NTHU MATH 2820, 2025

Lecture Notes

Ch8, p.33

Definition 6.11 (score equation, score function)

e The log likeli
1S

score Swution

e The MLE maximizes [(6)
score equation
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hood of an i.i.d. sample of size n from a pdf/pmf f(z|0)
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(Exercise) Check the previous
MLE examples and identify
the score egaat‘:‘on & score
Function .

and is usually obtained by solving the

e
a function of- '
log f(X;|0) is called score function.—e mwn s X‘e‘

Let Xl, 0

canallow not :.I

This (s a ﬁmd’«‘oll,
' to be i.i.d.

of uaknown,
parameter O

(weighted average of score>}-» always > 0
which is called the (Fisher)

.., X, be a sample of size n with a joint pdf/pmf f. Define

T—tfxl,...,xn(@) =

average (w.rt the
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information of § contained in X;,..., X,,.

- What information does Ix, ... x, (0) offer?

(=3

N =log$(%"- . Xd'|©) Chs, p.34
IXl,...,Xn(Q) — prp—re s(e) log$ (4 ) Chs, p

. O 2 obsewations > 3@05;

gcu?*rczon Eﬁ [5& log f(X17 S >an‘9)] obsewations

[109- Tikelihood] C observations: Fixed+random 6

Theorem 6.4 (TBp. 276)
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..., X, be an i.i.d. sample of size n from a pdf/pmf f(x|0).
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e [y, (0) is the Fisher information contained in a sample of size one.

Oo-ylo.raeﬂ' Bo-> small £’
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E(YeYq)=EVIE(Y)

1<J

e nly (0): interpreted as t
size n from f(-|0).

— larger sample size , more information.

w‘(x.Y)=o “«————3 Cor(X.Y)=?

_o® The Fisher informations of independent samples are additive.

he information of # contained in a sample of
X.Y indep = Ly.y(0)= Ix(0)+Iy(0) Y=aX+b

less
information
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Theorem 6.4 (TBp. 276)

Under appropriate smoothness conditions on f,

) ? ) 92
Ix,(0) = Eqg [5‘9— log f(Xlle)l Vary [89 log f(Xl“g)] = —Ey {‘é“g log f(Xl\H)]

T S.same rv. Y, T
Proof (for pdf case): Since [ f(x]0)dx =1 for all 6,

0 = & [ f(alf)dvx [ §f(2l6)de = [ |BLG] F(al6) do
= f[-a%logf(g\e)] f@"g)dﬂ?:@[—@%log]‘(&m)}, - (A)
= Varg [ log f(X1]0)] (% 2_ score Sunckion of
= By [ 108 f(X010)] < {Fo [F5108 F(XIO)]} (5 ave
— By [ log f X1|<9 ]’\'®-%g (ff?_c_o%w)
0= ) eydr 2 § [ [ 1og f(210)] S(al6) d
[ | felog f(alf)| f(zl9) do + [ [Glog f(@lf)] f(zlf) do

= Bu[fplos /(010)] + B [f5 108 SO - Te

— (need smoothness of f for interchanging integration and differentiation.) Y

wi
:

56
f(z

<:| Ch8, p.36
Note (TBp. 278, 279).

For i.i.d. case, r : log-likelihood of n observations

q ? 10int
Bl (0] = Iy, (0) =1 L (0) =~ | 55 V0w SX110)| [ e
e e o o
n 82 - )
2 [W o8y @'6)] =B [aez D log f(X; 19>] — B, [1"(6)]

e interpretation: when |Ey[l”(0)]| is large at t 0= 0o, T—log-(akel‘hooc\ |
[(0) is, on average, changing rapidly in a vicnity of 6, -

Example 6.18 (Fisher information of i.i.d. Bernoulli B(6))

Let Xi,..., X, beii.d. from Bernoulli distribution B() (i.e., the pmf of X;
iS7 £ : Ty 1 _ 1—az X L
taludey 105 e 01)). e
then E(X) = 0 and Var(X;) = 6(1 —6). e u-0
e For a single observatoin X;, the first and second deratives of its log
e[S ! 109(0), when X =
likelihood are: e (I-G)‘:vh:u x}é =
log f(z]6) = x10g9+1—rlog1—9 -':‘
xefedll  9/0010g f(2l0) = /60— (1—2)/(1 6(1 -6
) II X=
82/96% log f(z|0) = —x/@z—(l—az)/(l—ﬁ)Q. _V{,f;)";,:;x_o b
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®) The Fisher information of a single observation, say X, is
X: random X, —01°  E(X1—0)? Xi-6
Ix,(0) = Ep 41 _ 3[2( 1 2) ] Iy (0)= Var,[aa 8)]
—= [ 0(1 —0) 62(1 — 6) (E)g _1
by definition 6.12 | v X 01— 6 ! gu-a)
LNp.33 _ Vemgla) | GL=6) .
02(1—0)2 602(1—6)2 6(1-20)
X1 1-X
Ix,0) = —Fy [—- - — ]
T —m 92 (1 - 0)2
by Thm. 6.4 3 0 1—6 3 1 1 1
LNp.35 T2 1-62 0 1-90 9(1 =
e The Fisher information of observations X, ..., X, is ,Xn.)}
(Beercise) Use Joint n Y= qu.
pmf to obtain — * Lxio . (0) = nlx,(0) = g
Notice that Ix, ... x Iaiyersampk size, more mﬁﬂﬂdﬁoﬂ
X|etn more information when
(0)=8¢0 ( — increases when n increases, r 9 ic close £0 O or 1
o | 24—
;% uhen increases when 6 | 0 or 6 1 1; mirieam inCormabion
L8222 ) _ reaches a minimum 4dn at 0 = 0.5.4/— when 8=
N
<:I Ch8, p.38
e Consider a single observation Y ~ Binomial(n, #). The pmf of Y is
X1, , Xn —» non-invertible tmnsewwnzeyﬁﬁ —y :
g:f‘vxed f(y] >_(U) ( - ) ) Orye{07 7"'7n}‘ check
The second derative of log likelihood is S;&C;Z't
. istic
: rndomy 0°1og f(yl0)/9%0 = ~y/t* — (n = 4)/(1 = 0)*. | inEba
(%.--,Xn) | © The Fisher information of Y, is INp 48
& \Y=ZX Y n—Y nd n—nb n
Iy(0) = —Ey|—=— T = :
cmame|  1(0) =~ |5~ ] e2+<1—0>2 0i=0)
imjormaction P Note that Iy (0) is the same as Ix, ... x,(0). ¢ reasonable? <
—
Under approprlate smoothness condltlons of f, the MLE from an i.i.d. sample
s consistent. o QM,_E LN B, & more 3¢n¢ra.l than LLN X, X 2 Six]e0)

Proof (sketch, for pdf case): Denote the true value of 8 by 6.

he MLE

maximizes ! (9

= }LZZ 110gf(X|‘9>J®l
Y Ya

What is the difference between
[llog f(x|6)]f (x|6y)dz and

The weak law of large numbers implies | gre i.c.d [flo
e ¢ g f(x]0)]f(z]0)dx
Eengeis). e@p - ———
— Eg, [log f( ] ) = [ [log f(]0)] f(z|6p) dz as n — oco.
variable 4 fixed
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