NTHU MATH 2820, 2026 Lecture Notes

Ch8, p.3-17

* method of finding estimators II --- Maximum Likelihood Estimator (MLE)
dfas:guaﬁﬂhﬁmoummmh::ﬂﬁ#&ammmdx

B e [Fo e
e Toss a coin 10 times. Let 6 be the probability of getting a head. Sup-

ose that we know
’ 0 € {0.1,0.5,0.9} .« parameter space
e When we get 7 heads out of the 10 tosses, which # is more plausible to

generate the output? | Q:Why sum =] ?
?_Hint. P(7 heads|0 = 0.1) ~[0.000,| | Hik, #otal
X= % of heads P(7 heads|f = 0.5) ~0.117,| |_pobebility =1
X~ B(10,0) P(7 heads|f = 0.9) ~|0.057. 84 b Niike-
Q*_j«l—-&u %

Definition 6.8 (likelihood, log likelihood, TBp. 267, 268) IEE=V = 2 B | > x

Suppose random variables X, ..., X, have a joint pdf or pmf  {fied
i e Y ) et b 1] T Seib=1= sl
Given the observed values X; = z7,...,X,, = 2, the likelihood function

of © is defined as Je e 2(9
Toaq)  LO)= f(:vlg-.,nle) W )

which is a function of ©. The log likelihood function is deﬁned as log ﬁ(@)
I -
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@ Notes.
1. We consider likelihood function as a function of 6 while joint pdf/pmf

as a function of z,’s.
2. For discrete case, likelihood function gives the probability of observing

How atout| . : 3
contruos| tDE data as a function of 6. %ﬁyg)# | Sg.;(ﬁg)dg df\xed K

case ?

Definition 6.9 (maximum likelihood estimator, TBp. 267)
The maximum likelihood estimator (MLE) of 6 is the value of 6 that

maximizes the likelihood. =I5 an estinator 7 ., function of Xy, Xa 3 0(Xi,~, Xn) ?

Interpretation. MLE makes the observed data “most probable” or “most

likely,” i.e., MLE gives the most “plausible” model given the observed data.
*_7n terms oS probability

1. For i.i.d. case, the likelihood function and the log likelihood function
are, respectively, |

mayginal

v ,, v v
pdf/pms | L£(0) = ][ f(z710). and 1(0) =} log f(x;]0) =log(L(®))
J S— (Foed)l =L F

2. Maximizing the likelihood function, £(6), is equivalent to maximizing
its natural logarithm, [(6), since the logarithm is a monotonic function.
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Theorem 6.1 (invariance property of MLE) K29 Gamma(®,2), 8 =(&, 1), 'E(Q)—"VA—M
If § is the MLE of 6, then for any function of #, denoted by 7(0),

the MLE of 7(6) is 7(9) difelitwd 0 —=> =N
T
Proof. MLE of 7(0) is a solution of the max 2\ 6/ e A
maximization problem feesfo. — s - .E.;'
X
9) = ' Z(&)"’fez X JTs
Tex e%‘—r*ﬂ I=max 1) o) if 1-t0-1 |if not I-ta-L

Since QA is the MLE of 0, the maximum is attained (FYI) Pmﬁ’e [ikelthood

when 0 = 6, which implies the MLE of 7(0) is 7(6). 06(1:*): S . Tl0)= ‘C“C(Q)

Example 6.10 (i.i.d Poisson distribution, TBp. 268)

Suppose X1, Xo, ..., X, are i.i.d. P()). The log likelihood is

- j oM\ X n -
tica )\ ——_n/\+1og)\ZX¢—ZlogXi!-

acling Z log

i=1
Setting I'(\) = 0 gwes 1S X =
o —ZZ" " T (amate ] (o
The MLE is then o moment esiimator [ Jrschsseza
o funchion o data p \ = X 4¢— (p 9) in LNpll ||
@ Chs, p.3-20
Check that this is a maximum: — >
X BiheEry
I"(\) = 0 = [(\) is concave. Sses
a2 = — %
e Example for Thm 6.1, LNp.19 = the MLE of % is %

Example 6.11 (i.i.d normal distribution, TBp. 269)

Suppose that X, X, ..., X, are i.i.d. N(u,c?) random variables. The joint
density is

bl - 1 1 @; — py2
. f(x17x27 <o 7’/“Ufbllu7 O-) - H exp [__(_-_——) :l :
moa’elug ot nok o_,_j— i C 27

The log likelihood is

n

l(p,0) = ;j [— logg — %log (2m) — 1(XZ _H‘)Q] :

: 2 o
72—l =

Setting

{Q - ﬁ = o230, (X —p)

0= 5 = —no 4+ Y0, (Xi—p)
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The MLE is then . |
X <a—sample mean
{Sam,o/m g distribution T —
VESL, (X~ X - sunple waiance =8

discussed in LNp.I3
which is the same as the method of moments estimators.

> o

L’LNp.IB
Check maximum =
92 02 n "
( 8_ué 3aal/$ ) L ( p 253 (X —p) >
aiQala ot 7 Lim (X =) e (X —p)? = 3

which is negative definite when p = i and 0 = 6 andL— 0 as (u, o) tends

to boundary. S local maximum .
—>TIts Slobal maximum .

e Example for Thm 6.1, LNp.19,

— MLE of ﬁ , the square of a normal mean, isz2

— MLE of ¢2, the variance, is + > 7 | (X; — X)?

T_same as the
moment estimator

Example 6.12 (i.1.d restricted normal distribution)

Suppose X1, Xo, ...

likelihood is ®— statistical modeling ~X+X ——
——— g,,—-) sampling distribution="
o) (1) = —2log(2n) — 130 (X, = p)’ Note. ST ~N(M, 1)

2
.6 in LN>.20 " n Y\ _ n(x
i —§1Og(277)_%2i:1 (Xi_X) _§<X_'“)2 '-M
gva(ways falls in (0,00) (Why?) moment eskmator
BN I s

Hence the MLE of u is (¢
. if X>0

if X<0 nmasonable?

, X, are i.i.d. from N(u,1) With 0 < p < 0o. The log

Lecture Notes

“P(@<t)=P(X<t) if £>0. 17

Suppose X1, Xo, ...

, X, are i.i.d. U(0,6), where § > 0. Then the likelihood

of 0 is X ‘Lsfw&‘sﬁcal madelmg =X momer}:sﬁmabf
Bt B e St BT 6 =2X (Ec)
o _g. e E(@) — 1 —‘—i—’z_ SRR =2 unbiased
— 0, otherwise 2 but 2X might
Q:Are X, 2X 0", if 6> maxicicn Xi = X > 0% < Xy
masen.able - - 0, otherwise — 5 [ afternative
estimators 7 - Wﬂg dlstnb[twn= r— estimator
Because £(6) decreases when 6 increases, the MLE of 6 is X,). n:: X
@ E(X(n))(‘E") — o< biased @ always underestimate <) = (1+ )Xo
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