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Summary (formulation of information and data reduction problem, TBp. 305)

o Let X1, Xo,..., X, be asample with joint pdf/pmf f(x|©),
where O is unknown parameter. C——=gtatistical modelm@rémtmduce (2]

(unknown\
- X1, X,, ..., X, contains two types of information: mﬁg
T x information related to © &—"important” (useful) mformation

.:?me Ifrorn Bernoulli B(), @ (Alhat is important mfomwbon’7

i ﬁ-mvﬁﬁen* X, orT=>" X, contains information about 6 3/3)

x information irrelevant to © <— useless InSprmation .
— For example, toss a coin n times, ie., X, X5,..., X, are i.i.d.

* % When 7 is known, say 1" = t, the information that at which
mahtm lost?

trials the ¢t head’s occur is 1rrelevant toJP'“‘eM"tht'OF&PDﬁﬁ

useless

"meT"\ x n=>, consider the followmg possible results: [ X1, Yo7

)

~Xs|T=4) > (0,1,1, 1,1, T=4;(1,0,1, 1,1, T = 4;

Vs*ge\;vaﬂ__t (1, 1,0, 1, 1f, T =45 (1,1, 1,0, 1f, T = 4; Coll raformation

(X% XslT=1) oyt |(1, 1,1, 1,07 T =4 .

/5‘-35“0‘"&‘—- (1_7 07 G) G) G)? T 17 (07 1_? n) 07 0)7 T 1_|_ T B‘no’ma((g‘e')
0,0,1,0,0),T=1;(0,0,0,1,0), T =

‘|:,~| |=1 ( 9 ¥y =9 9 Y Y Y 9 0 =Y 9

@
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e Information about @ is revealed by the different values of 7, i.e., larger
ok 5 San ]-»dahreductwn

T, larger 0, and vice versa. Lo 7= X, Q.\,d“ of T

(Xla v 7Xﬁ If's enougln T={- ",, o ;mtcarr;nsim
ddtd (o‘l'o,o,os — ¢ ‘bb keap t f <N Mwem
[s there a statistic T'(X1, Xo, ..., X, ) which containgll the

ﬁ" data to this statistic without loss of‘information®is possible. rjusef_u_]
|

information in the sample®™bout 67 If so, a reduction of the original

( distribution of X1, Xo,..., X, given T" = t does not depend on 6 for any

Definition 6.13 (sufficient, TBp. 305)
ARstatistic T(Xl, X, ... Xn) is said to be sufficient for 6 if the conditional

value of t. —b> |A/hen T is known (given), the rest (probabilistic) information

can be in Xi,-- Xw is irrelevant to 0. (check graph in LNp44)

a veckor J-bNm‘e It is possible that the Joint distripution we “555"“" to
Caution: -H;eda.éa, is not suitable . 1s‘l:méc‘stical modelmg

1. If T is a sufficient statistic, formally, we can keep only T and throw

exom | away all X;’s. Realistically, the X;’s are used to check whether the

mw model did not fit, or that something was fishy about the data.

3. The definition of “all (important) information” depends on the statis-
tical modeling, i.e., the joint distribution assumption.
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Example 6.20 (sufficient statistics of i.i.d. Bernoulli distribution, TBp. 306)

Let X1,..., X, be asequence of independent Bernoulli random variables with
P(XZ = 1) = 2_ Let T' = Z?:l Xz then T~B“nom¢‘al(n,,g
‘g}; P(Xlleyan:xn|T:t) = F(Alle,...,z&n:xn,l‘:t)
— XK P(T = 2 1
: - ¢ S rn Zu=t
This carries information about GL(1 — @)n=t 1
M:flete the I's /ocaée, W/M\Ch = (n) Ht(l _ g)n—t = (n) 3 I‘Fé%it)u,e
is Trrelevant to © ¢ ?—t probability is zerg

if 4 +--- 4+ x, = t and x; are nonnegative integers, and 0 otherwise. The
conditional distribution is independent of #. Hence T is sufficient for 6.

Theorem 6.10 (factorization theorem, TBp. 306) can be a vector, i.e., T(X)=(11(’.$),"',E(&)

A necessary and sufficient condition for T'(Xy, ..., X,) to be sufficient for a
parameter 6 is that the joint pdf or pmf of Xy,..., X, factors in the form

@; f(mlax%"wxn‘e):g(T(x17x27"'7xn)y@%(xlax%"'?ajn) -ﬁ—zeog
P (X|=96|,---,Xn=%u,"||’()(|,---,xn)=t) multiplication, law 9 |
fintuition: P(X;=2y,...,X, =x,) i P(T =0)P(X1=a1,..., X, = 2,]T = 1)
Proof: only for discrete case (continuous case requires some regularity con-
ditions, but the basic idea are the same.): (<) Suppose > X

Lo ] — v
f(@1, @2, ... 20)0) = g(T(z1, 20, . .., 2),0) W(T1, 22, - - -, Tp)- >
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Then P(T = t) = Sj P(X = X) — g(tq 0) yt h(X) . -f',';lsum;s
T(x)=t (x)=t f .lto évan

~
P(X =x,T = tPF"%0u 4 nx)
[ for X st. 'r(xT=E| —

P(T=t)  g&0) Y pp h(x)
which does not depend on #. Hence T is sufficient for 6. @ Conversely,
suppose that the conditional distribution of X given 7" is independent of 6.
Let g(t,0) =P(T =t|0), h(x)=P(X =x|T =1).
Then P(X =x|0) = P(T = t|0)P(X = x|T =t) = g(t,0)h(x) as required.

Theorem 6.11 (MLE and sufficient statistics, TBp.309) Sl 139.4 &1 WL Y12

If T is sufficient for #, then the maximum likelihood estimate for 6, if unique,

is a function of T'LNaég.-For any sufficient statistics [ Note. Tt does
Proof. From factorization theorem, the likelihood is g(t, 6)h(x). | rot mean that

To maximize this quantity we only need to maximize g(t, ) Tmlﬁf u‘: ’fﬁa}s

Example 6.21 (cont. Ex. 6.20, sufficient statistic of i.i.d. Bernoulli distribution, TBp.309)

Let X1, Xo,..., X, be independent Bernoulli random variables

P(X;=2)=60°(1-6)""", z=0o0rl.

Then
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flxy, ..., z,l0) = H 0%(1 — 0)' % = i (1 — Q)n—Z?=1 i
oo 7 o \Zhin
TR ion Lei=1 T .
n—s>1 = (ﬂ) (1 _9) :g(t>0)h($17"'7$n)
h n 9 t Note. T and
n (Xy, ==+ > Xn)
e et gt = (105) a-on Mot |
Hence T'= """ | X; is sufficient for 0.<<E> Exb.18 (LNp36-38) Egﬁfn:obm

Example 6.22 (sufficient statistics of i.i.d. Normal distribution, TBp.308)

If X; ~N(u,0%), i=1,2,...,n, are ii.d, where u, o are unknown. Then

f(x]-’""xnl/l’7o-) =

dimension i
reduction
n—>22 -
(et} (1, 3%)
one-to-one )
ton

and (37, X;, > X?) is a 2-dimensional sufficient statistic for (g, o
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