NTHU MATH 2820, 2026 Lecture Notes

@ Chs, p.3-6

2. distinctions between X;,..., X, and x1,..., 2, rea(izal-ior:]

e Xj,...,X, are random variables while z;,...,z, are values
e different time points: before the data is collected = X;,..., X,;
after the data is collected = x4 x,, enable probabll:sbc sbnd:ements4—

% (@ statistical inference is usually developed on the bablb 0

not x1,...,x,. That is, we prefer to develop a statlstleal proce—
Q.S/.\Fnd dure that is “suitable” for all possible (future) observations under
[ %) thhe consideration of their uncertainty, not only for a particular set

Tomm pbual n?ﬁd (past) observatlonsﬁ 8<F(|8) -.-ﬁﬁﬁﬁ'l‘l"ﬂﬁ'z;%

3. (TBp. 259) reasons for fitting a particular distribution to da

Exb-l| ® Scientific theory may suggest the form of a probability distribu-
Eub2e tion, and parameters of that distribution may be of direct interest.

ample, utility companies may model daily temperatures as random
ode\ variables from a distribution, which may be used in simulations
of effects of various pricing and generation schemes.

€ parameter space = the collectiorfhs, p.3-7
r all possible values o ©
Pa&éerns The fixed but unknown constant(s), i.e., ©, in the joint distribution of

X1,...,X, are called parameters. Sometimes, functions of © are also called

parameters. , T\>both are often called ‘estimate’ in Textbook
Definition 6.2 (statistic, estimator, estimate, sampling distribution, TBp.260)
e A statistic 1 a function of X, ..., X,,. (nopmanetas in the function) X, <> Xa-U

n e A (point estlmator 9 of a parameter f is a statistic used to estimate 6
ﬁg%ri& and a (point) estlmate is a value of § computed based on the observed

Definition 6.1 (parameter)

(44551-@ "~ data xq, ... 50”. Note that an estimator is a random variable and an
estimate is a number. depends on © (anknow@:‘
e The distribution of an estimator is called sampling distribution.

Definition 6.3 (standard error, estimated standard error, TBp. 262)

e The standard error of an estimator is the standard deviation of its
sampling distribution, i.e., 1/ Vari(é). <-aﬁuw6‘an of Pmmnd:nrseﬂ%
e An estimate of the standard error is called estimated standard error.

Definition 6.4 (bias, unbiased estimator, TBp. 262)
44]e The bias of an estimator is defined as E@ — 0. <~ funckion of parwmeters
.

e An estimator is called unbiased if Eﬁ(e) = 0, i.e., bias equals zero.

+ Reading: textbook, 8.1, 8.2, 8.3
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* Method of finding estimators I --- method of moments

Recall. The kth moment of a distribution, if exists, is
MUk (0): a. function of Pammdzrs-puk Eg(X ),

where X is a random variable following that distribution.

J:ammd-u*s
(unknown)

Definition 6.5 (sample moment, TBp. 260)

If X1, X5,...,X, areii.d. random variables from a distributior‘l_?__
J the kth sample moment is defined as: Note, [ is an eskimator’ of M
&b Yo=XE > Vi Yasiid =1y Xk and Zx 1s unbinsed, ve.
M= (Yie--+a)p L% EEO sy — =L E(f)=MUx.

Definition 6.6 (method of moments, TBp. 261)

Step 1. Calculate low-order moments, find expressions for the
moments in terms of the parameters.

Step 2. Invert the expressions found in Step 1, finding new ex-
pressions for the parameters in terms of the moments.

Step 3. Insert the sample moments into the expressions ob-
tained in Step 2, thus obtaining estimator of the param-

eters.
N For example, suppose 61, #3 are parameters such that
WU=%(81,6:)
01 = ; fg—=
Uo=Au(l, 62) = U1 =g (f1, p2); U2 ga (g, o)
then the method of moments estimators of 8; and 6, are

a function of data A A
XYoo e b= (i) 0o = ol ).

Example 6.4 (Poisson distribution, TBp. 261)

e Suppose that Xi,---, X, are i.i.d. ~ P()). Then the first mo-
ment of P(\) is A. The first sample moment is

U = = Y _ Z veasonable ? |
Therefore, the method of moment estimator of X is A\ = X.

e As an example, asbestos fibers on filters were counted as part of
a project to develop measurement standards for asbestos concen-
Xs X33 | tration. Asbestos dissolved in water was spread on a filter, and
~P) | punches of 3-mm diameter were taken from the filter. Counts of
im%‘ the numbers of fibers in each of 23 grid squares are

[2‘).'",%:3 31 29 19 18 31 28 34 27 34 30 16 18
26 27 27 18 24 22 28 24 21 17 24‘-[¢i_:|:—s'—:.§\
answer
eno«.sh?

and the method of moments estimatie‘ of \is \ = 24.9:

&
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* (Questions: 1o R (etinater

1. Is the estimate (i.e., 24.9) the real \7¢ is a nv.

2. Next time when the same procedure (same sample size,
same estimator, same ...) is repeated again to get a
new estimate®how far the future estimate will be away
from 24.97 —b need an uncertainty guantification.

3. In which range will you expect say 95% of the future
estimate falls? (e.g., [24.8, 25] or [15, 35]7)

4. This is a question related to the stability /uncertainty/
variation of the estimatg.(or&&) a rv.

5. How to characterize the stability of an estimator? (Note.

We have to answer the question using only the observed
data.je-i.e., not knowing the true value of A .

ofz:; I w To evaluate the stability/uncertainty of

i an estimation procedure, it is required to
(u“k'\m) I ® Qg‘v; what the sampling distribution is.
0.~ 83— (Gl obsenve this] Lto estimate

U\
1)
®>,

B

@ Chs, p.3-11

[
ple 0 O 0.4 3]0 0

® Exact sampling distribution of X
Because X, Xy,..., X, i.i.d. ~ P(}),
ak =5 = X, X[~ P(n))] unknown.

A S ELS\) = %E(S) = A, Var(\) = %Var(S) = \/n.

v e 7P Ak o5 £ 7
Thus, (1) the sampling distribution of A is +P(n)), (2) A is unbiased,

R - verage
and (3) the standard error of A is o5 = \/A\/ns varience errol=0

R =095
~ Estimated standard error of >\ is 3 o N ,62)
a ion
=24, unknown g 0.0228
?alﬁ tzu‘fl 5 = \/)\/n = 4/24.9/23 = parameter (2)

>

26

e Asymptotical method: By CLT, sampling distributlon of A is ap-
proximately normal when n is large enough. Since a normally dis-
tributed random variable is very unlikely to be more than 2 standard

deviation away from its mean, errors in A is very unlikely to be more

than 2.08. [chymunn) — % 24.9+ 2x),04
L SN P( [R-A|>2.08)= 0.0458 =[22.82, 2678] It
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a(0)

o (th)

e exact distribution = the form of Fj(-|0) is known ----- >

e asymptotical method = the form of Fj(-|0) is close to Normal

cdf (usually when n is large) —..—.»

e simulation method = useful when the form of Fj(-|f) is un-

known

> BExercise: Identify the elements in the diagram Jor each examples .

=

Example 6.6 (Normal distribution, TBp. 263)

e The first and second moments for N(u,o?) are

{
* 1

, Xn

Let Xl,XQ, ..

E(X)
E(X?)

Jad
1

— 2 4 o2

Chs, p.3-13

M1

tﬁ.

: Vint0)= ) ~[E00]

2

g_ M2 — M1

be i.i.d. NN(,u,

0?), then the method

of moment estlmators of p1 and o are

><|

—Lz 1‘/K‘

-I X., +nX ‘an

—2
— A

~ 9

Y

By Thm.4.1
LNPI ‘PSO

@“"(LN .CH""b)

pa0&7s) ' 6%

distribution of &2
independent.

2
L, O 2
1S _an

Furthermore, X and 62 are

- Lpmr(dy) = -—-2(n.-|) =

204 n-)

117
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Example 6.7 (Gamma distribution, TBp. 263-264)

e The first two moments of the I'(a, \) are

‘ 62=Tar(X)
o= a/r N {A = /(g2 —3) | T
fe=sp2Hep2 = a(a+1)/N° a = My = pi/(pe — 1)

Let X1,X5,..., X, be i.i.d. ~ I'(«, A), then the method of moment
estimators of A and « are

(g, A=X/e%  a=X/" «
where 62 = iy — [i}. =<2 (x:-XJ* (Np.13)

e As a concrete example, let us consider the fit of the rainfall amounts
during 227 storms in Illinois from 1960 to 1964 (the data, listed in
Problem 42, Textbook p.414). For the data, X = .224,62 = .1338,

therefore & = .375 and \ = 1.674. [{estimabele— [cf)
G = — 3

e What are the sampling distributions of & and \?

— Exact distributions are complicated.

— Asymptotic method: Use central limit theorem and other asymp-
totic theorems to obtain the limiting distributions.

— simulation method: bootstrap.e— a. Monte Carlo method

B»

« ¢ (MOn-parametric. _ cre.pats
 Definition 6.7 (parametric bootstrap, TBp. 264-265) £).) (# of parameters = co)

enerate many, many samples of size n from a distribution.
pseudo (True values of parameters in the distribution are unknown, so
numbers(dise their estimates). From each of the Samples@compute the es-
Te.do | timates of parameters. Th@listogram of these estimates should
nation | give a good idea of the@ampling distribution of estimator. —y
«{nistogram of obseed daka [check the graph in LAp.12
rePlam the true distribution of
X1, -, Xn (unknown) by the
W estimated distribution (known)

Example 6.8 (cont. Ex.6.7, bootstrap, TBp. 265-266)

¢df as || Generate 1000 samples of size 227 from I'(&, 5\), where @ are
cdF. set to be .375 and 1.674, respectively. From each of 1000 sam-
ples, compute the estimates of o and A using the estimators
A= X/62 & = 72/&2. Denote the 1000 estimates by o, A,
¢ =1,...,1000. Histograms of them indicate the variability that

is inherent in estimatinglthe parameters from a sample of this
size. surrogate of- Fg(-|6b)

made by S.-W. Cheng (NTHU, Taiwan)



NTHU MATH 2820, 2026 Lecture Notes

Ch8, p.3-16
ol ... A
A .o = 100
S N SR L D D TR =
Histogram of 1000(simulated method of moment estimates, of (a) & and (b) A.
We can find from the 1000 «’s and A}’s that: large enough..

The estunaion]  ® The histograms looks like normal. (sample size=227, not 1000)

2;:23}:‘:75 e The histogram suggests that if &« = 0.375, then it is not very
CU\

unusual that & is in error by 0.1 or more.
may be [ ®) The histograms are centered at 0.375 and 1.674, the (regarded-
unbiased o 3R

or almostly as-true) parameter values used in the simulation. A J
unbtased e Estimated standard error of & is assume e
- — estimate is
v %o 1000
e standard so = 1| —— Y (ar —@)?2 =0.06 (or close to)
deviation o [¥770 ™ \| 1000 £~ ‘3 ol "E“'“"
the histog E T ¥2sa=to.g) L pammeter

where @ is the mean of the 1000 values. Also, in the same way,
85\ = 0.34.

% Reading: textbook, 8.4
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