NTHU MATH 2820, 2025 Lecture Notes

Chapter 1 Ch1~6, p.2-1

There are many random phenomena (example?) in our real

life. What is the| language/mathematical structure fthat we use to

depict them?
Outline i‘zr:;i:,fz':}ww — @é‘%ﬁ]%&%gﬂj
|l | e
3 m the future L "
[ L> probability measure | | % the best we can c/aL

y\] is to describe/ calculate

Mbﬂ » conditional probabilit o
Spac€ |+ independence the probubility of these possible resutts.
» three theorems Website of My Probability Course
» multiplication law http://www.stat.nthu.edu.tw/~swc
* law of total probability heng/Teaching/math2810/inde
* Bayes’ rule x.php
Textbook page LNp. ( Lecture Note page)

Definition (sample space, TBp. 2)

A sample space () is the set of all possible outcomes in a

random phenomenon.

Example 1.1 (throw a coin 3 times, TBp. 35)

Q) = {hhh, hht, hth,thh, htt, tht, tth, ttt}  h : head.
—Q is a finite set t: tail
¥ Example 1.2 (number of jobs in a print queue, Ex. B, TBp. 2)

discrete —
pserete| | 0 — {0,1,2,... }

vauadle L-Q 1s an infinite, but countable, set

IC£ Example 1.3 (length of time between successive earthquakes, Ex. C, TBp. 2)

rboons | 2= {1t > 0} = [0, 00)

random «— Q is an infinite, but uncountable, set

vaniob\e
What are the differences between the Q in these examples?
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collection of all
“well-defmed” events

=> G -Field .

Definition (event, TBp. 2)

A particular subset of () is called an event.<

Example 1.4 (cont. Ex. 1.1)
Let A be the event that total number of heads equals 2,

then A = {hht, hth,thh}.

Example 1.5 (cont. Ex. 1.2)

Let A be the event that fewer than 5 jobs in the print queue,
then A ={0,1,2,3,4}.

e union. C' = AU B = (' at least one of A and B occur.
e intersection. C = AN B = (': both A and B occur.

e complement. C' = A° = (C: A does not occur.

mufually k
exdusivye disjoint. ANB = () = A and B have no outcomes in common.

S S

n

(a) Shaded region: EU F. (b) Shaded region: EF.

Ch1~6, p.2-4

Definition (probability measure, TBp. 4)

A probability measure on € is a function P from subsets of
Q) to the real numbers that satisfies the following axioms: ™M

(1. P(Q) = 1. < total prob.= | P: T —alo, ]
2. If ACQ, then P(A) > 0.< non—nﬁat'fvi{:y X
¢ 3. If A; and Ay are disjoint, then < ac/c//%iw'éy
Axioms of P(A; U As) = P(A;) + P(Ay).
probability

More generally, if Ay, As, ... are mutually disjoint, then

P (fjl Ai) _ i:;l P(4,).

Example 1.6 (cont. Ex. 1.1)

Suppose the coin is fair. For every outcome w € ), P(w) = %.
Q) = {hhh, hht, hth,thh, htt, tht, tth, ttt} P:0-le)
1/8 1/8 1/8 1/8 1/8 1/8 1/8 1/8
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Property A. P(A%) =1 - P(A).  [generalization: | ="
Property B. P(0) = 0.

Property C. If A C B, then P(A) < P(B). |~ XP(AtnAy)
Property D. P(AUB) = P(A)+ P(B) — P(AnN B)_!_ -

P(AU-UAn)
| = = p(AD)

T = P(AcnAz0as

A 8

-~ 0D

Definition (conditional probability, TBp. 17)
Let A and B be two events with P(B) > 0. The conditional

probability of A given B is defined to be R Whg cond ,Dmb

P(B) Statistics ?
. A CB(’“""ﬂ) Aus: update

B — @ 'ANB L nﬁrma{:fon :

> ®

Ch1~6, p.2-6

Example 1.7 (cont. Ex. 1.6)
Suppose that the first throw is 7. What is the probability that

we can get exact two h’s in the three trials? N

A \
Q) = {hhh, hht, hth, thh, hitt, tht, tth, ttt} T2 !
B = {hhh, hht, hth, htt} Plans) % |
A= (nndheidtnny - POy = ez

Theorem (Multiplication Law, TBp. 17)
Let A and B be events and assume P(B) > 0. Then

genehZATON. P(AN B) = P(A|B)P(B) s infuition
P(ANALN---NAn) > Sometimes, this is easier
=P (&) (A2 A)-P(As|AinA). --- to obtain (02— B)

The probability that it is cloudy and raining is

Example 1.7 (Ex. B, TBp. 18)

Suppose if it is cloudy (B), the probability that it is raining (A)
is 0.3, and that the probability that it is cloudy is P(B) = 0.2.

_

P(AN B) = P(A|B)P(B) = 0.3 x 0.2 = 0.06.
L
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Theorem (Law of Total Probability, TBp. 18)
Let 51, Bg, oo s Bn be such that U?:l Bz — ) and B,L N Bj = (Z)
for i # 7, with P(B;) > 0 for all i. Then, for any event A,

729 o AHE

o it P(A) = - PAIBIP(5,). —{idikon]
of N — P(AnBL)
(T ot
/"‘\
A ﬁ% ) 1-Be | V—Ba‘ — 1 ’“=2nd479§‘/
- [
A (new SL) By A
Theorem (Bayes’ Rule, TBp. 20)
Let A and By, ..., B, be events where the B; are disjoint,

" B; = and P(B;) > 0 for all i. Then

P(AORY) _ .——fT A|B B,
P(A) P(A|B;)P ( )]

Ch1~6, p.2-8

Definition (independence, TBp. 24)

Two events A and B are said to be independent if

defini Lo

mdepepdence ™ P(ANB) = P(A)P(B). b
A collection of events Aq, Ao, ..., A, are said to be mutually
independent if for any subcollection, A; , ... 4; ,

P(A;,N---NA; )=P(A;) - P(A; ).

] When A and B are independent, of multiplication

b Law in (Np.6
iepdoce pap) = PONE _PAPE) _ py)

P(B) P(B)  ——
and P(A°|B) = P(A°).
Furthermore, P(A|B¢)

P(A) and P(A°|B¢) = P(A°).

red A—B independence

8~ >< 4 & complement
optional A3 Be
Q
&) Further Reading: Roussas, Chapters 1 and 2

Reading: textbook, Sections 1.1, 1.2, 1.3, 1.5, 1.6, 1.7
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Chapters 2 and 3

Outline

»random variables (REH421) > conditional distribution
» distribution

ediscrete and continuous

»independent random variables

» function of random variables

eunivariate and multivariate
ocdf, pmf, pdf

e distribution of transformed r.v.

e extrema and order statistics

 random variable

Definition 2.1 (random variable, TBp. 33)

A random variable is a function from 2 to the real numbers.

D
N 2 main aspects of r.v.X
Q - - 7 [new £ 'Hle(mndc)m) value of X

S| |  distribution of X
\\ I ‘R space) e . oj:
digitize the world) = statistical modeling usua‘\y starts from here .

2
@ Ch1~6, p.2-10
Example 2.1 (cont. Ex. 1.1)
(1) X7 = the total number of heads
(2) X3 = the number of heads on the first toss
(3) X3 = the number of heads minus the number of tails
— 1/8 1/8 1/8 1/8 1/8 1/8 1/8 1/8
v | = {nhh,hht, hth, thh, hit, tht, tth, tit}
et S R AR A
f;“’o;‘*y X, : 3,2 2 2,1, 1 1, 0<—nwi)
e Z: L 78 }é? <— new pobabilily
X,: 1, 1, 1, 0, 1, 0, 0, 0. measure
—>
X, 03, 1, 1, 1, -1, -1,-1, =3.
>

Why statisticians need random variables? Why they map to real line?

We need. o s can db

\"0.‘\&0“\. VWab\e, R U Dafaby ln’j SPZ;QI t‘+'l w_uow xn
ncertain need Prooabili .

becwsi——l measure, 7 - QYP /og -=*
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« distribution<— probability messure of & 1 rdowt know what value will app,ea;r
(DEL. %)  «Rorrv.. it value : random, , but its distribution : Tixed

A random variable have a sample space on real line. Does it bring
some special ways to characterize its probability measure?

— finite or countable infinity

discrete continuous «—— uncountable.
uni- e pmf ¢—= « pdf
rvariate | (o .
Ccdf cdf when. any of them.

L.v. « mgf/chf . muf/ chf is Enown,, the
multi- * joint pmf €—} ° joint pdf other 2. can be
-variate e i0int cdf e joint cdf,

( joint joint cdf) %‘L’QM

r.V.’s E joint mgf/chf | + joint mgf/chﬂ

pmf: probability mass function, pdf: probability density function,
cdf: cumulative distribution function

mgf (moment generating function) and chf (characteristic function) will be
defined in Chapter 4

Ch1~6, p.2-12

Definition 2.2 (discrete and continuous random variables, TBp. 35 and 47)

A discrete random variable can take on only a finite or at
most a countably infinite number of values. A continuous ran-
dom variable can take on a continuum of values.< uncountable

eq.

Discrete Continuous
Xefo,1.2,3} Xelo, 1]
X€ Z¢ X € (@,)

Definition 2.3 (cumulative distribution function, TBp. 36)

A function F' is called the cumulative distribution function
(cdf) of a random variable X if

F(z)=P(X <z),z€R.

7.4 2‘2 X3 ? discrete continuous mixed.

A
@ - <« -

-2 -1 0 1 2
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Definition 2.4 (probability mass function/frequency function, TBp. 36)

A function p(x) is called a probability mass function (pmf)
or a frequency function if and only if (1) p(x) > 0 for all

L Elxlﬂld (2) erX p<$) = 1. *:a. Fnite
For a discrete random variable X with pmf p(z), | orcountably
P(X = z) = p(), infinibe
Set.,
and L

P(X = A) - erA p($>
— AN
probability mass function cumulative distribution function
()
e q P(Xg):f-r%:-g:]:(l)
gelationship | P<)=% = F(i-)

P(X=1)=plx<1)-P(x<1)
= F()-F(1—)

= ltT";‘ F(t)

<:I Ch1~6, p.2-14

Definition 2.5 (probability density function, TBp. 46)

A function f(x) is a probability density function (pdf ) or

density function if and only if (1) f(x) > 0 for all z, and ( )

For a continuous random Varlable X Wlth pdf f, 5”’“5’:‘"' ’; ""ﬁ—_a"
pdf of Uniform(0, 1) cdf of Umform(O 1) area.= P(A)

F( F( }')
1 f
relationsh
= arez

The va(«u of a pd-F can
be @@!v than, ong (cf pf)

( Note. ;cstf >OP —a:)—ff dt—O)

d
d d dx
For small dzx, P(x—— <X S:I:—I——x> :/ T f(t)dt = f(x)dx
How to interpret f(x)? 2 2 z—F oroportional & P|"’ b.
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NTHU MATH 2820, 2025

Lecture Notes

Ch1~6, p.2-15

Theorem 2.1 (properties of cdf)

If F(x) is a cumulative distribution function of some random
varaible X then the following properties hold.

1. 0< F(z) <1

27 F(x) is nondecreasing.

3. For any x € R, F'(z) is continuous from the right; i.e.
ltl¢m F(t) = F(z).

4. lim F(z)=1and lim F(z)=0.

T— 00O T——00

5. P(X >12)=1—F(z) and P(a < X < b) = F(b) — F(a).
6. For any z € R, F'(z) has left limit. —»FHx-)=P (X< %)
7. There are at most countably many discontinuity points of

Conversely, if a function F'(x) satisfies properties 2, 3, 4 then
F(x) is a cdf.

Ch1~6, p.2-16

0 (01028 Why need joint distribution for the study of multivariate r.v.’s?

Example 2.2 (cont. Ex. 2.1)

distributions

Lo (X1, X2,. Xa) € RE

Q) = {hhh, hht, hth, thh, hit, tht, tth, ttt}

mait ma.(
e

Mbemg;(z:#of X, :total#of heads l— When Xi= ;L(;CC:T; |)--——— 2

(X"x:) head on e 3/8 3,

€R” | st (s rﬁ@(l/&%) 1(p/8) 23/8) 3(1/8) P(k=1[%=1)= L& =3
(120111 g(55) §(i5) 815) () | b o maginas

oo | o) <%> 3(2) §(2)| dnis e

Lo describe

]Of\r\t distribution their l‘omk distri bt

o

When we know the joint distribution, we can obtain every marginal

distributions. Is the reverse statement true?
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¢' Xz Ch1~6, p.2-17

Definition 2.6 (joint cumulative distribution function, TBp. 71)

The joint cdf of X, Xs,...,X,, is

F(xy,xa, - ,x,) = P(X1 <21, X5 < 29,..., X, <)

f
for z1,z9,...,2, € R.
can be _____L_Y {XIS’CI,X:.S 76;3
generalized PP (21 < X <@9,y1 <Y <o) evenb
t?\o::.o;zf.\l.'s — F<$27 y?) - F('r% yl)
—F(xl,y2)+F($1,y1) X
event
Definition 2.7 (marginal cdf, TBp. 76) ‘1(2%{))('(5'["
—/—-@< X3¢
The marginal cdf of X is 2 2 (ﬂ
_IiFXl(xl) — P<X1 = xl) - $27-7337]:-£¥Cln—>00 F(xl’ o L ,ZL’n) / X
-@
e discrete case: marginal pmf px,(z) = Fx,(z) — Fx, (x—).
« continuous case: marginal pdf [x,(z) = %F ', (T).
discrete multivariate case one pae
C§ the p(ﬂfl,xQ,"',an) — P<X1:$1,X2:.§C2,...,Xn:l’n)
slml\\m-l:y = joint pmf of X, X5, ..., X,
pmf3 | P((X,...,X,) € A) = > plxr, ..., )
paf (21,020 )EA
F(xlrr??”‘ale)j Z p(t17t27"'7tn)
relationdup bfw joint cd§ & pm,f th<z1, to<x9, ..., t,<xp,
le(aj1> :P(Xl :xl) ry Z p(xtha"')tn)
= L —00<ty<00,...,—00<t, <00
continuous multivariate case ‘-relationship biw marginal & Joint pmfs
871
T1, X9, ,Ty) = F(xy,29,- -,
f(l 2 n) 8.1718£En (1 2 n)
1inint ndf of =
— JOMIL PAl 0L Aj, A2, y A
P((Xq,...,X,) € A) = /Af(xl, , T )dxy - - dxy

F(x17x27"'733n) * /ml /’T" f(t17t277tn>dtndtl

relokionship biw gJoint cdf 3 Pt.'llf'—-I = .

relationship b/w marginal fX1(aj1) T /—oo e /—oo f(xh 13, - - . 7tn)M
& Joint "pdfs
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« independent random variabless<s— /. inckperdemf‘ events (UDHS)

Definition 2.8 (independent random variables, TBp. 84)
Random variables Xi, Xo, ...

, X, are said to be independent

if their joint cdf factors into the product of their marginal cdf’s

7;’ :X‘ F(aﬁl, To, ... ,Qj'n) = FXl(l‘l)FXz(ZEQ) 0 o FXn<$n) <
AnB /' / Y
for all x1,x9, ..., x,. A—V%—)M i x B
— -2 r.E=Ff... joint
(é) f 314 a% F X -- =373 El I—K‘i - ﬁ(l an gzﬂ;rw ed
X : — min
() Fn [2ff = [ by = o oy | i
Theorem 2.2 (TBp. 85-86)
1. For continuous case,
F(zy,...,2,) = Fx,(21) - - FX,L(J/’n)?} floy, .. x) = fx (z1) -+ fx,(7,) &
For discrete case, Nﬁf};? 5};’;20";‘7)’;)6:;06&/
F(xla 200 7xn) - FXl(ml) e FX,,,(xn) = p<x1> °oc 7xn) = le(l'1> o 'an(xn)Q'b
@ Ch1~6, p.2-20
2. X, Y independent Sor interpretation YeB| xeA
& P(XeAYeB)=P(XeAPY eB) | =PYes)
Tzrﬁf i.e. the events {X € A} and {Y € B} are mdependentj
No matter what data X occuns , [t hao no i
on the appeamrance probability of data Y.

X, Y independent = Z = ¢g(X) and W = h(Y) are inde-

pendent

. mation
nd.
eg. X:4p ! pr

b
ek — —

joint distribution of X;

Xi, ..., X, are independent
l<ip<igy <---<ip=n
Y 5% Yi = a(Xy,..., X5),
¢ Y, = ¢(Xiq1,..,Xy),
RY)ZEEZ | v - ux |
k I6( X1, - Xy )-
Yi, ..., Y, are independent

L. marginal distributions of X1, Xo, ...

, X,+ independence =

7X27"'7Xn
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» conditional distribution - conditional probability (LNp5)

Definition 2.9 (conditional pmf for discrete case, TBp. 87)

X and Y are discrete random variables with joint pmf pxy(z,y),

the conditional pmf of Y given X is An
P X = x, Y = y
prxle) = P(¥ =ylX =z) = 2\ L/

P(X=z) _-B

li Il T

event event  pxy(z,y) _ geint
A = px(z) — marginal

if px(x) > 0. The probability is defined to be zero if px(z) = 0.
P

xy

I R(x): marginal

v L’\Ipl.=|(9)
MX Ans: No.

pX2|X1 (0|1) = 2/3, and pX2|X1(]-’]-) = 1/3 ‘—“LMT-P&;(O):ya

Py, )=
N 7

Ch1~6, p.2-22

Definition 2.10 (conditional pdf for continuous case, TBp. 86)

X and Y are continuous random variables with joint pdf fxy (z,y),
the conditional pdf of Y given X is defined by

oi ~— Notice the
= (ol ¥ )}Y (I) . YER, similarity between
9 — pmf & pdf.

if 0 < fx(x) < oo and 0 otherwise.

Sy area=4(%)
an)im = SR'S;XY(X:%’)dg =| (?}

X

Theorem 2.3

1. The definition of fy|x(y|r) comes from
P(asY<b,x-3 SXQU"—%( Fexenrg) b pa+Az/2

Pla <Y <blz—Az/2 < X <z+Az/2) = MfXY(u v)dudy

f HAAZ/; fx(t)dt

f fxv(z hsrdy 2fXY(ﬂU,?J)al

fx (@ > . fx@ Y

—
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Ch1~6, p.2-23
2. For each fixed x, py|x(y|r) is a pmf for y and fyx(y|z) is
a pdf for y. ¢ Notice the differeit; roles of x & 4
3) pxy(z,y) = pyix(W|z) px (), and fxy(z,y) = frix(Wl|z) fx(z)
5 % S——
— multiplication law <& LNp.6
Ypy(y) =2, pY|X(y|3>’)pX( ), and fy(y) = [ frix ylx)fX( )dzx
— law of total probability <¢<E- LNP‘?' —t
uplatef vix (o) |px (2) o AxG)fa)  eanbe
@ i loly) R and Ty (o) ~EEE D (525,
—=2 more
LNP."‘T-Sféb— Bayes’ rule intuitioq (graphs in LNp 218 22) 2ovs
6. X, Y are independent & py|x(y|z) = py(y) or fyix(y|z) = fr(y)

 functions of random variables

Raw Trzzr;forma;i(or)li y For given r.v.’s X, ..., X
Data Il o A= how to derive the

g (X 1 X )= YK._J distributions of their
> O transformations?
Extract

Information  Cunknown parameters in the statistical model

E:'_'—_I Question 2.6

no

1. method of events — discrete rv’s (pmf) Ch1~6, p.2:24
Theorem 2.7

Let X = (X1, Xo, ..., X,,) be random variables, and Y = g(X).
Then, the distribution of Y is determined by the distribution of
X as follow: for any event B defined by Y, P(Y € B) = P(X €

A), where A =g (B). R ta

pm{-

Example 2.4 (univariate discrete random variable)

Let X be a discrete r.v. taking the values z;, ¢ = 1,2,..., and
Y = g(X). Then, Y is also a discrete r.v. taking the values y;,
Y j=1,2,.... To determine the pmf of Y, by taking B = {y;},
we have

A={x;: g(x;) = yj} and hence
py(y;) = P({y;}) = > px(w).

T, €A
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Ch1~6, p.2-25

Example 2.5 (sum of two discrete random variables, TBp. 96)

X and Y are random variables with joint pmf p(x,y). Find the

distribution of Z = X +Y.
(Exercise: difference of two random variables, Z=X-Y) «—AQns, f ()= ;.'. P(z+Y, 4)

pz(2)=P(Z=2)=P(X+Y =2)= y: p(z,z — )

When X, Y independent, p(z,y) = px(x)py (y),

y px(x)py(z —x) = convolution of py and py

= value of rwv.
Y s distribution of ¥iv.

XtY=3 = Y=3-X

Ii'\@)

Ch1~6, p.2-26

2. method of cumulative distribution function (a special case of method 1)
Let Y be a function of the random variables X, Xo, ..., X,,.

1. Find the region Y <y in the (z1,x9,...,x,) space.
T e _—Ay~— ¥
2. Find Fy(y) = P(Y < y) by summing the joint pmf or
integrating the joint pdf of X, Xs,..., X, over the region
Y <uw.

3. (for continuous case) Find the pdf of Y by differentiating
Fy(y), ie., fr(y) = ZFv ().

Note. It can be generalized to multivariate Y = (Y7, Y5, ..., Y,,).
Fv(g"“"g'ﬁ— Mﬂﬁ)
2 SA f(X)d)( CF Y(gh gm/) ﬁaﬁ, 1»)
A L-—_——____.__._-_
4—
[ | > Y
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Ch1~6, p.2-27

Example 2.6 (square of a random variable, similar example see TBp. 61)
X is a random variables with pdf fx(z) and cdf Fx(x). Find

the distributon of Y = X2, X s a continugus rv.
Fory > 0,{Y <y} ={-\y < X < /y}

Fy(y) = P(Y <y) = P(-Vy £ X <Vy) = Fx(Vy) - Fx (=)

d d d

fY(?J):d—yFY() = d_yFX(\/—)_d_FX(_\/@
1 1
= fx (\/_)ﬁ—fx( \/_)(—m)
= m( Ix(VY) + fx(—=Vv))

and fy(y) =0 for y < 0.

Ch1~6, p.2-28

Example 2.7 (sum of two continuous random variables, TBp. 97)

X and Y are random variables with joint pdf f(z,y). Find the

distribution of 7 = X +Y. \e X .V conbinuous YViv/'s
(Exercise: difference of two random variables, Z=X-Y) ey

o
Let R, be {(z,y) : x +y < z}. Then, LA_ns_ F2(2)= L,f-(v!.%)dg

Fglz) = P(Z<2)=P(X+Y <2)= // fx
_ /_ Z /_ O; [ (@, y)dydz
_ m(az,v—x)dmdv (setey — v — )
o) = gFae) = [ faz =)o o

When X, Y independent, f(z,y) = fx(x)[fv(y),

y)dzdy

x-l'g:a

:/ fx(z)fy(z—x)dz = convolution of fx and fy

;:;- the convolution for
discrete r.v’'s ( LNp,25)
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Example 2.8 (quotient of two continuous random variables, TBp. 98)
X and Y are r.v. with joint pdf f(z,y). Find the distribution

of Z = Y/ X (Exercise: product of two random variables, Z=XY)

Q. ={(z,y) ry/r <z} ={(z,y) 12 <0,y > 22}U{(z,y) : . > 0,y < zx}
P(st)

= //sz(flf,y)dfvdy—/o /x:0+/oo/_i:f(w,y)dyd:v
:/ / / / zf(x,zv)dvdx (setgéczfcv)

= x) f(x, xv)dvdx + _f x, zv)dvdr
[ o I CE L.
= /doo /_m@(:ﬁ,xv)dmdv |

fz(z) = EFZ(Z) = /_ |z|f(z, x2)dx ;=3—Z>
(— /OO |z| fx (z) fy(xz)de when X, Y independent)

Ch1~6, p.2-30

Theorem 2.4 (TBp. 63)

Let X be a random variable whose cdf F' possesses a unique
inverse . Let Z = F(X), then Z has a uniform distribution
on [0, 1].

—» (D no Jump (D strictly increasing => X : a continuous v.v.
Theorem 2.5 (TBp. 63)

Let U be a uniform random variable on [0,1] and F is a cdf
which possesses a unique inverse F~!. Let X = F~1(U). Then
the cdf of X is F.

pd_(: of R olan.ger slope > more X:'s
g?s‘%}‘i?wﬁor\ F(x) o smallerslope # fewer Xi's

wWith =0
and B=|

Note. The 2 theorems
are useful for generating
pseudo-random numbers
in computer simulation
(the concepts can be

) o SRR S | generalized to any r.v.’s).
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3. method of probability density function (for continuous r.v.’s and

differentiable, one-to-one transformations, a special case of method 2) : f,é;:f ,—',,,
J < textboo

[
COre 0 ariatc Co O ASC DP. O

Let X be a continuous random variable with pdf fx(z). Let
Y = g(X), where g is differentiable, strictly monotone. Then,

c':;n be relaxe 1 dg~'(y) c§. Example 2.4
Diecewise _ - A in LNp 2¢
strictly fr(y) f_X(g (%)) I dy | Q: :Nhat’:ﬂm role
monotone. —a ﬁ of the term?

for y s.t. y = g(z) for some z, and fy(y) = 0 otherwise.

Example 2.9

X is a random variables with pdf fx(z). Find the distributon
of Y =1/X.

For x > 0 (or z < 0),
y=1/z=g(z) = z=g9'(y)=1/y
dg'/dy = —1/y* and |dg~'/dy| =1/y’

hence Fry) = fx(1/y)(1/y%)

Ch1~6, p.2-32

Theorem 2.7 (multivariate continuous case, TBp. 102-103)

X = (Xy, Xy, ..., X,) multivariate continuous, Y = (Y7, Y2, .. Y_) =
= — -

g(X). g is one-to-one, so that its inverse exists and is denoted

by - @ )ll(' )"(2 )“(n

x=g '(y) = w(y) = (wi(y), w2(y), .. ., wa(y))-

Assume w have continuous partial derivatives, and let

€))
8%1(3') 6151(3') L 8151(3')
8w2y(13') 8wzy(2y) . 5wéyfly}
J=1| 9 9y2 n -M+e\?re{:aft‘ow:
Iawbrnjr 3“5;(3’) 3115;(3') % Similar to
Y1 Y2 Yn _
— determinant — dg™
Then Wabsdufe aa
vane g
f(y) = fx(g ' (y))|J].

for y s.t. y = g(x) for some x, and fy(y) = 0, otherwise.

Note. When the dimensionality of Y, denoted by k, is less than n, we can
choose another n — k transformations Z such that (Y, Z) satisfy the above

assumptions. By integrating out the last n—k& arguments in the pdf of (Y, Z),
the pdf of Y can be obtained.
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Example 2.10 (cont. Ex 2.8)

X; and X, are random variables with joint pdf fx, x,(x1,z9).

Let Yo = X;. Then

Qwn _y Qwn_y Owe - Ows
3y1 ) ayz ) Ui Y2, 82 Y1
0 1
J = = —yo, and |J| =
il ‘92 y1| Y2 1| = [y

Therefore,
vy, 92) = Fx,%, (42, y192) |9

fvi(y) =/ leYz(yl,m)@:/ Fxix (Y2, v1y2) |y2| dys
Tcf BRE ™ LNp.2g

Ch1~6, p.2-34

4. method of moment generating function: based on the
uniqueness theorem of moment generating function. To be
explained later in Chapter 4.

* extrema and order statistics )|F54#31g —> quantile (A &0

Definition 2.11 (order statistics, sec 3.7)
Let X1, Xo,..., X, be random variables. We sort the X;’s and
denote by X (1) < X9) < --- < X, the order statistics. Using
the notation,

Xq) = min(X;, Xy, ..., X,) is the minimum

X = max(Xi, Xp,...,X,) is the maximum

= X — X(1) Is called range

R
S; = Xy — X-1),J =2,...,n are called jth spacings

t"’"‘fé"""*"’" T N6 % :]R, g nok exist
XX Xa Xy X5 X6)
T R—— ~,
NV g,
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Note. In the section, we only consider the case that Xi, Xs,.

Ch1~6, p.2-35
.., X, are

i.i.d continuous r.v.’s with cdf F' and pdf f. Although Xj, Xo,.

independent, their order statistics are not independent in general.l Xir,-- -, Xiny

.., X, are

Definition 2.12 (i.i.d.)

X1, Xo, ..

., X, are i.i.d. (idependent, identically distributed)

buk not

with cdf F'/pmf p/pdf [ = X1, X, ..

., X,, are independent and

common,

value

have a common marginal cdf F/pmf p/pdf f. L Joint = TT marginal

Bp )4

The cdf of X3y is 1-[1 — F()]" and its pdfis nf(z)[1 — F(z)]" "

e

The cdf of X, is [F(x)]" and its pdf is nf(z)[F(z)]" .

\

S

Vst PlafiaXiy< x+ ) = §5,, (0% —
one’
&I td’gﬁ n-1 Xy EX(”)(I> — P(X(n) S SE') — P(Xl S Ty... aXn S 1‘)
—/-F— - ~ N
R S 3 b0, | b Put (%_a_:?“d%) = P(X] S .TE) cre P(Xn S T) d}:)(m)(x)
the st . (%, ) n
(V) F00dx[ 1~ Foo]" " el Gl
\ = 1—Fx,(z) = PXgy>2)=PXi>z,...,X, > 2)
n- x " = P(X > - P(X >
<_FE‘—E‘IXT ( 1 x)n ( n ‘1’) dFX(I)(z) J
X.,---,Xn:}i:osemls ép_wt () dx dx = [1 —F (l)] : dx
0 oot o) (%S < Xemy < X+ ) == §yy,, (20 X

Soodx

1z

> X&)

Ch1~6, p.2-36
Theorem 2.9 (TBp. 105)

The pdf of the kth order statistic X is

P(x-L < X< x+Z) z’ﬁmm-dx
n.

_ k=111 n—k
Rt s | @ = e @F @ L - FE)
& oD
X, -, Xn = choose. | o P\aCL v (x~%1%—rd7—;%—> Fotindx, F
2 k- : (-0, 1) % R
s onK: o2 2 (o, @) o " Y
v — =K-I nK % Yo %
OO \— X n
(1 & i) Fonds Lol [i- (. Voobe e
)i(z) The joint pdf of X1y, X9y, -+, X, is
X0 P DX Bt L, Lot ) Ty )
—= :X(l) fX(1)X(2)...X(n) (371, Za, ... 7:En) — n'f(xl)f(xQ) T f(ﬂ?n),
v for x; < a9 <--- <y, and fx, x,.. — 0 otherwise.
<n0'b a pr oduct == — fX( e Xe
sSet. Question: Are X(), X(9),..., X, independent, judged from

the from of its joint pdf?<= C.f, ThIYLZ,Z, tem | (U\/p.IQ)
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Example 2.11 (range, TBp. 105-106)

The joint pdf of X(;) and X, is P(S-dzs-<x(n)< S+%§,t-4;t<x(n)<t+%t)
=~ &l):ﬁn)(s't>dsdt'

qu)X(n)(S’ t)=n(n—1)f(s)f()[F() — F(S)]n_za for s < 4,

and 0 otherwise. Therefore, the pdf of R = X(,,) — Xy is

00 ek exercise in Ex2,F(LNp.2§)
/ fX(l)X(n)(S, s+r)ds for r >0, and fr(r) = 0, otherwise.

fr(r) =

feodt Xi,-— Xn=> choose. ong o place T (59219‘%)
i - -de )

% the vest . (s,t) g
n
‘% — A (% o) Tersfinrde [Fo-Fo))

T FB-HO— &

1. Find the joint pdf of X;) and X;), where ¢ < j.

2. Find the joint pdf of X ;) and X(; 1), and derive the pdf of jth spacing
Sj = Xg) — X

+ Reading: textbook, 2.1 (not including 2.1.1~5), 2.2 (not including 2.2.1~4), 2.3, 2.4, Chapter 3
¢ Further Reading: Roussas, 3.1, 4.1,4.2,7.1,7.2,9.1,9.2,9.3, 9.4, 10.1

Chapter 4 Ch1~6, p.2-38

Outline

» expectation<— HAF(E » moment generating function
& characteristic function

* mean, variance, standard

deviation, covariance, » conditional expectation and
correlation coefficient prediction
» 0 method

Can we describe the characteristics of distributions by use of

some intuitive and meaningful simple values?

pmi o X 3X 3X+3

11 ~\ | @‘ |

S g, —> @« —> “_ = —
0i:0a=1:3 — & L —— — — ' N
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* expectation

Definition 3.1 (expectation, TBp. 122, 123)

For random variables X, ..., X,,, the expectation of a univari-
ate random variable Y = g(Xj,...,X,,) is defined as
L{'_/ﬂan-’ IE'
EY) = > ypv(y) = Elg(Xy,...,X,)]

weighted average —00<y<co
HoAE R 25 —
FRRA T = S gl mp( . 5)
féé R, /§, —00<T1<00,...,—00<L Ty <00

if X1, Xs,..., X, are discrete random variables, or (Y : random

E(Y):
value

E@W“/myﬁ(ﬂy—EHXnné%ﬂ

/ / g(z1, . xn) flan, ... 2n)da - - day,

if Y and X, Xy, ..., X, are continuous random variables.

B

@ Ch1~6, p.2-40

Definition 3.2 (mean, variance, standard deviation, covariance, correlation coefficient)

1. (TBp.116&118) g(x) = = = FElg(X)] = E(X) is called

mean of X, usually denoted by F(X) or ux.

wnstant

¢
2. (TBp.131)  g(x) = (z — px)’ = Elg(X)] = E[(X—E(X))?]
is called variance of X, usually denoted by Var(X) or ﬁ -
The square root of variance, i.e., oy, is called standard

deviation. L constont, not random

3. (tBp13s)  g(z,y) = (¢ — px)(y — py) = Elg(X,Y)] =
E[(X — E(X))(Y — E(Y))] is called covariance of X and

Y, usually denoted by Cov(X,Y) or oxy.
(&

4. (TBp.142) The correlation coefficient of X, Y is defined
as oxy/(oxoy), usually denoted by Cor(X,Y) or pxy. X_J
and Y are called uncorrelated if pxy = 0. ¢=$6W=—O\'_
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@

[$rom its

deSinition 1) Mean of a random variable parallels the notion of a weighted average.
L

Ch1~6, p.2-41

Notes. (intuitive explanation of mean)

2. It is helpful to think of the mean as the center of mass of the pmf/pdf.
T —center of gravity (&)
3. Mean can be interpreted as a long-run average. (see Chapter 5.) (T

Notes. (intuitive explanation of variance and standard deviation)

From its : : e
definiion (D) variance is the average value of the squared deviation of X from px-.
—2 | 2. If X has units, then mean and standard deviation have the same unit,
h?w f!IQ and variance has unit squared.
dist. (s
Spr:ad Theorem 3.1 (properties of mean)
ou
1. (TBp.125) For constants a, by, ..., b, € R,
Ela+,,0:X;) =a+ ), bE(X). EB"O]>3[E’°] 4]
=D E(a+bX) = a+b-E(X) -
@) (tBp.124) If X, Y are independent, then ﬁé_gconm‘/e
weele®l B(XWY) = BEOO))B((Y). | Fdsgleg B
> abed W 2 - W& 2 are
In particular, E(XY) = E(X)E(Y). inde
(S -~ (/) = E(X)/E(Y )‘“)-E( )= E(X ) =E0-El)
Note. E[g(X)] # glE(X)] in general.se— a2 Q_:—-j::,
@

Ch1~6, p.2-42

Theorem 3.2 (properties of variance and standard deviation)
@a—)TBp 132)  o% =Var(X) = E[(X — ux)?] = B(X?) — y%.

3.

w Var(a+bX) = 1*Var(X), a, b € R, and 0aupx = [blox.
[/Dmﬁ‘on Shift $ no impact on 6* b']

Sor cdlaulation purpose T e

S
(TBP-140) scale change 5> 0%~ 6™ [br---br] [a,,a =w”@ bn

n n " Covariance matrix?_ W@
Var (a + Z bin) = y: b2 Var(X;) + 2 Z bib;Cov(X;, X,):
i=1

=1

1<i<j<n

gone

o

In particular, Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y).
(TBp.140) If Xy,..., X, are independent,

rmpl

5.

mean of sum n COV(XoX) =0, i&,
item 1, Thm3.|
(LNp.41)

Var Z X, Z VCL?“ uncon'e/afeci , Vb\ia\-

[t +t
; 2
(TBp.136) E[(X —6)%] = Var(X) + (ux — 0)” (Mean square error =
variance + bias square) |_ - E[(X-}lx)z-i-(ux-e)z-Z(Mx’e)(x'ﬂx)]
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Ch1~6, p.2-44

Notes. (intuitive explanation of covariance and correlation coefficient)

1. covariance is a measure of the joint variability of X and Y, or their

degree of aSSOCl% he, when X (rv) Ts nge_ (or small), will Y tend to

W‘Q’Fbalnorte'/ag% o be [arget or smaller ?

2. covariance is the average value of the product of the deviation of X
from its mean and the deviation of ¥ from its mean. < §rom its definition.

3. positive covariance and negative covariance =, fu back : covde on the
4. correlation coefficient is unit free Scale/unit of X&Y

5. correlation coefficient measures the strength of the linear relationship

between X and Y.

do  Ql

olo N
2ex0 Ly L7
CoVOA IR COVOONCR

=59

[
W= @ e kW oA

-3 s L L i . A ooy = %
-2 =1 4 1 2 3 % =% -1 I 2 3 4 -2 -1
L] ic) i) |:>
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Theorem 3.4 (properties of covariance and correlation coefficient)

i(TBp-BS) Cov(X,Y) = E[(X — px)(Y — py)] = E(XY) — pxpy

(Note. Cov(X, X) = Var(X).)

di
for calculation purpose. - \ -
2. (TBp.140) Lbr == bn] { Gag= Cov(xz,Y3) j
m

Cov (a + Z b; X;,c+ Z dej> = S: S: b;d;Cov(X;,Y;)
Gz I i=1 J j=1 =1 j=1

3. (TBp.140) If X, Y are independent then Cov(X,Y) = 0, i.e., in-
dependent = uncorrelated. But, the converse statement is not

necessarily true. r[?=+1 < a>0

P=-1<< a<O
4. (TBp.143) —1 < pxy <1 and pxy = £1}if and only if ¥ = aX + b

with probability one for some a, b € R. [ standord: zadron (T2 24C)
) pXY:E[( MX) ( ILLY)] mean = O
4 = Ox Oy Var =1

6. |Cor(a+bX,c+dY)| = |Cor(X,Y)|—s :‘g‘c‘jft.f,“:gﬁ 0 impack on jcor]

Ch1~6, p.2-46

* moment generating function & characteristics function

Definition 3.3 (moment generating function, TBp. 155)

The moment generating function (mgf) of a random variable X is

tx Ch
o M= {ge o0
Mx(t) = (&), teR y eom)

if the expectation exists. LaPM fmfzsﬁmmﬁaru o5

Theorem 3.5 (properties of moment generating function)

1. The moment generating function may or may not exist for
any particular value of ¢.

L. t=0> E(e°‘ ") = | «always exists e, E(etxk @

2. uniqueness theorem (TBp.143). If the moment gener-
ating function exists for £ in an open interval containing
zero, it uniquely determines the probability distribution.

A\ ko g > o dtibabin,
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3. (TBp.156)  If the moment generating function exists in an

open interval containing zero, then the reason why s
I called. moment
4@emﬁ'rg function.

now ofl moments

Ekm o= 20wl B0y = B(XF),

> know dist. k=0 =< _— E—

4. (TBp.158)  For any constants a,b, Myypx(t) = e Mx (bt).

E—(@ (TBp.159) X, Y independent = Mx y(t) = Mx(t) My ().
usefyl for identifying the dist. of X+ ---+Xn gmmOh: indep. X1, -~ Xh
6. continuity theorem (see Chapter 5) My, w, &= cﬁ?chlf)

Definition 3.4 (moment, TBp. 155)

The kth moment of a random variable is E(X) = 1y, and the
kth central moment is E[(X — ux)"] = ). Lml

»Some Notes. o N
R Zk (k)<_ )n_i | Iﬂx-altmarwnzbtmhowofal, , M
Ex i=0 \i HX)™ Hi-% e - linear combination 0§ 4o, i 148
_ k k n—zu,,/
" Ue = D i—0 <z)(MX) M-

== 1 Hg - e e
. B — P
» In particular, F(X)= ux = 1, and, |i|

Ch1~6, p.2-48

Definition 3.5 (joint moment generating function, TBp. 161)

For random variables Xy, X5, ..., X,,, their joint mgf is defined as:
MXI"":Xn(t"”’t) = E(€t1X1+t2X2+---—|—tan)

) 5 E
_Mx,+ ~+Xa(€) Cf. qmgac of Xi+Xo+---+Xn=Y
if the expection exists. =£( ets(:+t><1+-»-+t><n)

Theorem 3.6 (properties of joint mgf)

1. MX1 (t_l) = MXle...Xn(t_l, 0,... ,O) e—re(ah‘ovxslm‘p betweenu a\OTn/'(/-
o maf & maginal mgf-.

‘#3. X1, Xs,..., X, are independent if and only if
J

MX1X2-~-Xn(t17t27 00 0

2. uniqueness theorem

P
e [ —— @
s {;g-ﬁ 5. =1 the mgf of the sum
@: J:m K,l, o ',X/
4. orittrn el ﬁ,_M -
81;7"1 - atrn MX1X2”'Xn (t17 t27 cee 7tn) C:-_,l XC(-)
1 n t1=to=--=t,,=0

= B(X Xy X5)
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« conditional expectation<— Recall: conditional distribution ( Np.21~23)

Definition 3.7 (conditional expectation, TBp. 135-136)

The conditional expectation of h(Y) given X =z is F£5): Y or K(Y)
a function . — = random Fixed ﬁi Rix (41x)
of x [Discrete case] : E(h(Y)|X =x) =3, h(y)pyix(y|) Fu (4150
In particular,  B(Y[X =2) =, upvix(yle) o prrf
[Continuous case]: E(h(Y)|X =z) = [ h(y)fyx(ylz)dy fory
In particular, EY|X =2) = [yfyx(yle)dy ra-f:“ppr“éti
. ®
! with gi_:‘o'*oizx _‘ f(z, y): joint pdf 55(:.51“ zion,
. C
e'eg(' g Y Evix(¥ix) 1 of Y only
Y=Y -Evixlylx®
X: heightt (cm) EunfrlE) JC"”QC(( ﬂ 75)*)
Y: weight(kg) )
E(Y | x=170)
= avernge weight
of eople whose : l
hetol® =170 |eacurve on (x,Y) plane

@ map from X to Y [:)
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Theorem 3.8 (properties of conditional expectation)
" 1-.1Ey|X( (Y)\:E)lis a function of x and is free of Y. <=
i %

—4f
ﬁerwwthasbemmtegmfec{/arSU —
% If X and Y are independent then Ey x (h(Y)|r) = Ey(h(Y)).

BZ&?(:ZS Rix4l%)=R.y)

LNpR3, Fex @) =%,
3. E(h(X )\X:ar):hx)

(intuition}
Evix (R %) s o constonts function of x
=> X offers no Wformation 05— Y

<f.
7 —
13%@ Let g(x) = By x(h(Y)|x), then g(X) is a random variable
3&?}?@ (transformatlon of X) and usually denoted by Ey| < (R X))
o It's a function of X only. But, its random value reflects £(Y) —F
rtoavera 5. law of total expection (TBp.149)
weight Ex[Eyx(h(Y)|X)] = Ey[h(Y)].
In particular, Uy
EvExiv(Y1Y) "EY EX E Y I X)|. »X
Bt Er (V) = ExBva (VX)L )
XI ﬁ(ﬁ) R«(% é’) Hfag)ﬁw(xg)dgdx qenealizilion L
I Pucipe | 1 Exy[RoN] = EyExiv[RX.V|Y]
3 0 St =ExEvx[fiunix]
g % 4% —
4. variance decomposition (TBp.151) Y
Vary(Y) =
., Eyix(Ylx)
Varx[Byx(Y|X)] + 2825
Ex[Varyx(Y]X)] p
Note. Var(Y)=? =
1. V&TY(Y) > EX[VGJT}/’X(Y|X>]

and the equality holds if and only if
Eyix(Y|X) = @L
with probability one. Their

Varx[ Evix(YIX)] =0 i

<
v,'\l

2. Vary(Y) > VarX[Ey|X(Y\X)] 1*92 S Oxg |
and the equality holds if and only if 2)
Vaﬂ“y‘X(Y|X) =0 Y 'g

with probability one; i.e.,
Y = Byx(Y]X) Evie(Y1x)

X
with probability one. 2 2 < ="
6 - 611 = GX- = GXq.
Ex [V'a.ry|x(Y|X)]= (o) : Lz 33 o
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* prediction

Example 3.1 (predicting the value of a r.v. Y from another r.v. X, TBp. 152-154)

e data: X and Y (example?s- Xl B ‘H’—Ji
242
e statistical modeling: assign (X, Y) a Y{ ﬁﬁ%l*/i?

(known) joint distribution (cdf F(z,y), pdf f(z,y), or pmf p(z,y))
e objective: Predict Y by using a function of X, i.e., g(X).
We consider the following three groups of g’s:

(i) G1 = {g9(z) : g(x) = ¢, where c € R} f?:%r“”‘)’:ﬁg;%x
(ii) G2 = {g(z) : g(x) = a + bx, where a,b € R}, and

(iii) G5 = {g(x) : g is arbitrary}.
Note. G1 C Gy C Gs.

e question: Within each group, what is the “best” prediction?

¥
how -(70 c/wa_se, ol v%r 6
. 5 o, b
e criterion: mmlmlmng mean square error. 2 . a

g -ﬁr 6—3
meaning?}—> MSE = Ex y{[Y — g(X)]*}. {predictad value]
[£rue value ferror]
G‘| ample DE onstant predictio Bp .

EX,Y(Y —2)2 = E’_}/(Y —2)2 Z Ey[Y — Ey(Y)]2 = VCLT’y(Y) min
Gz | The equality holds if and only if ¢ = Ey(Y)., -only need to know ity

mean ; :
bes€ | Exy[Y —g(X)] > Exy[Y — Eyix(Y|X)]* = Ex[Varyx(Y]X)] 2
finder || The equlity holds if and only if g(x) = Byx(Y]z). (k=

MSE = :

Notes for the best predictor in G;.

® Eyx(Y|X) is the best predictor of Y based on X, in the mean squared

rediction error sense.Yinkuits check the graph I median : best predickor
2 infuition in LNp.50 under E|v-g(x)|

@ need to know the joint distribution of X and Y, or at least Ey|x(Y|z)

‘e F Y|xz) is called the regression function of Y on X. NORFE
Y|X ( | ) g rL‘;',E;P

q—z ample 3.4 (“be ear prediction o o B
1—-—O<l?l<l
Bl —(etbX)P 2 By {¥ = [ + £ ] | = 3092
The equality holds if and only if a = puy — bux and b = pZ=. 3
N ox UWNT =
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Notes for the best predictor in G,.

otEy|X(Y|:c) = py + p2=(z — px) if (X,Y) is distributed as

bivariate normal l (best in G| |more information

best 63) L—ﬁr‘rwm ieqression analysis J v

needs to know only the means, variances and covariances

% )sthe best in G & Gy —> Which one require more. information. ?
oy (1 — p?) is small if p is close to +1 or —1, and large if p

?is close t0 0 (iofuifion)<— check the plot in (Np. 44

(o)

mibn E[Y — (a+ bX)]* < min E(Y — ¢)* and the equality holds

Cllect: || \Jif and only if p=0. ~—*" G:icG2CG3
data of

P78 min B(Y — g(X))? < mibn E[Y — (a + bX)]? and the equal-
' g — a,

gbindel| ity holds if and only if By x (Y |z) = py +p(oy/ox)(z—pix).

Joint
E3-al Question 3.3

__eWhat if the joint distribution of X and Y'is unknown?

Ch1~6, p.2-56
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+ Reading: textbook, Chapter 4
¢ Further Reading: Roussas, 5.1, 5.3,5.4,5.5,6.1,6.2, 6.4, 6.5

Ch1~6, p.2-58

Some Commonly Used Distributions

(from Chapters 2, 3, 6)

Question 4.1

For a given random phenomenon or data, what distribution (or
statistical model) is more appropriate to depict it? ts{nh‘sl:ical modeling

* discrete distributions

Definition 4.1 (Uniform distribution U(a,,...,a,,) )

Equal probability|to obtain aq, as, ..., a.,.
1 p
= T =a1,...,0y :
pmf: p(z) = { m . U(1,2,3,4)
0, otherwise .
R ey .
m a,t
o mgf: L= 7 :Wlle i < by definition (Ec) | _J_____J_m_l_.__.J_.,,
o 1 2 3 4
. Z;n:1 a; __ . _
® mean: —,  =a (] parameter. a; € R, m = 1, 2, ca

Zm:l(aj_a)?

e variance: == e example: throw a fair die once
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Definition 4.2 (Bernoulli distribution B(p), sec 2.1.1)

A Bernoulli distribution takes on only two values: 0 and 1, with
probabilities 1 — p and p, respectively.

—p) =0 ifx=0orz=1

oy = 4 P
a/;fﬂlmt;-?l(?éc)— { 0, otherwise

o mgf: pe! + 1 — p — by deSinition (Ec)

ti
s e D _Eby deffwition (E) ﬁ
X)= Eb&)-(E09]°
e variance: p(l — )———EVM{ » (Ec)

Tan(X) = EX(K-1) +E(X)—[EX)]
e parameter: p € [0, 1] w o

e example: toss a coin once, p=probability that head occurs

Note: If A is an event, then the indicator random variable 4

follows the Bernoulli distribution. [ 1. ¥ wejA
L>P=P(A) 'IA:n-)'R'IA(w)={Q:TfQJGA

Ch1~6, p.2-60

Definition 4.3 (Binomial distribution B(n, p), sec 2.1.2)

Suppose that n independent Bernoulli trials are performed, where
n is a fixed number. The total number of 1 appearing in the n
trials follows a binomial distribution with parameters n and p. .

@ ieXP(a ron (n>p$(1_p>(nw)’ r=0,1,...,n J

pmf: p(x) =

a pmf2( Ec]Lé 0, otherwise o ARk ,'","x
R e — 0o
J 5 - ual Sumofud Bl)(Ec) ‘—J
® mean: np e Og” B (Ec)

E(x) :%(Q’) p“( "~ pmf °.-F
variance: np(l — max at p=j4, min at -

e parameter: p € [0,1], n=1, 2 T_a s
Ko example: # of heads, toss a coin n tlm-e?1 STO <5WH7J'0”6)

Fmd () using mgf’
. n=10andp=5 End E[X(X"ﬂ usmg STO (E C)
sum ofi.i.d. B(p)
Note: (3¢)

0 0 _
D123 4567890 01 23 45671890 (a—l—b)nzzzzo(;l)aa’bnx.
® b () X

n=10andp=.1
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Note.

1. binomial distribution is a generalization of bernoulli distri-

bution from 1 trial to n trials

L Let Xy,..., X, beiid. B(p),thenY = X;4+---+ X, ~
B(n, p).~ prove using @ mgf ( My &)= I My.(6)) @ couoliction & induction (Ec)

. Let X; ~ B(ng.p)i — 1k and X X are inde-
pendent. Then, Y = X1 +- -+ X ~Bng+---+ nk,,p).—]

¢ & ’ [ [ rove usmg mgf
}é? { };’ < Jé Jé )/ 5 ove LL;% camfa/w'ﬁvn&mmﬂ (Ed
2

i 2 -~‘~n.7.
L_}’[-__":_J Xo 4+ -~ + Xk __\( ',R_Q%']s,n_,éﬂ.\‘\* “’M}tﬁa‘

Definition 4.4 (Geometric distribution G(p), sec 2.1.3)

The geometric distribution is constructed from an infinite se-
quence of independent Bernoulli trials. Let X be the total num-
ber of trials up to and including the first appearance of 1. Then,
X follows the geometric distribution.

b % % % Jo
o 0 O o |
—t—t —i >
) 2 3 AN

Ch1~6, p.2-62

(1—=p)eVp 2=1,23,...

0, otherwise

W0 (%)

—1-p)*, 1<z]<z<[2z]+1
0, r <1

. use (%)
(7274 EO<)~ é,P[X>k) or use (¥¥)

® mean: - Ul mgf Ec)
(o) wa0 dHerituton mathod (TBp I, Bample B)
e variance: =2 7 Fmd E() usmg mgt- (&_)

Find E(X0D)] us/wgﬂ} differmilion method
. parameter. p € [0,1]

Find P(X>X)
Using (¥%)
)?( Ec)

e example: lottery, # of tickets a person must purchase up
to and including the first winning ticket

Note: a memoryless distribution < intuition 1;:01;8 t%*f)t_
z=n T1-t
Ld)eck 1ts definition ((NpF4 ) and prove (Ee) for —1<t<1.
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Definition 4.5 (Negative Binomial distribution NB(r, p), sec 2.1.3)

An infinite sequence of independent Bernoulli trials is performed
until the appearance of the rth 1. Let X denote the total number
of trials. Then, X follows negative binomial distribution.

Yodo  Wrsoto Yo% % %
0o oloo o/ 00 o/
L | - T v|d (3 | ;}bh,
(2rm ol by
# of triok %
) prl—p)= ), z=rr+1,...
: otherwise
< 7100 (KD Ul STO

t < —log(l —p) 1o 2ae (0% =9

. L ”’goa sum of i.id Gp)
(Qatution) P wae STO
e variance: "7 )Qum of 1.id. G(p) (E<)
Fnol E(X*) usimg
e parameter: p € [0,1], 7=1,2,. " N~Fnd Exo+) usiigsTo (Ec)
e example: lottery, # of tickets a person SU™ & ¢&d. G(p)
must purchase up to and including the Note: Gi*f? 1
rth winning ticket D oo (" = =
for —1 <t <1.
Note. Ch1~6, p.2-64

1. negative binomial distribution is a generalization of geo-
metric distribution from 1st success to rth success
A_(2) Let X1, Xo,..., X, beiid. G(p ) thenY = Xj+-- -+ X, ~

N B(?“ p)=- prove using @ mg§ ( My(e)= gg‘Mx ()@ cowoliction & indudtion (EC)

@ Let X; ~ NB(ry,p),i = 1,...,k, and Xy,..., X} are inde-
@ pendent, Then, ¥ = X + -+« + Xp ~ NB(ry 4« +7p.p).

Ve USI m
iy e g mg ()

% %
A Rt 7o prove usmg conwliZron 3
12 oo %1 2 oe K - e ii-.,'c,( maductron
e~ " 11\
Y~‘ “‘n 1\ rzx\\t{ \{‘ \\I
X o+ X+ o< 4+ XK _\( ﬁogtna,\&mk\\(m— +Tn<> one .

Definition 4.6 (Multinomial distribution Multinomial(n, p,, p,, . p) TBp.73-74)

Suppose that each of n independent trials can result in one of
types of outcomes, and that on each trial the probabilities of the
r outcomes are py, pa, ..., pr. Let X; be the total number of out-
comes of type i in the n trials, i = 1,...,r. Then, (X,...,X,)
follows a multinomial distribution.
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o JOlHt pmf ﬂﬁ— USE (% xx*%) Ch1~6, p.2-65

n . x;=0,1,....n, and
1 r o r .

0, otherwise ( ;
UQR (F¥*¥*
e joint mgf: (pie" + -+ pe), ty,..., ¢, € R £me STO (&)
e marginal distribution: X; ~ B(n,p;), i = I- (&)

e mean: E(X;)=np;, i=1,....n prove usi

e variance: Var(X;) =np;(1 —p;), i=1,....,n - . E(:) usmg STO
e covariance: Cov(X;, X;) = —npip;, 1 # j Fod E(XCKG) Ushg maf
e parameter: p; € [0,1], and > _;pi=1. n=12... (Ec)

e example: randomly choose n people, record the numbers

of people with different religions
Qhpecple. g Q/ﬁy negaﬁv i@

G = .
t : “ . n = ll DR lk'
ote: (a; +---+a) g (331, - ,ZL’k) ay’ - a

Ti++Tp=n

Notes: multinomial distribution is a generalization of the binomial distri-
bution from 2 outcomes to r outcomes.

Ch1~6, p.2-66

Definition 4.7 (Poisson distribution P(A), sec 2.1.5)
Limit of binomial distributions X,, ~ B(n, p,), where p,, = 0 as

n — oo in such a way that A\, = np, — A.

bl
A ;
(n>p;vl(1 — py)(n=2) Pr= ',-;2“" Note: if a, — a, (14 2)" — €.
x

— n(”_l)"-(n—x+1)<ﬁ>x 1 )\n>nz

z!

_ n(n_l)..-(n_x+1) 1)\.1 1 )\n n—=x
B ne z " n

explanations. 2
. if n large, the pmf of B(n, p) is not easily calculated. Then,

we can approx1mate them by pmf of P(\ Where A = np.
I I
+O+ o+ o+ +o +1+ O+ - alm +z> 0 {-@ +O
0 } —
P oE . towur n- 1£’ LA
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2. Let X be the number of times some event occurs in a given

time interval /. Divide the interval into many small subin-
tervals Iy, k = 1,...,n, of equal length. Let Nj be the
number of events occurring in f. When we can assume
Ny, ..., N, are independent and approximately ~ B(p), X
. . . . ”
has a distribution near P(\), where A = np. NENEF+ Ny

”“ﬁmf(x(E‘)J[A 2=0,1,2,... lange n &
P 0, otherwise Small_p

UAL (FHh)
o mgf: MU ¢ eR. “[W STO (Ec.)

?

o : uag STO meanimg of parameten, A
g '/f\‘—l: uad mgs (EC> avemgg e ﬁlzzﬂrences

e variance: \ Find E(X6<)]
usmg STO _
e parameter: \ > 0 74 &) wmg mgs (Ec) 1\10te'(’oo‘;5” ?
/ZP(/_P) NJ = Z:L*:O !

e example: number of phone calls coming into an exchange
during a unit of time

>

© Note: Let X ~ P(A ),i=1,...,k and X,,..., X; are independent. "
Then, ¥ = X +- +X~P)\ + -4+ \;).—— prove usm

1 : ( 1 k) EPWV@ %/@wnvzzﬁifm &/W(/Mff@ F)

X'+’<Z*~3—-X <—\_.-

£¢ éfl:-)\(tz-m DA G5),- -, AtAed3=ME=T)

I
I r=1 )= L=5 ; A=10
0 Hl'l Hﬂﬂﬂﬂ__ 0:

0113 495 012345678900 RBMISIEIIELN 012345678 910N12103M1516171581920

P(x)

Definition 4.8 (Hypergeometric distribution HG(r, n, m), sec 2.1.4)

Suppose that an urn contains n black balls and m white balls.
Let X denote the number of black balls drawn when taking
r balls without replacement. Then, X follows hypergeometric

distribution. C:(‘% with re;;/acemg)t' > X~ B(f, m.,.n,/v

0
x=0,1,...,min(r, n),

€T r—a
pmf: p(r) = < n+my) = r—z<m
apnf 2 (Ec)| r Note: (G0
Ruse (k) 0, otherwise (") =3 (")
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e mgf: exist, but no simple expression

(® mean: ) <use 510 (E<)
i

e variance: (nrfn”z)(f’(;f;jl) < Find E[X(x-)] usmg STO (EC)

e parameter: r,n,m,=1,2,...., r<n+m

e example: sampling industrial products for defect inspection

Notes. a relationship between hypergeometric and binomial distri-
butions: Let m, n — oo in such a way that

n

7’I’L’I’LE % Y
Pm, m-+n ?

where 0 < p < 1. Then, : When m ., n ane /W?e,
( n ) ( m ) with TE,D/&Z&@MC/T&:& (,UFHW F6/>/a(,2/’)’)e/)t

i3 r—x

= () pra-pr
(n+m) (2)

r

Ch1~6, p.2-70

e continuous distributions

Definition 4.9 (Uniform distribution U(a, b), sec 2.2)

| Choose a number at random between a and b.

{ﬁ,aéxﬁb \ 1
1

0, otherwise b—a

0, r<a a T i
ecdf: F(z)=¢ 7=, a<zs<b=< by definition (Eo) s

1, x>b =z
e mgf: ii;‘_‘i;t, teR. < by deﬁm‘h‘ow (Ec)

by definition
é@mean: “T“’ <——[Z§6 ’”é?;c (Ec)

linkaton] . (=a)? Find. EOC) using definibion /=
e variance: <—[ Find E() qung ( c)
e parameter: ¢, 0 € R, a<b Thm 2.4 2.5 (LNp.30) |

Note: U(0, 1) is useful for pseudo-random number generationeJ

made by S.-W. Cheng (NTHU, Taiwan)



NTHU MATH 2820, 2025 Lecture Notes

Ch1~6, p.2-71

Definition 4.10 (Exponential distribution E(A), sec 2.2.1)

pdt: f(x) = { S \

Exponential densities

0, x <0

a pdf 2 (Ec)) R - g
o cdf: F(zx) = { 0. A i _ Oéby((iéﬁgv’m ;*-:= f :ﬂ:.i:
o mgf: /\ TR {iﬁede];{fg% (Eo) l;ZEda;he{:;l.
®mean: § <[ /20 (E) e
e variance: 4 «—‘ Eai E((x;%%ﬁ;f@g (Eoc) I

e parameter: A > 0

e example: lifetime or waiting time

b
/o average wa({;m@ time ( a—pzj_)

DR\ emSe OCCUrence (‘O(W.( °% o) )

meanirg og paraW\d?w\( {

=

@Notes: Ch1~6, p.2-72

R

1. memoryless (future indepgndent of past): Let T~ E(\), then
I-s2 t
P(T>t+5\T> 8] =

P(I'>t+sandT >s) P(T >t+s)

= P(T > s) — P 5
It 2nd I— “— e~ A(t+s) IS discrete, |
H LN = s ° M =P(T>1t) |then it s |[cF.

{ :W——" -~
0 8T % ek cdf of T:F.(t)=1-P(T>t) e Qcometric
e (<) If a continuous distribution is memoryless, it is exponential.

e It does not mean the two events T' > s and T' > t+s are mdependen‘c.<——J

2. relationship between exponential, gamma, and Poisson distributions

Let T1,T5,T5,... beiid. ~ E(A\) and Sy =Ty + -+ Tk, k = 1,2,.
Let X; be the number of S;’s that falls in [ti_l,t] 1 = 1,...,00, then
X1,...,X, are independent, and X; ~ P(A(t; —t;—1)). The reverse state-

ment is also ture. —>i . z0)= €O, _ oA
) 7 _ a(n,t)-Pf(P@Fg-o) Yor=€
: Xy2 # of events occur < = = -
Poisson durmg Tto, t] »To.t] | |~ % - % \' ,'?‘_")!' c’eo""dm“t me
Process ~ P(K(fl’th’P(‘\t) |—t-sl 51 t' Ss 54 SK'\'T’(K X)
Binomia| X T
9 N ive
how to interpret )\ ( a%?;\\) Bfnomw

1

3. Sometimes, the pdf is written as 4

e~ . In the case, how to interpret A?
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Deﬁnition 4.11 (Gamma distribution (a, A), sec 2.2.2)
« . o flx
{ A ¢ 16 )\:137 T 2 0 o

pdf: f(x I'(e) ‘
%‘ °(E )§= T < s o= R=1]
o pa£2 (Ec use gdmma Fuaction (LNp.74) -

o mgf: )Y, <A use s7o (Ec) o7 =
g ( éESUm,@LLdZKPDMVUﬁG, L 0('"2-’@

(& mean: Use STo

e g

e variance: )\ sum of iid expancﬂﬁw(

e parameter: a, A > 0 ’

Find. E(®) using STO
Find E(C) usmg mgf (o)
Notes. sum of iid @W&e

1. a: shape parameter; \: scale parameter (_ how to inter-
pret a;, A from the view point of Poisson process?y
(LNp.F2) A:occurence rate , - # of summed exponential T.v.'s c—J

=

¢ ] 1 ~6, p.2-
2. properties of gamma function I'(«): Ch1~6, p2-74

o I'(a) = [, y* e ¥dy (which is finite for a > 0)

Va(a—1)

|
Qa— 1(a 1)|

if o is an odd integer

3. gamma distribution can be viewed as a generalization of exponential
distribution, i.e., I'(1, \) = E()). (intwition)
N (Ec) prove u;rrgh
4. Let Xy,..., X} be iid. ~ E()), then Y = X1—|— + X ~ T(k,N).
5. Let Xi,..., Xy be independent, and X; ~ I'(a;, A), then Y = Xy +

B o ST e i
PTOVC U.Sl'hg \Mg {:Mi‘ﬁo
6. Let X ~ ['(a, \),, then ¢X ~ D(a, A/c), where ¢ > 0. ‘—[_ = (E‘)

PY’OV@ usmg mg
7. X ~ (o)) = B(XY) = 55, for 0 <k and E(Fr) = >, for

0<k< (Xé—_l_mms-ro®‘ﬁ£‘ (EC) j-n&egm’how
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Definition 4.12 (Beta distribution beta(a, B), sec 15.3.2)

m L(a+8) a-1 . B8-1 N\
pdf: f(z) = { 5—<a>r<5>f (1= o), Otz <l
: otherwise
a piF2(Ec) Qmevf-B(fhP) (1)p¥ (1-py"X
o mgf: 1+ 3037 ([1)5 5555 i < bydefnition (—éx) (E)|*
Note: €5%= 2~ )
® mean: QLW Uuse sTo (Ec) I
Pe intuition use ngC _
[ ¢ variance: (a+ﬁ+01[/)6(a+ﬁ)2 <— Find E(X® using STO ( >
e parameter: o, 3 > 0 Find E(X® 6(5/7@ maf
Notes:
K@ Beta function: B(a fo t* (1 — ) ldt = ((OE%)
2. B(1,1) = U(0, 1)j£nearu‘n,g of o &@)

\@ﬁet X ~ F(ozl, A), Xo ~ I'(ag, \), and X7, X5 independent.

Th A1 a1 Yi= %hotxa 1 - Sind the Jomt pdS oS-
e, girx, ~ beta(an, o) af M e L el i
of Y. (Ec)
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