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Ch1~6, p.2-77

Definition 4.14 (Chi-square distribution X2, TBp.177)

e mgf: (1_12

® Mmeamn: n <

[intuition AN
| e variance: 2n L R\ngw‘ 7777 T 25
*: parameter: n =1,2,3, ...
Notes: |

LLel. nis called degree of freedom (BEE)

X_% — P(Q, 2) < WNp.2-73~ M 7_)(2/) 2/)

3. Let Xy,..., X} be mdependent and X; ~ Xn, then Y =

mm Xl 4+ ...+ Xk an"‘""l‘nkzﬂgmgf' CEC) (EC)

Let Z ~ N(0,1), then X = Z* Nx_%.eobtarmthegdfof@mz

By 3 and 4, let Z,...,Z, be i.id. ~ N(0,1), then Y =
2 2 2\ \ 22 Bl 42
Zl + v + Zn e Z. v ’ ~~ }“

Ch1~6, p.2-78

Definition 4.15 (¢ distribution ¢,, TBp.178)

—— n+1 NTH
(j pdf: f( ) \;(_;()) (1 4Lz ) . z€eR. \ts (long dash), ¢, (short dash),

t30 (dot), N(O, 1) (solid)

a4r

e mgf: not exist, except at t =0
e mean: 0, (n > 1)
-

e variance: -5, (n > 2) Li—)&wdcg(o )=t

2 %- 2F
e moments: — ’—1 =
F(’““)F( fk) g i

B(XY) = { ff()?n , k <n and even

0, k <n and odd

e parameter: n =1,2,3,. (Eaﬁ’)
Tor even K,

Ext= (I—) () e(v ) 0
Notes: £3)= i el Za=T(E ) \ dég@QOf%eeo\om-l_j
L-7© Let Z ~ N(O 1) and U ~ x;» Ibe independent, then m ~ty.
ST, | () ek the pif of W @ i the i of = (1p) (E)

2. f(x) = f(—x), i.e., t, distribution is symmetric about zero

3. as n — o0, t, tends to N(0,1). (by LLN, Chapter 5)

4. t,, has heavier tail than N(0,1)

< by Notet & utp 4, vacm

S
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Ch1~6, p.2-79

Definition 4.16 (F distribution F,, ., TBp.179)

~— L(mgn 5 m -5 o1 m =
pdf: f(z) =< TEIE) ( ) v (1 - nx) , ©20
S 07 r <0
e mgf: not exist, except at t =0 \l" a2
e mean: 5, (n > 2) <irrelevant tom g / |
e variance: ni?;(_”;;g?;ﬁ), (n > 4) S~
m+2k n—2k
e moments: E(Xk) _ F(ﬁgggﬂf ) <%)k) L < % L ) m:mmzl 2,.., 10 &n=10
7o parameter: m,n = 1,2 3, .. (BdE) |
T/m \< -K)_(_n\K Pomt
b AT | s
(5= A =T(&3) 74, Ne
Notes: LNP74 Note F (Ec)
Let U ~ x2 and V ~ X2 be independent, then L2 ~ F, .
ion T T / ¥
o) @it s of 2= 2 B W= @Fd e pl5 5 T'v'-"(LNP-33)
2. Let X ~t,, thenY = X? ~ Fy,,— U_~N(° DY indep (Ec)
w-—~7h
3‘ XNFm,an_len,m X-'J—- m?% Fln

Ch1~6, p.2-80

+ue for

(=9o)

Let X1, Xs,..., X, be iid. ~ N(u,c?). Define £
- ‘-/;( (EC) md|s-
- e — A wnknown. @ trivukio
TXn = — Z X; (called sample mean) Tl T0)= 7 -, OL-' : n)
transfomation S Eq
of—Xx,---,xn, cs Erx.)= 1— n (e Lorv waed to wnderstand s{Es)=¢7
(X X,)? (called sample variance)g——7
. I Ye~Neo, 5262 () Ty, used to understand o3
= def\mhovv of vaniance, Var (%) =E[(x -EC) = 62

Zf;i& X Xo— X, ..., X, — X,,) are mdependent.é-,_% & (Y, Ya) indep .

‘[ 3. (TBp.196) X,, and S2 are independently. [=,—J:,- ‘En, 7l [t £3 X

1. X, ~ N(p, =) and (X, — p)/o ~ N(0, 1)< by (Np.76,Notes 3 &S"
*—Tu(R)=>0, n>p, X =~K.
(TBp.195) The random variable X, and the random vector (X; —

1234-

(TBp.197) The dlstrlbutlon of (n—1)52/c? is the ch1-bquare dlbtrlbumon

T..

£\s(.. | Wltxliltb’o— 1 degrees of freedom.- Var(Ss") = Tar( 2R, 52 = oo o w“_(m-u)sn

5. (TBp.198)dn (% M)/ﬁ \/—( )c? S (n6l>=~ b= n -1
NSy A ~ tn-1-<—by INp, 78, Note1 *‘”ﬁ
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@ L L L Ch1~6, p.2-81
Proof of 2. The joint mgf of X,, and (X; — X,,, Xo— X,,,..., X — X,) is
CEMGO Myl ) = %= G
M (s, t1,to, ... ty) = E {e[SX_ﬁ%M]} — E {6[23?1 (%“i—t))ﬁ]} ,
a:
Leta; =2+t —t,i=1,2,...,n
SRS
i=1 i=1
Now we have L n l n
52
M(s,ty,ta, ... ty) = E Mx,(a;) = 11 exp (,uaz- + ?cﬁ)
n 0 I 5242 g2 ,
= exp M;ai + ?;a’i = €Xp | 1S + 7:+ 7;(&' —t)
= exp | ps+ ;=5 )exp - ) _ti—1)
2n 2 P Vaas Function of (T1,--tn) OMV,
ga Tunclion of- S omlyk w_ —
Thus, the joint mgf factorizes into product of ‘@mgf of X, and th&ngf of
(Xl - Xn; X2 - Xna < - 7Xn _ Xn)fM(o)tl,"'ltn«) CM(S,O,"',O)

=

Ch1~6, p.2-82

¢ n
_ Are (X1—X,,..., X,—X,) independent? [Hint: (X;—X,) = 0]
D (X Xy

% e o o \(w 4_L— n - — Y:
PI’LfOf_‘? First note that EYL =0.—/
n n 2
o? i H) = . X
==t i=1
R - pp—y 4 749_)
A].SO, )

— U]

—Xn+Xn, N(o.2) ~T; >

e 1 <& - V(X — p)

o2 m = 3 > (X -Xa)? + ( :
=1 =1

NS

W"’)(IRV' U (n-)Sn Ve 22 ‘
o=

Since V and U are independent, (Why ?) L —

M (t) = My(t)My(t) oz 2K 2 X 7 1) =

and then

M 1—2 -3 n—1 -DS2 = e 2
g = M) 0= [eosi=E? )
My(t) (1-2t)= Z
. . 9 . . . (n_l)S’Q 2 n
which is the mgf of a x;,_; distribution. Thus “—=— ~ x;_, M, -~ Ya) €R

L—ouutgue.ness Thm (LHP.#-6)-—-"' bulU its possible

o o gl Values on a
_ Why degree of freedom = n — 1, rather than n’ > (-1)dim, subspace
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Ch1~6, p.2-83

Deﬁnition 4.17 (Cauchy distribution C(U, @), TBp.95)

df f( ) 77m’ r € R.<— thx
o cdf: 5+ Ztan"'(u+ox), r € RH oo

Normal

©

X
' . o 6 ~Uniform (T, 3)
e mgf: not exist, except at t =0 X~ C(0.1)

e chf: ei,ut—0|t| U+rSX ~C(U,5)

Cauchy

e mean: not exist

e variance: not exist
70 parameter: ;€ R, 0 > 0« | yseful for mode/ﬂgdm with
tes: |out pmeter rT L;Z"}a'ﬁeter extieme values, eg., black swan

Notes: |(medien)

a heavy tail distribution events in Yisk analysis
1C(0.1) = he— %z =¥y
Let X,Y be i.i.d. ~ N(0,1). Then, X/Y ~ C(0,1).<{ Np33|(Ec)

X ~C(p,0) = fora,beR, aX +b~ Clap+ b, |alo)S yse chf (Ec)
Let X4,..., X} be mdependent and X; ~ C(p;,0;). Then Y = X7 +

+XkNC(EZ 1/%7 = 10_2 92; (t:(/)
6. by4and 5, let Xq,..., X} beiid ~ C’(u, o), then X; ~ C(u,0) :]cf-

Var(Xk) =Tk, when G exists

Ch1~6, p.2-84

AN L BT ]

Some other distributions
Log-normal (TBp. 69)

Weibull (TBp. 69)

Double exponential (TBp. 111)
Logistic

Pareto (TBp. 323)

Maxwell (TBp. 121)

In this chapter, you should learn
1. random phenomenon behind each distribution
2. statistical modeling (assigning a distribution) of data
3. relationship among distributions
4. meaning of parameters in each distribution
g‘\@ HOW to derive cdf/mgf/chf/mean/variance from pdf/pmf

(optional)
but you are not necessary to

1. memorize their pdf/pmf/cdf/mgf/chf/mean/variance/...

+ Reading: textbook, 2.1.1~2.1.5, 2.2.1~2.2.4, chapter 6
Roussas, 3.2,3.3,3.4,52,6.3,7.3
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Geometric Discrete | « Adapted from Berger and Casella M™% P2
. if iy
G x o 2X; | uniorm (2002), Statistical Inference, 2" Ed., p.2-
JERRARE] k> .
Xpat 4 X) minx  EX a=p=1\[Beta-binomial] 027
binomial (n, o, ) N hz Oa',t\z: oUS
(nl\;lr;ll;imft.li;l ) x, (rp) p= L+B Hypergometric dl‘z’l(::n V3 Hm e
“ =) X, || ot o0 B
> T e — Greometic <> 123 4
(Xl’ s Xmlin_n) Poisson n— oo Binomial ,"” P=R/N E‘m’”‘t‘
T (n, p) N oo Negatin
J X e
S
=np(l-p) p=| ) N -
i s Bimomial <> Poisson

Continuous
distribution
with cdf F

)

Weibull Double
N exponential

Relationships among common distributions. Solid lines represent transformations and
special cases, dashed lines represent limits. Adapted from Leemis (1986).

Chapter 5 Ch1~6, p.2-86

Outline r-xgisiaq
» 3 types of convergence » law of large number

*a.s., in prob., in dist. » central limit theorem
e prob, \exmraesa.

Question 5.1

% 38 L) repeat flipping a fair coin 2 or 3 times. Can you accurately
predict the average appearance of heads? ~<= say. 10000 #infes

of | ) repeat flipping a fair coin many many times. What will
uncertain? you predict the average appearance of heads?
Note. aver‘a\.jez 0.5 <—| tion of-mean ( LNp.W)r@
1. Some deterministic patterns emerge from random phenom-
ena when more and more data are C‘oilecteg: i.e., more and

more information is gathered. [ i = 73;00"0" Ifr';'2

2. In the following, 17 — oo can be interpreted as sample size
of data is large enough. = “asymptotic” (KA%8)

- three types of convergence Jim @n =0 <> lim|an-a|=0 N
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Definition 5.1 (converge almost surely, TBp. 178)
A sequence of random variables {Z, : 2 — R} is said to converge

almost surely to a random variable Z

0 =R

& if for any € > 0, alike

Zne——>2Z as n->o0

e

’__n

P ({ge Q: lim |Z,() -~ Z()| < ¢

Definition 5.2 (converge in probability, TBp. 178)

A sequence of random variables {Z,, : 2 = R} is said to converge
in probability to a random variable Z : 2 = R, and denoted as

Z, ’—P>Z, if for any ¢ > 0,
lim P({w e Q:|Z,(w) — Z(w)

n— oo

(An)
2

and denoted as

lim | Zw)-Z @)
=05

Ch1~6, p.2-87

P(A)=1
P(A®)=0

sm Zn(w)=Z(w)

P(‘) A..Aa."’p

w W

—

U & - WYy --
w w w

cont. rv., P({wy)=o

> 1

» °°°®

N

00 02 04 06 08 10

- Zn SR Z > Yn=21-Z250

a.s.

Zy, — , o :a constant.

P

2y 4 o

Zog <

00 02 04 06 08 10
00 02 04 06 08 10
00 02 04 06 08 10

- v
-
o T -

~ -~
~~
~

10

A

&

02 04 06 08

00 02 04 06 08 10

N‘I
w4
0

-

rZnErZ e V=20-2 250
Z, — «, o :a constant.

Zigo

A
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