}

¢ Gy v
where ¢, = /n(c; — po)/o. L-Z~N(0.1\underHo S -S-Oo Ipwe e¥dy

— Because the pdf of N(0,1) is symmetry about 0, ¢; = —c. <«
— Therefore, we have T — 2 @ Note.
e 0(X) - { Lif (X mw)/lo/ym)] >e [,
reasonable 0, otherwise. Why need this ? 2)remove ufit
— The constant ¢ is determined by P(xi > c) = a since under Hy,

(X — )0/ /] ~ i nulh dskrbuti
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